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Preface

The analysis of auctions as games of incomplete information originates in
the work of William Vickrey (1961). In this book I discuss the theory of
auctions in this tradition. The goal is to give an account of developments
in the field in the 40 years since Vickrey’s pioneering paper.
I do not attempt to provide a comprehensive survey of auction theory.

The field has burgeoned, especially in the past couple of decades, and a
comprehensive survey would be nearly impossible–the Econ Lit database
has more than a thousand entries with the word “auction” or “auctions”
in their titles, and about one-half of these papers are theoretical. Instead I
have opted to concentrate on selected themes that I consider to be central
to the theory. I adopt the point of view that a detailed consideration of a
few basic models is more fruitful than a perfunctory discussion of a large
number of variations. I can only hope that my choice of themes is not too
arbitrary.
The models that are considered are discussed in some detail and, with a

few minor exceptions, complete proofs of all propositions are provided. It
is my contention that the strengths and weaknesses of the theory can be
appreciated only by examining the inner workings of the propositions with
some care.

Game Theory. The theory of games, especially concerning games of in-
complete information, constitutes the basic apparatus of the book. Most
modern graduate texts in microeconomics now have a substantial emphasis
on game theory (see Kreps, 1990 or Mas-Colell et al., 1995); any of these
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can acquaint the reader with the basic notions needed to follow the mate-
rial in this book. More advanced texts on game theory include Fudenberg
and Tirole (1991) and Osborne and Rubinstein (1994). To assist the reader,
Appendix F contains the basic game theoretic definitions used in this book
but is by no means an adequate substitute for consulting one of the texts
mentioned.

Appendices. Auxiliary matters are relegated to a series of appendices. In
particular, Appendices A through D contain some essential material con-
cerning continuous probability distributions.

Notational Conventions. The notation is more or less standard. Real-valued
random variables are denoted by uppercase letters, say X or Y , and their
realizations by the corresponding lowercase letters, x or y. Sets are denoted
by scripted letters, X or Y. Thus, for instance, the random variableX takes
on values x ∈ X .
Boldface characters denote vectors, so that x = (x1, x2, . . . , xN) is an

N-vector whose ith component is xi. If x and y are N -vectors, then x ≥ y
denotes that for all i, xi ≥ yi, and x À y denotes that for all i, xi > yi.
The vector x−i is obtained from x by omitting the ith component–that
is, x−i = (x1, . . . , xi−1, xi+1, . . . , xN) and we identify (xi,x−i) with x.
Vector valued random variables are denoted by bold uppercase letters,

X or Y.
The symbol denotes the end of a proof and N denotes the end of an

example.
Definitions of recurring symbols–for example, the symbol m is used

throughout the book to denote a monetary payment–can be found via the
index.

References. At the end of each chapter is a section titled “Chapter Notes.”
This contains bibliographic references to the works on which the material
in the chapter is based. So as to not interrupt the flow, the body of the
chapter itself contains no bibliographic references.

Acknowledgments. Much of this book was conceived and written while I
was on sabbatical leave from Penn State University during the 1999—2000
academic year. I am grateful to my home institution for giving me this
opportunity and to the Institute of Economics at the University of Copen-
hagen and the Center for Rationality at the Hebrew University of Jerusalem
for hosting me during that year. Both provided wonderful environments for
this project.
Jean-Pierre Benôıt, Kala Krishna, Bob Marshall, and Bob Rosenthal

read most of the book, asked a lot of tough questions, and offered much
useful advice. I am also grateful to John Morgan, Motty Perry, Phil Reny,
Hal Varian, and a fine group of anonymous reviewers for their comments.
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thor should be so fortunate as to have the assistance of someone like him.
Scott Bentley of Academic Press, apart from being a wonderful editor,

very graciously allowed me to miss every deadline I had committed to.

Pronouns. Although there is a single author, the remainder of the book
uses the plural “we”–as in “we see that . . . ”–rather than the singular
“I.” This is not to indicate any royal lineage, but only that the book is
intended to be a conversation between the author and the reader.
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1
Introduction

In 193 a.d., having killed the Emperor Pertinax, in a bold move the Præ-
torian Guard proceeded to sell off the entire Roman Empire by means of an
auction. The winning bid was a promise of 25,000 sesterces per man to the
Guard. The winner, Didius Julianus, was duly declared emperor but lasted
for only two months before suffering from what is perhaps the earliest and
most extreme instance of the “winner’s curse”–he was beheaded.
Auctions have been used since antiquity for the sale of a variety of ob-

jects. Herodotus reports that auctions were used in Babylon as early as
500 b.c. Today both the range and the value of objects sold by auction
has grown to staggering proportions. Art objects and antiques have always
been sold at the fall of the auctioneer’s hammer. But now numerous kinds
of commodities ranging from tobacco, fish, and fresh flowers to scrap metal
and gold bullion are sold by means of auctions. Bond issues by public utili-
ties are usually auctioned off to investment banking syndicates. Long-term
securities are sold in weekly auctions conducted by the U.S. Treasury to
finance the borrowing needs of the government. Perhaps the most impor-
tant use of auctions has been to facilitate the transfer of assets from pub-
lic to private hands–a worldwide phenomenon in the past two decades.
These have included the sale of industrial enterprises in Eastern Europe
and the former Soviet Union and transportation systems in Britain and
Scandinavia. Traditionally, the rights to use natural resources from public
property–such as timber rights and off-shore oil leases–have been sold by
means of auctions. In the modern era, auctions of rights to use the electro-
magnetic spectrum for communication are also a worldwide phenomenon.
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Finally, there has been a tremendous growth in both the number of In-
ternet auction websites, where individuals can put up items for sale under
common auction rules, and the value of goods sold there.
The process of procurement via competitive bidding is nothing but an

auction except that in this case the bidders compete for the right to sell
their products or services. Billions of dollars of government purchases are
almost exclusively made in this way, and the practice is widespread, if not
endemic, in business. In what follows, an auction will be understood to
include the process of procurement via competitive bidding. Of course, in
this case it is the person bidding lowest who wins the contract.
What is the reason that auctions and competitive bidding are so preva-

lent? Are there situations to which an auction is particularly suited as a
selling mechanism as opposed to, say, a fixed, posted price? From the point
of view of the bidders, what are good bidding strategies? From the point of
view of the sellers, are particular forms of auctions likely to bring greater
revenues than others? These and other questions form the subject matter
of this book.

Some Common Auction Forms

The open ascending price or English auction is the oldest and perhaps
most prevalent auction form. The word “auction” itself is derived from the
Latin augere, which means “to increase” (or “augment”), via the participle
auctus (“increasing”). In one variant of the English auction, the sale is
conducted by an auctioneer who begins by calling out a low price and
raises it, typically in small increments, as long as there are at least two
interested bidders. The auction stops when there is only one interested
bidder. One way to formally model the underlying game is to postulate
that the price rises continuously and each bidder indicates an interest in
purchasing at the current price in a manner apparent to all by, say, raising
a hand. Once a bidder finds the price to be too high, he signals that he is
no longer interested by lowering his hand. The auction ends when only a
single bidder is still interested. This bidder wins the object and pays the
auctioneer an amount equal to the price at which the second-last bidder
dropped out.
The Dutch auction is the open descending price counterpart of the En-

glish auction. It is not commonly used in practice but is of some conceptual
interest. Here the auctioneer begins by calling out a price high enough so
that presumably no bidder is interested in buying the object at that price.
This price is gradually lowered until some bidder indicates her interest. The
object is then sold to this bidder at the given price.
The sealed-bid first-price auction is another common form. Its workings

are rather straightforward: bidders submit bids in sealed envelopes; the
person submitting the highest bid wins the object and pays what he bid.
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Finally, there is the sealed-bid second-price auction. As its name suggests,
once again bidders submit bids in sealed envelopes; the person submitting
the highest bid wins the object but pays not what he bid, but the second-
highest bid.

Valuations

Auctions are used precisely because the seller is unsure about the values
that bidders attach to the object being sold–the maximum amount each
bidder is willing to pay. If the seller knew the values precisely, he could just
offer the object to the bidder with the highest value at or just below what
this bidder is willing to pay. The uncertainty regarding values facing both
sellers and buyers is an inherent feature of auctions.
If each bidder knows the value of the object to himself at the time of

bidding, the situation is called one of privately known values or private
values. Implicit in this situation is that no bidder knows with certainty the
values attached by other bidders and knowledge of other bidders’ values
would not affect how much the object is worth to a particular bidder. The
assumption of private values is most plausible when the value of the object
to a bidder is derived from its consumption or use alone. For instance, if
bidders assign different values to a painting, a stamp, or a piece of furniture
only on the basis of how much utility they would derive from possessing it,
perhaps viewing it purely as a consumption good, then the private values
assumption is reasonable. On the other hand, if bidders assign values on
the basis of how much the object will fetch in the resale market, viewing it
as an investment, then the private values assumption is not a good one.
In many situations, how much the object is worth is unknown at the time

of the auction to the bidder himself. He may have only an estimate of some
sort or some privately known signal–such as an expert’s estimate or a test
result–that is correlated with the true value. Indeed, other bidders may
possess information, say additional estimates or test results, that if known,
would affect the value that a particular bidder attaches to the object. Thus,
values are unknown at the time of the auction and may be affected by
information available to other bidders. Such a specification is called one of
interdependent values and is particularly suited for situations in which the
object being sold is an asset that can possibly be resold after the auction. A
special case of this is a situation in which the value, though unknown at the
time of bidding, is the same for all bidders–a situation described as being
one of a pure common value.1 A common value model is most appropriate
when the value of the object being auctioned is derived from a market

1Sometimes the term “common values” is itself used to label what we have called
“interdependent values.” We use the latter term, as it more accurately describes the
situation.
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price that is unknown at the time of the auction. An archetypal example
is the sale of a tract of land with an unknown amount of oil underground.
Bidders may have different estimates of the amount of oil, perhaps based
on privately conducted tests, but the final value of the land is derived from
the future sales of the oil, so this value is, to a first approximation, the
same for all bidders.
Note that the term “interdependence” refers only to the structure of

values and how these are affected by information held by other bidders.
It does not refer to any statistical properties of this information–that is,
how the signals observed by the bidders are distributed. Thus, we could
have a situation in which values are interdependent, so that a particular
bidder’s value depends on a signal observed by another bidder, but at the
same time, the signals themselves are statistically independent. Similarly,
we could have a situation in which the values are not interdependent, so
that a particular bidder’s value depends only on his own signal, but the
signals themselves are correlated.

Equivalent Auctions

Four auction formats have been outlined here. Two were open auctions–
the English and the Dutch–while two were sealed-bid auctions–the first-
and second-price formats. These seem very different institutions, and cer-
tainly, they differ in the way that they are implemented in the real world.
Open auctions require that the bidders collect in the same place, whereas
sealed bids may be submitted by mail, so a bidder may observe the behav-
ior of other bidders in one format and not in another. For rational decision
makers, however, some of these differences are superficial.
First, observe that the Dutch open descending price auction is strategi-

cally equivalent to the first-price sealed-bid auction.2 In a first-price sealed-
bid auction, a bidder’s strategy maps his private information into a bid.
Although the Dutch auction is conducted in the open, it offers no useful
information to bidders. The only information that is available is that some
bidder has agreed to buy at the current price; but that causes the auc-
tion to end. Bidding a certain amount in a first-price sealed-bid auction is
equivalent to offering to buy at that amount in a Dutch auction, provided
the item is still available. For every strategy in a first-price auction there
is an equivalent strategy in the Dutch auction and vice versa.
Second, when values are private, the English open ascending auction

is also equivalent to the second-price sealed-bid auction, but in a weaker
sense than noted earlier. The English auction offers information about when

2Two games are strategically equivalent if they have the same normal form except for
duplicate strategies. Roughly this means that for every strategy in one game, a player
has a strategy in the other game, which results in the same outcomes.
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Open Format Sealed-Bid Format

Dutch Descending Price First-Price

English Ascending Price Second-Price-¾

-¾ -¾ Strong

Weak

Private Values

FIGURE 1.1. Equivalence of Open and Sealed-Bid Formats

other bidders drop out, and by observing this, it may be possible to infer
something about their privately known information. With private values,
however, this information is of no use. In an English auction, it clearly
cannot be optimal to stay in after the price exceeds the value–this can
only cause a loss–or to drop out before the price reaches the value–thus
forgoing potential gains. Likewise, in a second-price auction it is best to bid
the value (this is discussed in more detail later). Thus, with private values,
the optimal strategy in both is to bid up to or stay in until the value.
This equivalence between the English and second-price auction is weak in

two senses. First, the two auctions are not strategically equivalent. Second,
and more important, the optimal strategies in the two are the same only if
values are private. With interdependent values, the information available
to others is relevant to a particular bidder’s evaluation of the worth of the
object. Seeing some other bidder drop out early may bring bad news that
may cause a bidder to reduce his own estimate of the object’s value. Thus,
if values are interdependent, the two auctions need not be equivalent from
the perspective of the bidders. Figure 1.1 depicts the equivalences between
the open and sealed-bid formats introduced here.

Revenue versus Efficiency

The main questions that guide auction theory involve a comparison of the
performance of different auction formats as economic institutions. These
are evaluated on two grounds and the relevance of one or the other crite-
rion depends on the context. From the perspective of the seller, a natural
yardstick in comparing different auction forms is the revenue, or the ex-
pected selling price, that they fetch. From the perspective of society as
a whole, however, efficiency–that the object end up in the hands of the
person who values it the most ex post–may be more important. This is
especially true when the auction concerns the sale of a publicly held asset
to the private sector, so the seller, in this case a government, may want to
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choose a format that ensures that the object is allocated efficiently, even if
the revenue from some other, inefficient format is higher.
But should efficiency be a criterion at all? Why can we not rely on

“the market” to reallocate the object efficiently, even if the auction does
not do so? After all, if there are unrealized gains from trade, the person
who wins the auction can resell the object to someone who attaches a
higher value. We will argue that this argument is suspect for many reasons.
First, post-auction transactions will typically involve a small number of
agents, especially in the context of privatization, and so will result in some
bargaining about the resale price. Such bargaining is unlikely to result
in efficient outcomes since it will typically take place under conditions of
incomplete information. Second, resale may involve significant transaction
costs, so it may not take place even when it should. In Chapter 4 we take up
the question of whether resale will lead to efficiency more formally. In short,
we find that even in the best circumstances–with no transaction costs or
bargaining delays–the answer is no. Resale cannot guarantee efficiency, so
a policy maker interested in achieving efficiency would do well to choose
the auction format carefully.
Of course, revenue and efficiency are not the only criteria that should

guide the choice of an auction format. The common auction forms dis-
cussed thus far have the virtue of simplicity–the rules of the auction are
transparent–and this may be an important practical consideration. An-
other important factor may be the potential for collusion among bidders.
As we will see later, auction formats differ in their susceptibility to such
collusion.

What Is an Auction?

A wide variety of selling institutions fall under the rubric of “an auction.”
There are hybrid Dutch-English auctions in which the price is lowered
until there is an interested bidder and then other bidders are allowed to
outbid this amount. There are what may be called “deadline” auctions–
commonly used by Internet auction sites–in which the person with highest
standing bid before a fixed stopping time, say, noon on Sunday, is declared
the winner. There are “candle” auctions, with a random stopping time,
in which the person with the highest bid standing before the wick of a
candle burns out wins. One may conceive of a third-price auction or an
auction in which the winner pays the average of all other bids. The range
of possibilities is rather wide and even more so when sales of multiple
objects are considered. Without adopting a rigid view as to what may be
called an auction and what may not, we seek to identify some important
features that such institutions have in common.
A common aspect of auction-like institutions is that they elicit informa-

tion, in the form of bids, from potential buyers regarding their willingness
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to pay and the outcome–that is, who wins what and pays how much–is
determined solely on the basis of the received information. An implication
of this is that auctions are universal in the sense that they may be used
to sell any good. A valuable piece of art and a second-hand car can both
be sold by means of an English auction under the same basic set of rules.
Alternatively, both can be sold by means of a first-price sealed-bid auction.
The auction form does not depend on any details specific to the item at
hand.
A second important aspect of auction-like institutions is that they are

anonymous. By this we mean that the identities of the bidders play no role
in determining who wins the object and who pays how much. So if bidder
1 wins with a bid of b1 and pays some amount p, then keeping all other
bids fixed, if some other bidder, say 2, were to bid b1 and bidder 1 were to
bid b2, then bidder 2 would win and pay p also. Every bidder other than 1
and 2, say bidder 3, is completely unaffected if bidders 1 and 2 exchange
their bids in the manner described above.
In later chapters we place auctions in a larger class of institutions, called

mechanisms. Mechanisms differ from auctions in that they are not neces-
sarily universal or anonymous.

Outline of Part I

In Part I of the book, we study situations where a single indivisible object
is sold to one of many potential buyers.
Chapter 2 introduces the basic theory of auctions with private values

beginning with the case where these are symmetrically and independently
distributed. It derives equilibrium strategies in first- and second-price auc-
tions and compares their performance. Chapter 3 concerns the benchmark
“revenue equivalence principle,” in its simplest form. Chapter 4 is then
concerned with amendments to the revenue equivalence principle neces-
sitated by various extensions to the basic model including asymmetries,
risk aversion, and budget constraints. Chapter 5 examines the problem of
mechanism design with private values, considering both optimal and effi-
cient mechanisms.
Chapter 6 introduces the model of auctions with interdependent values

and affiliated signals, again deriving equilibrium strategies in the common
auction forms. The main goal here is to rank the common auction forms in
terms of the expected selling price. Chapter 7 derives the “revenue rank-
ing principle” and explores some of its implications. Chapter 8 again ex-
plores some extensions and qualifications to the basic model necessitated
by asymmetries among bidders. Chapter 9 considers the problem of allo-
cating efficiently when bidders are asymmetric, focusing on the efficiency
properties of the English auction. Chapter 10 studies mechanism design
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Chapter 2
Equilibrium Strategies

Chapter 6
Equilibrium Strategies

Chapter 3
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Chapter 7
Revenue Ranking Principle

Chapter 4
Qualifications and Extensions

Chapter 8
Asymmetries

Chapter 9
English Auction

Chapter 5
Mechanism Design

Chapter 10
Mechanism Design

Chapter 11
Bidding Rings

FIGURE 1.2. Outline of Part I

with interdependent values, again considering both optimal and efficient
mechanisms.
Finally, Chapter 11 is concerned with collusive behavior among bidders

and the formation of bidding cartels. The models here are with private
values.
Figure 1.2 shows the organization of Part I, emphasizing the more or

less parallel development of the subject matter in the private value and the
interdependent value cases.
Part II of the book concerns multiple object auctions. Chapter 12 serves

as an introduction to this part.
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Chapter Notes

Cassady (1967) provides a panoramic view of real-world auction institu-
tions, past and present, that is both colorful and insightful.
Second-price auctions are also referred to as Vickrey auctions. It was

commonly believed that the second-price auction was a purely theoretical
construct proposed by Vickrey (1961) as a sealed-bid counterpart of the
open ascending-price format. Lucking-Reiley (2000) points out, however,
that many stamp auctions have been conducted under second-price rules
since the nineteenth century. In this context, they originated as a means of
allowing bidders who could not be present at the actual, open ascending-
price auction, to submit bids by mail.
Many Internet auction websites have adopted what are effectively second-

price rules. For instance, at the popular auction site eBay, goods are sold
by means of what appears to be an English auction. Bidders can, however,
make use of proxy bidding wherein they employ a computer program, some-
times called an “elf,” to bid on their behalf. The computer program raises
rival bids by the minimum increment as long as it is below some limit set
by the bidder. It is easy to see that this is effectively a second-price auction
in which the amount bid is the same as the limit set by a bidder. Again see
the paper by Lucking-Reiley (2000).
There have been many excellent surveys of auction theory. These vary

in both content and emphasis reflecting, as does this book, the interests
of the authors and the state of theory at the time they were written. We
mention some of the prominent ones. Milgrom (1985) gives a cogent account
of the theory of symmetric single object auctions and shows how the theory
may be extended to situations in which there are multiple objects but each
bidder wants at most one. McAfee and McMillan (1987a) also concentrate
on the symmetric single object case but emphasize many extensions and
applications of the theory. Milgrom (1987) attempts to answer the question
of when auctions are appropriate and why they are so prevalent. He places
auctions in the larger context of general institutions of economic exchange
and evaluates their performance in different environments. The survey by
Wilson (1993), again largely concerning single object auctions, offers a wide
range of examples in which equilibrium bidding strategies can be computed
in closed form. Technical aspects of the symmetric private values model
are carefully treated by Matthews (1995). Klemperer (2000) emphasizes
that many aspects of auction theory have interesting applications to other
branches of economic theory.
There is now a substantial and rapidly growing literature concerning

empirical work on auctions and the development of associated econometric
tools. A detailed discussion would take us too far afield, so we only mention
a representative sample of the work. The papers by Hendricks et al. (1994),
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Hendricks and Paarsch (1995) and Laffont et al. (1995) serve as useful
introductions to the area.
Auctions have also been the subject of a now large body of work in

experimental economics. Kagel (1995) has written a thoughtful survey of
the area.
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Single Object Auctions

11





2
Private Value Auctions: A First Look

We begin the formal analysis by considering equilibrium bidding behavior
in the four common auction forms in an environment with independently
and identically distributed private values. In the previous chapter we argued
that the open descending price (or Dutch) auction is strategically equivalent
to the first-price sealed-bid auction. When values are private, the open
ascending price (or English) auction is also equivalent to the second-price
sealed-bid auction, albeit in a weaker sense. Thus, for our purposes, it is
sufficient to consider the two sealed-bid auctions.
This chapter introduces the basic methodology of auction theory. We pos-

tulate an informational environment consisting of (i) a valuation structure
for the bidders–in this case, that of private values–and (ii) a distribution
of information available to the bidders–in this case, it is independently and
identically distributed. We consider different auction formats–in this case,
first- and second-price sealed-bid auctions. Each auction format now deter-
mines a game of incomplete information among the bidders and, keeping
the informational environment fixed, we determine a Bayesian-Nash equi-
librium for each resulting game. When there are many equilibria, we usually
select one on some basis–dominance, perfection, or symmetry–but make
sure that the criterion is applied uniformly to all formats. The relative per-
formance of the auction formats on grounds of revenue or efficiency is then
evaluated by comparing the equilibrium outcomes in one format versus
another.
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2.1 The Symmetric Model

There is a single object for sale and N potential buyers are bidding for the
object. Bidder i assigns a value of Xi to the object–the maximum amount
a bidder is willing to pay for the object. Each Xi is independently and
identically distributed on some interval [0,ω] according to the increasing
distribution function F . It is assumed that F admits a continuous density
f ≡ F 0 and has full support. We allow for the possibility that the support
of F is the nonnegative real line [0,∞) and if that is so, with a slight abuse
of notation, write ω =∞. In any case, it is assumed that E [Xi] <∞.
Bidder i knows the realization xi ofXi and only that other bidders’ values

are independently distributed according to F . Bidders are risk neutral–
they seek to maximize their expected profits. All components of the model
other than the realized values are assumed to be commonly known to all
bidders. In particular, the distribution F is common knowledge, as is the
number of bidders.
Finally, it is also assumed that bidders are not subject to any liquidity

or budget constraints–each bidder i has sufficient resources so that, if
necessary, he or she can pay the seller up to his or her value xi. Thus, each
bidder is both willing and able to pay up to his or her value.
We emphasize that the distribution of values is the same for all bidders

and we will refer to this situation as one involving symmetric bidders.
In this framework, we will examine two major auction formats:

I. A first-price sealed-bid auction, where the highest bidder gets the
object and pays the amount he bid.

II. A second-price sealed-bid auction, where the highest bidder gets the
object and pays the second highest bid.

Each of these auction formats determines a game among the bidders. A
strategy for a bidder is a function βi : [0,ω] → R+, which determines his
or her bid for any value. We will typically be interested in comparing the
outcomes of a symmetric equilibrium–an equilibrium in which all bidders
follow the same strategy–of one auction with a symmetric equilibrium of
the other. Given that bidders are symmetric, it is natural to focus attention
on symmetric equilibria. We ask the following questions:

(i) What are symmetric equilibrium strategies in a first-price auction (I)
and a second-price auction (II)?

(ii) From the point of view of the seller, which of the two auction formats
yields a higher expected selling price in equilibrium?
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2.2 Second-Price Auctions

Although the first-price auction format is more familiar and even natural,
we begin our analysis by considering second-price auctions. The strategic
problem confronting bidders in second-price auctions is much simpler than
that in first-price auctions, so they constitute a natural starting point.
Also recall that in the private values framework, second-price auctions are
equivalent to open ascending price (or English) auctions.
In a second-price auction, each bidder submits a sealed bid of bi, and

given these bids, the payoffs are:

Πi =

½
xi −maxj 6=i bj if bi > maxj 6=i bj
0 if bi < maxj 6=i bj

We also assume that if there is a tie, so that bi = maxj 6=i bj , the object
goes to each winning bidder with equal probability.
Bidding behavior in a second-price auction is straightforward.

Proposition 2.1 In a second-price sealed-bid auction, it is a weakly dom-
inant strategy to bid according to β II(x) = x.

Proof. Consider bidder 1, say, and suppose that p1 = maxj 6=1 bj is the
highest competing bid. By bidding x1, bidder 1 will win if x1 > p1 and not
if x1 < p1 (if x1 = p1, bidder 1 is indifferent between winning and losing).
Suppose, however, that he bids an amount z1 < x1. If x1 > z1 ≥ p1, then
he still wins and his profit is still x1 − p1. If p1 > x1 > z1, he still loses.
However, if x1 > p1 > z1, then he loses whereas if he had bid x1, he would
have made a positive profit. Thus, bidding less than x1 can never increase
his profit but in some circumstances may actually decrease it. A similar
argument shows that it is not profitable to bid more than x1.

It should be noted that the argument in Proposition 2.1 relied neither on
the assumption that bidders’ values were independently distributed nor the
assumption that they were identically so. Only the assumption of private
values is important and Proposition 2.1 holds as long as this is the case.
With Proposition 2.1 in hand, let us ask how much each bidder expects

to pay in equilibrium. Fix a bidder, say 1, and let the random variable

Y1 ≡ Y (N−1)1 denote the highest value among the N−1 remaining bidders.
In other words, Y1 is the highest order statistic of X2,X3, . . . ,XN (see
Appendix C). Let G denote the distribution function of Y1. Clearly, for all
y, G(y) = F (y)N−1. In a second-price auction, the expected payment by a
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bidder with value x can be written as

mII(x) = Prob[Win]×E[2nd highest bid | x is the highest bid]
= Prob[Win]×E[2nd highest value | x is the highest value]
= G(x)×E[Y1 | Y1 < x] (2.1)

2.3 First-Price Auctions

In a first-price auction, each bidder submits a sealed bid of bi, and given
these bids, the payoffs are

Πi =

½
xi − bi if bi > maxj 6=i bj
0 if bi < maxj 6=i bj

As before, if there is more than one bidder with the highest bid the object
goes to each such bidder with equal probability.
In a first-price auction, equilibrium behavior is more complicated than

in a second-price auction. Clearly, no bidder would bid an amount equal to
his or her value since this would only guarantee a payoff of 0. Fixing the
bidding behavior of others, at any bid that will neither win for sure nor
lose for sure, the bidder faces a simple trade-off. An increase in the bid will
increase the probability of winning while, at the same time reducing the
gains from winning. To get some idea about how these effects balance off,
we begin with a heuristic derivation of symmetric equilibrium strategies.
Suppose that bidders j 6= 1 follow the symmetric, increasing and differ-

entiable equilibrium strategy β I ≡ β. Suppose bidder 1 receives a signal,
X1 = x, and bids b. We wish to determine the optimal b.
First, notice that it can never be optimal to choose a bid b > β (ω) since

in that case, bidder 1 would win for sure and could do better by reducing
his bid slightly so that he still wins for sure but pays less. So we need only
consider bids b ≤ β (ω). Second, a bidder with value 0 would never submit
a positive bid since he would make a loss if he were to win the auction.
Thus, we must have β (0) = 0.
Bidder 1 wins the auction whenever he submits the highest bid–that

is, whenever maxi6=1 β(Xi) < b. Since β is increasing, maxi 6=1 β(Xi) =
β(maxi6=1Xi) = β(Y1), where, as before, Y1 ≡ Y

(N−1)
1 , the highest of

N − 1 values. Bidder 1 wins whenever β(Y1) < b or equivalently, whenever
Y1 < β−1 (b). His expected payoff is therefore

G
¡
β−1(b)

¢× (x− b)



2.3 First-Price Auctions 17

where, again, G is the distribution of Y1. Maximizing this with respect to
b yields the first-order condition:

g
¡
β−1(b)

¢
β 0
¡
β−1(b)

¢ (x− b)−G¡β−1(b)¢ = 0 (2.2)

where g = G0 is the density of Y1.
At a symmetric equilibrium, b = β(x), and thus (2.2) yields the differen-

tial equation

G (x)β 0(x) + g (x)β (x) = xg(x) (2.3)

or equivalently,

d

dx
(G (x)β (x)) = xg(x)

and since β (0) = 0, we have

β (x) =
1

G (x)

Z x

0

yg(y) dy

= E[Y1 | Y1 < x]

The derivation of β is only heuristic because (2.3) is merely a necessary
condition–we have not formally established that if the other N−1 bidders
follow β, then it is indeed optimal for a bidder with value x to bid β (x).
The next proposition verifies that this is indeed correct.

Proposition 2.2 Symmetric equilibrium strategies in a first-price auction
are given by

β I(x) = E[Y1 | Y1 < x] (2.4)

where Y1 is the highest of N − 1 independently drawn values.

Proof. Suppose that all but bidder 1 follow the strategy β I ≡ β given in
(2.4). We will argue that in that case it is optimal for the bidder 1 to follow
β also. First, notice that β is an increasing and continuous function. Thus,
in equilibrium the bidder with the highest value submits the highest bid
and wins the auction. It is not optimal for bidder 1 to bid a b > β (ω). The
expected payoff of bidder 1 with value x if he bids an amount b ≤ β (ω)
is calculated as follows. Denote by z = β−1(b) the value for which b is the
equilibrium bid–that is, β(z) = b. Then we can write bidder 1’s expected
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FIGURE 2.1. Losses from Over- and Under-Bidding in a First-Price Auction

payoff from bidding β(z) when his value is x as follows:

Π(b, x) = G(z)[x− β(z)]

= G(z)x−G(z)E[Y1 | Y1 < z]
= G(z)x−

Z z

0

yg(y) dy

= G(z)x−G(z)z +
Z z

0

G(y) dy

= G(z) (x− z) +
Z z

0

G(y) dy

where the fourth equality is obtained as a result of integration by parts.
(Alternatively, see formula (A.2) in Appendix A.)
We thus obtain that

Π(β(x), x)−Π(β(z), x) = G(z) (z − x)−
Z z

x

G(y) dy ≥ 0

regardless of whether z ≥ x or z ≤ x.
(The preceding argument shows that bidding an amount β(z0) > β(x)

rather than β (x) results in a loss equal to the shaded area to the right
in Figure 2.1; similarly, bidding an amount β(z00) < β(x) results in a loss
equal to the area to the left.)
We have thus argued that if all other bidders are following the strategy

β, a bidder with a value of x cannot benefit by bidding anything other than
β(x); and this implies that β is a symmetric equilibrium strategy.
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FIGURE 2.2. Equilibria of Two-Bidder Symmetric First-Price Auctions

The equilibrium bid can be rewritten as

β I(x) = x−
Z x

0

G(y)

G(x)
dy

by using (A.2) in Appendix A again. This shows that the bid is, naturally,
less than the value x. Since

G(y)

G(x)
=

·
F (y)

F (x)

¸N−1
the degree of “shading” (the amount by which the bid is less than the
value) depends on the number of competing bidders and as N increases,
approaches 0. Thus, for fixed F , as the number of bidders increases, the
equilibrium bid β I(x) approaches x.
It is instructive to derive the equilibrium strategies explicitly in a few

examples.

Example 2.1 Values are uniformly distributed on [0, 1].

If F (x) = x, then G (x) = xN−1 and

β I(x) =
N − 1
N

x

In this case, the equilibrium strategy calls upon a bidder to bid a constant
fraction of his value. For the case of two bidders, the equilibrium bidding
strategy is depicted in the left-hand panel of Figure 2.2. N

Example 2.2 Values are exponentially distributed on [0,∞) and there are
only two bidders.
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If F (x) = 1− exp (−λx), for some λ > 0, and N = 2, then

β I(x) = x−
Z x

0

F (y)

F (x)
dy

=
1

λ
− x exp (−λx)
1− exp (−λx)

As a particular instance, consider the case where λ = 2 so that E [X] = 1
2 .

The equilibrium bidding strategy in this case is depicted in the right-hand
panel of Figure 2.2. The figure highlights the fact that with the expo-
nentially distributed values, even a bidder with a very high value, say $1
million, will not bid more than 50 cents! This seems counterintuitive at
first–the bidder is facing the risk of a big loss by not bidding higher–but
is explained by the fact that the probability that the bidder with a high
value will lose in equilibrium is infinitesimal. Indeed, for a bidder with a
value of $1 million, it is smaller than 10−400000. This fact, together with
the assumption that bidders are risk neutral, implies that bidders with
high values are willing to bid very small amounts. Formally, the fact that
no bidder bids more than 1

2 is a consequence of the property that for all x,

β I(x) = E [Y1 | Y1 < x] ≤ E [Y1]
and when there are only two bidders, the latter is the same as E [X]. N

2.4 Revenue Comparison

Having derived symmetric equilibrium strategies in both the second- and
first-price auctions, we can now compare the selling prices–the revenues
accruing to the seller–in the two formats.
In a first-price auction, the winner pays what he or she bid and thus the

expected payment by a bidder with value x is

mI(x) = Prob[Win]×Amount bid = G(x)×E[Y1 | Y1 < x] (2.5)

which is the same as in a second-price auction (see (2.1)). Figure 2.3 depicts
both the expected payment and the expected payoff of a bidder with value
x in either auction. Because the expected revenue of the seller is just the
sum of the ex ante (prior to knowing their values) expected payments of
the bidders, this also implies that the expected revenues in the two auctions
are the same. Let us see why.
The ex ante expected payment of a particular bidder in either auction is

E
£
mA (X)

¤
=

Z ω

0

mA(x)f(x) dx

=

Z ω

0

µZ x

0

yg(y) dy

¶
f(x) dx
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FIGURE 2.3. Payments and Profits in First- and Second-Price Auctions

where A = I or II. Interchanging the order of integration we obtain that

E
£
mA (X)

¤
=

Z ω

0

µZ ω

y

f(x) dx

¶
yg(y) dy

=

Z ω

0

y (1− F (y)) g(y) dy (2.6)

The expected revenue accruing to the seller E
£
RA
¤
is just N times the ex

ante expected payment of an individual bidder, so,

E
£
RA
¤
= N ×E £mA (X)

¤
= N

Z ω

0

y (1− F (y)) g(y) dy

But now notice that the density of Y
(N)
2 , the second highest of N values,

f
(N)
2 (y) = N (1− F (y)) f (N−1)1 (y) (see Appendix C) and since f

(N−1)
1 (y) =

g(y), we can write

E
£
RA
¤
=

Z ω

0

yf
(N)
2 (y) dy

= E
h
Y
(N)
2

i
(2.7)

In either case, the expected revenue is just the expectation of the second-
highest value. Thus, we conclude that the expected revenues of the seller in
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the two auctions are the same. For future reference, we record this fact in
the following proposition.

Proposition 2.3 With independently and identically distributed private
values, the expected revenue in a first-price auction is the same as the
expected revenue in a second-price auction.

The fact that the expected selling prices in the two auctions are equal is
all the more striking because in specific realizations of the values the price
at which the object is sold may be greater in one auction or the other. With
positive probability, the revenue RI in a first-price auction exceeds RII, the
revenue in a second-price auction, and vice versa. For instance, when values
are uniformly distributed and there are only two bidders, the equilibrium
strategy in a first-price auction is β I(x) = 1

2x. If the realized values are
such that 1

2x1 > x2, then the revenue in a first-price auction is greater
than that in a second-price auction. On the other hand, if 12x1 < x2 < x1,
the opposite is true. Thus, while the revenue may be greater in one auction
or another depending on the realized values, we have argued that on average
the revenue to the seller will be the same.
Actually, we can say more about the distribution of prices in the two

auctions. It is clear that the revenues in a second-price auction are more
variable than in its first-price counterpart. In the former, the prices can
range between 0 and ω; in the latter, they can only range between 0 and
E[Y1]. A more precise result can be formulated along the following lines.
Let LI denote the distribution of the equilibrium price in a first-price auc-
tion and likewise, let LII be the distribution of prices in a second-price
auction. Then LII is a mean-preserving spread of LI–from the perspec-
tive of the seller, a second-price auction is riskier than a first-price auction
(see Appendix B). Every risk-averse seller prefers the latter to the former
(assuming, of course, that bidders are risk-neutral).1 Figure 2.4 depicts
the two distributions in the case of uniformly distributed values with two
bidders. Since the two distributions have the same mean, the two shaded
regions are, as they must be, equal in area.

Proposition 2.4 With independently and identically distributed private
values, the distribution of equilibrium prices in a second-price auction is a
mean-preserving spread of the distribution of equilibrium prices in a first-
price auction.

Proof. The revenue in a second-price auction is just the random variable

RII = Y
(N)
2 ; the revenue in a first-price auction is the random variable

RI = β(Y
(N)
1 ), where β ≡ β I is the symmetric equilibrium strategy from

1This is also equivalent to the statement that LI dominates LII in the sense of second-
order stochastic dominance. Again, see Appendix B.
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FIGURE 2.4. Distribution of Prices in First- and Second-Price Auctions

Proposition 2.2. So we can write

E
£
RII | RI = p¤ = E hY (N)2 | Y (N)1 = β−1(p)

i
But for all y,

E
h
Y
(N)
2 | Y (N)1 = y

i
= E

h
Y
(N−1)
1 | Y (N−1)1 < y

i
(2.8)

This is because the only information regarding the second-highest of N

values, Y
(N)
2 , that the event that the highest of N values Y

(N)
1 = y provides

is that the highest of N − 1 values, Y (N−1)1 , is less than y. (See (C.6) in
Appendix C for a formal demonstration.)
Using (2.8), we can write

E
£
RII | RI = p¤ = E

h
Y
(N−1)
1 | Y (N−1)1 < β−1(p)

i
= β

¡
β−1(p)

¢
= p

recalling (2.4).
Since E

£
RII | RI = p¤ = p, there exists a random variable Z such that

the distribution of RII is the same as that of RI+Z and E
£
Z | RI = p¤ = 0.

Thus, LII is a mean-preserving spread of LI.
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2.5 Reserve Prices

In the analysis so far, the seller has played a passive role. Indeed, we have
implicitly assumed that the seller parts with the object at whatever price
it will fetch. In many instances, sellers reserve the right to not sell the
object if the price determined in the auction is lower than some threshold
amount, say r > 0. Such a price is called the reserve price. We now examine
what effect such a reserve price has on the expected revenue accruing to
the seller.

Reserve Prices in Second-Price Auctions

Suppose that the seller sets a “small” reserve price of r > 0. Since the price
at which the object is sold can never be lower than r, no bidder with a value
x < r can make a positive profit in the auction. In a second-price auction,
a reserve price makes no difference to the behavior of the bidders–it is still
a weakly dominant strategy to bid one’s value. The expected payment of
a bidder with value r is now just rG(r), and the expected payment of a
bidder with value x ≥ r is

mII (x, r) = rG(r) +

Z x

r

yg(y) dy (2.9)

since the winner pays the reserve price r whenever the second-highest bid
is below r.

Reserve Prices in First-Price Auctions

Now consider a first-price auction with a reserve price r > 0. Once again,
since the price is at least r, no bidder with a value x < r can make a
positive profit. Furthermore, if β I is a symmetric equilibrium of the first-
price auction with reserve price r, it must be that β I(r) = r. This is because
a bidder with value r wins only if all other bidders have values less than r
and, in that case, can win with a bid of r itself. In all other respects, the
analysis of a first-price auction is unaffected, and in a manner analogous to
Proposition 2.2 we obtain that a symmetric equilibrium bidding strategy
for any bidder with value x ≥ r is

β I(x) = E [max {Y1, r} | Y1 < x]
= r

G(r)

G(x)
+

1

G (x)

Z x

r

yg(y) dy

The expected payment of a bidder with value x ≥ r is
mI (x, r) = G(x)× β I(x)

= rG(r) +

Z x

r

yg(y) dy (2.10)
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which is the same as in (2.9).
Thus, once again, the expected payments and hence the expected rev-

enues in the first- and second-price auctions are the same–Proposition 2.3
generalizes so as to accommodate reserve prices.

Revenue Effects of Reserve Prices

How do reserve prices affect the seller’s expected revenue? As before, let
A denote either the first- or second-price auction. In both, the expected
payment of a bidder with value r is rG(r). A calculation similar to that in
(2.6) shows that the ex ante expected payment of a bidder is now

E
£
mA (X, r)

¤
=

Z ω

r

mA (x, r) f(x) dx

= r (1− F (r))G(r) +
Z ω

r

y (1− F (y)) g(y) dy

What is the optimal, or revenue maximizing, reserve price from the per-
spective of the seller? Suppose that the seller attaches a value x0 ∈ [0,ω).
This means that if the object is left unsold, the seller would derive a value
x0 from its use. Clearly, the seller would not set a reserve price r that is
lower than x0. Then the overall expected payoff of the seller from setting
a reserve price r ≥ x0 is

Π0 = N ×E
£
mA (X, r)

¤
+ F (r)Nx0

Differentiating this with respect to r, we obtain

dΠ0
dr

= N [1− F (r)− rf(r)]G(r) +NG(r)f(r)x0

Now recall that the hazard rate function associated with the distribution
F is defined as λ (x) = f(x)/ (1−F (x)) . Thus, we can write

dΠ0
dr

= N [1− (r − x0)λ (r)] (1− F (r))G(r) (2.11)

First, notice that if x0 > 0, then the derivative of Π0 at r = x0 is positive,
implying that the seller should set a reserve price r > x0. If x0 = 0, then
derivative of Π0 at r = 0 is 0, but as long as λ (r) is bounded, the expected
payment attains a local minimum at 0, so a small reserve price leads to an
increase in revenue. Thus, a revenue maximizing seller should always set a
reserve price that exceeds his or her value. Why does a reserve price that
exceeds x0 lead to an increase in revenue? Consider a second-price auction
with two bidders and suppose x0 = 0. By setting a positive reserve price r
the seller runs the risk that if the highest value among the bidders, Y1, is
smaller than r, the object will remain unsold. This potential loss is offset,
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FIGURE 2.5. Optimal Reserve Price

however, by the possibility that while the highest value Y1 exceeds r, the
second-highest value, Y2, is smaller than r (in all other cases, the reserve
price has no effect). Now the application of the reserve price means that
the object will be sold for r rather than Y2. The probability of the first
event is F (r)2 and the loss is at most r. So for small r, the expected loss
is at most rF (r)2. The probability of the second event is 2F (r) (1− F (r)),
and for small r, the gain is of order r, so the expected gain is of order
2rF (r) (1− F (r)). Thus, the expected gain from setting a small reserve
price exceeds the expected loss. This fact is sometimes referred to as the
exclusion principle since it implies, in effect, that it is optimal for the seller
to exclude some bidders, those with values below the reserve price, from
the auction even though their values exceed x0.
Second, the relevant first-order condition implies that the optimal reserve

price r∗ must satisfy
(r∗ − x0)λ (r∗) = 1

or equivalently,

r∗ − 1

λ (r∗)
= x0 (2.12)

If λ (·) is increasing, this condition is also sufficient and it is remarkable
that the optimal reserve price does not depend on the number of bidders.
Roughly, the reason is that a reserve price comes into play only in instances
when there is a single bidder with a value that exceeds the reserve price.
So when a marginal change in the reserve price matters, it affects revenues
in the same way as if there were a single bidder. Figure 2.5 depicts the
expected revenue as a function of the reserve price r when F is the uniform
distribution on [0, 1], there are only two bidders, and x0 = 0. As is clear
from the figure, the optimal reserve price r∗ = 1

2 . The resulting expected
revenue is 5

12 .
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Entry Fees

A positive reserve price r results in bidders with low values, lying below r,
being excluded from the auction–since their equilibrium payoffs are zero,
such bidders are indifferent between participating in the auction and not.
An alternative instrument that the seller can also use to exclude buyers
with low values is an entry fee–a fixed and nonrefundable amount that
bidders must pay the seller prior to the auction in order to be able to
submit bids. An entry fee is, as it were, the price of admission to the room
in which the auction is being conducted.
A reserve price of r excludes all bidders with values x < r. The same set

of bidders can be excluded by asking each bidder to pay an entry fee e such
that

e =

Z r

0

G(y) dy

Notice that e equals the expected payoff of a bidder with value r in either a
first- or second-price auction (see Figure 2.4), so a bidder with value x < r
would not find it worthwhile to pay e in order to participate in the auction.
The exclusion effect of a reserve price r can be replicated with an entry fee
of e as determined earlier. Conversely, the exclusion effect of an entry fee
e can be duplicated with a reserve price of r, again, as determined earlier.

Efficiency versus Revenue

A reserve price (or equivalently, an entry fee) raises the revenue to the seller
but may have a detrimental effect on efficiency. Suppose that the value that
the seller attaches to the object is 0. In the absence of a reserve price, the
object will always be sold to the highest bidder and in the symmetric model
studied here, that is also the bidder with the highest value. Thus, both the
first- and second-price auctions allocate efficiently in the sense that the
object ends up in the hands of the person who values it the most. If the
seller sets a reserve price r > 0, however, there is a positive probability
that the object will remain in the hands of seller and this is inefficient. This
simple observation implies that there may be a trade-off between efficiency
and revenue.

Commitment Issues

There are two practical considerations that we have neglected. First, we
have implicitly assumed that the seller can credibly commit to not sell the
object if it cannot be sold at or above the reserve price. This commitment
is particularly important because by setting a reserve price the seller is
giving up some gains from trade. Without such a commitment, buyers may
anticipate that the object, if durable, will be offered for sale again in a later
auction and perhaps with a lower reserve price. These expectations may
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affect their bidding behavior in the first auction. Indeed, in the absence
of a credible “no sale” commitment, the problem confronting a seller is
analogous to that of a durable goods monopoly. In both, a potential future
sale may cause buyers to wait for lower prices and this may reduce demand
today. In effect, potential future sales may compete with current sales. In
response, the seller may have to set lower reserve prices today than would
be optimal in a one-time sale or if the good were perishable.
A second and not unrelated issue concerns secret reserve prices. We have

assumed that the reserve price is publicly announced prior to the auction.
In many situations, especially in art auctions, it is announced that there is
a reserve price, but the level of the reserve price is not disclosed. In effect,
the seller can opt to not sell the object after learning all the bids and hence
the price. But this is rational only if the seller anticipates that in a future
sale the price will be higher. Once again, buyers’ expectations regarding
future sales may affect the bidding in the current auction.

Chapter Notes

The basic model of auctions with independent private values was intro-
duced by Vickrey (1961). He derived equilibrium bidding strategies in a
first-price auction when values are drawn from the uniform distribution
(Example 2.1) and observed that the expected revenues in the first- and
second-price auctions were the same. He recognized that this equivalence
held more generally–that is, for arbitrary distributions–and formally es-
tablished this in a subsequent paper, Vickrey (1962).
The symmetric independent private values model was analyzed in more

detail by Riley and Samuelson (1981). The treatment of reserve prices fol-
lows that in Myerson (1981) and in Riley and Samuelson (1981). Milgrom
(1987) discusses the problem of commitment in connection with reserve
prices.
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The Revenue Equivalence Principle

In the previous chapter we saw that regardless of the distribution of values,
the expected selling price in a symmetric first-price auction is the same as
that in a second-price auction. As a result a risk-neutral seller is indifferent
between the two formats. The fact that the expected selling prices in the
two auctions are equal is quite remarkable. The two auctions are not strate-
gically equivalent as defined in Chapter 1, and in particular instances, the
price in one or the other auction may be higher. This chapter explores the
reasons underlying the equality of expected revenues in Proposition 2.3. In
the process, we will discover that this equality extends beyond first- and
second-price auctions to a whole class of auction forms.

3.1 Main Result

The auction forms we consider all have the feature that buyers are asked to
submit bids–amounts of money they are willing to pay. These bids alone
determine who wins the object and how much the winner pays. We will
say that an auction is standard if the rules of the auction dictate that
the person who bids the highest amount is awarded the object. Both first-
and second-price auctions are, of course, standard in this sense but so, for
instance, is a third-price auction, discussed later in this chapter, in which
the winner is the person bidding the highest amount but he or she pays
the third-highest bid. An example of a nonstandard method is a lottery in
which the chances that a particular bidder wins is the ratio of his or her
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bid to the total amount bid by all. Such a lottery is nonstandard since the
person who bids the most is not necessarily the one who is awarded the
object.
Given a standard auction form, A, and a symmetric equilibrium βA of the

auction, let mA(x) be the equilibrium expected payment by a bidder with
value x. It turns out, quite remarkably, that provided that the expected
payment of a bidder with value 0 is 0, the expected payment function
mA(·) does not depend on the particular auction form A. As a result, the
expected revenue in any standard auction is the same, a fact known as the
revenue equivalence principle.

Proposition 3.1 Suppose that values are independently and identically
distributed and all bidders are risk neutral. Then any symmetric and in-
creasing equilibrium of any standard auction, such that the expected pay-
ment of a bidder with value zero is zero, yields the same expected revenue
to the seller.

Proof. Consider a standard auction form, A, and fix a symmetric equi-
librium β of A. Let mA(x) be the equilibrium expected payment in auction
A by a bidder with value x. Suppose that β is such that mA (0) = 0.
Consider a particular bidder, say 1, and suppose other bidders are fol-

lowing the equilibrium strategy β. It is useful to abstract away from the
details of the auction and consider the expected payoff of bidder 1 with
value x and when he bids β (z) instead of the equilibrium bid β (x). Bid-
der 1 wins when his bid β (z) exceeds the highest competing bid β (Y1), or
equivalently, when z > Y1. His expected payoff is

ΠA(z, x) = G(z)x−mA(z)

where as before G(z) ≡ F (z)N−1 is the distribution of Y1. The key point
is that mA(z) depends on the other players’ strategy β and z but is inde-
pendent of the true value, x.
Maximization results in the first-order condition,

∂

∂z
ΠA(z, x) = g(z)x− d

dz
mA(z) = 0

At an equilibrium it is optimal to report z = x, so we obtain that for all y,

d

dy
mA(y) = g(y)y (3.1)

Thus,

mA(x) = mA(0) +

Z x

0

yg(y) dy

=

Z x

0

yg(y) dy

= G(x)×E[Y1 | Y1 < x] (3.2)
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since, by assumption,mA(0) = 0. Since the right-hand side does not depend
on the particular auction form A, this completes the proof.

For the specification in Example 2.1, the expected payment function can
be easily calculated.

Example 3.1 Values are uniformly distributed on [0, 1].

If F (x) = x, then G (x) = xN−1 and for any standard auction satisfying
mA (0) = 0, (3.2) implies that

mA(x) =
N − 1
N

xN

and

E
£
mA(X)

¤
=

N − 1
N (N + 1)

while the expected revenue is

E
£
RA
¤
= N ×E £mA(X)

¤
=
N − 1
N + 1

N

3.2 Some Applications of the Revenue Equivalence
Principle

The revenue equivalence principle is a powerful and useful tool. In this
section we show how, with judicious use, it can be used to derive equilibrium
bidding strategies in alternative, unusual auction forms. We then show how
it can be extended and applied to situations in which bidders are unsure
as to how many other, rival bidders they face.

3.2.1 Unusual Auctions

We consider two unusual formats: an all-pay auction and a third-price
auction. Although neither is used as a real-world auction to sell objects,
the former is a useful model of other auction-like contests–some examples
are offered next–while the latter is a useful theoretical construct.

Equilibrium of All-Pay Auctions

Consider an all-pay auction with the following rules. Each bidder submits
a bid and, as in the standard auctions discussed earlier, the highest bid-
der wins the object. The unusual aspect of an all-pay auction is that all
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bidders pay what they bid. The all-pay auction is a useful model of lobby-
ing activity. In such models, different interest groups spend money–their
“bids”–in order to influence government policy and the group spending
the most–the highest “bidder”–is able to tilt policy in its favored direc-
tion, thereby “winning the auction.” Since money spent on lobbying is a
sunk cost borne by all groups regardless of which group is successful in ob-
taining its preferred policy, such situations have a natural all-pay aspect.
We are interested in symmetric equilibrium strategies in an all-pay auction
with symmetric, independent private values.
Suppose for the moment that there is a symmetric, increasing equilib-

rium of the all-pay auction such that the expected payment of a bidder
with value 0 is 0. In other words, the assumptions of Proposition 3.1 are
satisfied. Then we know that the expected payment in such an equilibrium
must be the same as in (3.2). Now in an all-pay auction, the expected
payment of a bidder with value x is the same as his bid–he forfeits his
bid regardless of whether he wins or not–and so if there is a symmetric,
increasing equilibrium of the all-pay auction βAP, it must be that

βAP(x) = mA(x)

=

Z x

0

yg(y) dy

To verify that this indeed constitutes an equilibrium of the all-pay auction,
suppose that all bidders except one are following the strategy β ≡ βAP. If
he bids an amount β (z), the expected payoff of a bidder with value x is

G(z)x− β (z) = G(z)x−
Z z

0

yg(y) dy

and integrating the second term by parts, this becomes

G(z) (x− z) +
Z z

0

G(y) dy

which is the same as the payoff obtained in a first-price auction by bidding
β I(z) against other bidders who are following β I. For the same reasons as
in Proposition 2.2, this is maximized by choosing z = x. Thus, βAP is a
symmetric equilibrium.

Equilibrium of Third-Price Auctions

Suppose that there are at least three bidders. Consider a sealed-bid auc-
tion in which the highest bidder wins the object but pays a price equal
to the third-highest bid. A third-price auction, as it is called, is a purely
theoretical construct: there is no known instance of such a mechanism ac-
tually being used. It is an interesting construct nevertheless–equilibria of
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such an auction display some unusual properties–and leads to a better un-
derstanding of the workings of the standard auction forms. Here we show
how the revenue equivalence principle can once again be used to derive
equilibrium bidding strategies.
Again, suppose for the moment that there is a symmetric, increasing

equilibrium of the third-price auction, say β III, such that the expected
payment of a bidder with value 0 is 0. Once again, since the assumptions
of Proposition 3.1 are satisfied, we must have that for all x, the expected
payment in a third-price auction is

mIII(x) =

Z x

0

yg(y) dy (3.3)

On the other hand, consider bidder 1 and suppose that he wins in equi-
librium when his value is x. Winning implies, of course, that his value x
exceeds the highest of the other N − 1 values–that is, Y1 < x. The price
bidder 1 pays is the random variable β III(Y2), where, Y2 is the second-
highest of the N − 1 other values. The density of Y2, conditional on the
event that Y1 < x, can be written as

f
(N−1)
2 (y | Y1 < x) = 1

F
(N−1)
1 (x)

(N − 1) (F (x)− F (y)) f (N−2)1 (y)

where (N − 1) (F (x)− F (y)) is the probability that Y1 exceeds Y2 = y but
is less than x and f

(N−2)
1 (y) is the density of the highest of N − 2 values.

The expected payment in a third-price auction can then be written as

mIII(x) = F
(N−1)
1 (x)E

h
β III(Y2) | Y1 < x

i
=

Z x

0

β III(y) (N − 1) (F (x)− F (y)) f(N−2)1 (y) dy (3.4)

Equating (3.3) and (3.4), we obtain thatZ x

0

β III(y) (N − 1) (F (x)− F (y)) f(N−2)1 (y) dy =

Z x

0

yg(y) dy

and differentiating with respect to x, this implies that

(N − 1) f(x)
Z x

0

β III(y)f
(N−2)
1 (y) dy = xg(x)

= x× (N − 1) f(x)F (x)N−2

since G (x) ≡ F (x)N−1. This can be rewritten asZ x

0

β III(y)f
(N−2)
1 (y) dy = xF

(N−2)
1 (x)
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since, F
(N−2)
1 (x) ≡F (x)N−2. Differentiating once more with respect to x,

β III(x) f
(N−2)
1 (x) = xf

(N−2)
1 (x) + F

(N−2)
1 (x)

and rearranging this we get

β III(x) = x+
F
(N−2)
1 (x)

f
(N−2)
1 (x)

= x+
F (x)

(N − 2) f(x)
This derivation, however, is valid only if β III is increasing and from the

preceding equation it is clear that a sufficient condition for this is that the
ratio F/f is increasing. This condition is the same as requiring that lnF
is a concave function or equivalently that F is log-concave.

Proposition 3.2 Suppose that there are at least three bidders and F is
log-concave. Symmetric equilibrium strategies in a third-price auction are
given by

β III(x) = x+
F (x)

(N − 2) f(x) (3.5)

An important feature of the equilibrium in a third-price auction is worth
noting: the equilibrium bid exceeds the value. To better understand this
phenomenon, first, notice that for much the same reason as in a second-
price auction, it is dominated for a bidder to bid below his value in a
third-price auction. Unlike in a second-price auction, however, it is not
dominated for a bidder to bid above his value. Fix some equilibrium bidding
strategies of the third-price auction, say β, and suppose that all bidders
except 1 follow β. Suppose bidder 1 with value x bids an amount b > x. If
β (Y2) < x < β (Y1) < b, this is better than bidding x since it results in a
profit, whereas bidding x would not. If, however, x < β (Y2) < β (Y1) < b,
then bidding b results in a loss. When b − x ≡ ε is small, the gain in the
first case is of order ε2, whereas the loss in the second case is of order ε3.
Thus, it is optimal to bid higher than one’s value in a third-price auction.
Comparing equilibrium bids in first-, second-, and third-price auctions

in case of symmetric private values, we have seen that

β I(x) < β II(x) = x < β III(x)

(assuming, of course, that the distribution of values is log-concave).

3.2.2 Uncertain Number of Bidders

In our analysis so far, each bidder knows his or her own value but is un-
certain about the values of others. All other aspects of the situation–the
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number of bidders, the distribution from which they draw their values–
are assumed to be common knowledge. In many auctions–particularly in
those of the sealed-bid variety–a bidder may be uncertain about how many
other interested bidders there are. In this section we show how the standard
model may be amended to include this additional uncertainty.
Let N = {1, 2, . . . , N} denote the set of potential bidders and let A ⊆ N

be the set of actual bidders–that is, those that participate in the auc-
tion. All potential bidders draw their values independently from the same
distribution F .
Consider an actual bidder i ∈ A and let pn denote the probability that

any participating bidder assigns to the event that he is facing n other bid-
ders. Thus, bidder i assigns the probability pn that the number of actual
bidders is n + 1. The exact process by which the set of actual bidders is
determined from the set of potential bidders is not important. What is im-
portant is that the process be symmetric so that every actual bidder holds
the same beliefs about how many other bidders he faces–the probabilities
pn do not depend on the identity of the bidder nor on his value. It is also
important that the set of actual bidders does not depend on the realized
values.
As long as bidders hold the same beliefs about the likelihood of meeting

different numbers of rivals, the conclusion of Proposition 3.1 obtains in a
straightforward manner. Consider a standard auction A and a symmetric
and increasing equilibrium β of the auction. Note that since bidders are
unsure about how many rivals they face, β does not depend on n. Consider
the expected payoff of a bidder with value x who bids β(z) instead of the
equilibrium bid β(x). The probability that he faces n other bidders is pn.

In that case, he wins if Y
(n)
1 , the highest of n values drawn from F , is less

than z and the probability of this event is G(n) (z) = F (z)n. The overall
probability that he will win when he bids β(z) is therefore

G (z) =
N−1X
n=0

pnG
(n) (z)

His expected payoff from bidding β (z) when his value is x is then

ΠA(z, x) = G(z)x−mA(z)

and the remainder of the argument is the same as in Proposition 3.1. Thus,
we conclude that the revenue equivalence principle holds even if there is
uncertainty about the number of bidders.
Suppose that the object is sold using a second-price auction. Even though

the number of rival buyers that a particular bidder faces is uncertain, it is
still a dominant strategy for him to bid his value. The expected payment
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in a second-price auction of an actual bidder with value x is therefore

mII (x) =
N−1X
n=0

pnG
(n) (x)E

h
Y
(n)
1 | Y (n)1 < x

i
Now suppose that the object is sold using a first-price auction and that

β is a symmetric and increasing equilibrium. The expected payment of an
actual bidder with value x is

mI (x) = G (x)β (x)

where G (x) is as defined earlier. The revenue equivalence principle implies
that for all x, mI (x) = mII (x), so

β (x) =
N−1X
n=0

pnG
(n) (x)

G (x)
E
h
Y
(n)
1 | Y (n)1 < x

i
=

N−1X
n=0

pnG
(n) (x)

G (x)
β(n) (x)

where β(n) is the equilibrium bidding strategy in a first-price auction in
which there are exactly n+1 bidders for sure (see Proposition 2.2 on page
17). Thus, the equilibrium bid for an actual bidder with value x when he
is unsure about the number of rivals he faces is a weighted average of the
equilibrium bids in auctions when the number of bidders is known to all.

Chapter Notes

The revenue equivalence principle was established by Riley and Samuel-
son (1981) and Myerson (1981), showing, in effect, that the phenomenon
noticed by Vickrey (1961, 1962) was quite general.
For a model of interest group lobbying modeled as an all-pay auction,

albeit in a complete information setting, see Baye et al. (1993). Third-price
auctions were first analyzed by Kagel and Levin (1993) who pointed out the
over-bidding phenomenon . The explicit derivation of equilibrium strategies
is due to Wolfstetter (2001).
Auctions with an uncertain number of bidders have been considered by

McAfee andMcMillan (1987b), Matthews (1987), and Harstad et al. (1990).
The first two papers are particularly interested in how risk-averse bidders–
considered in the next chapter–are affected by uncertainty regarding the
number of competitors they face. Harstad et al. (1990) derive equilibrium
bidding strategies in different auctions under number uncertainty when
bidders are risk neutral.



4
Qualifications and Extensions

The revenue equivalence principle derived in the previous chapter, Propo-
sition 3.1, is a simple yet powerful result. It constitutes a benchmark of the
theory of private value auctions–all other results in the area constitute
a departure from the revenue equivalence principle and can be measured
against it. Because of its central nature, it is worthwhile to recount the key
assumptions underlying the principle:

1. Independence–the values of different bidders are independently dis-
tributed.

2. Risk neutrality–all bidders seek to maximize their expected profits.

3. No budget constraints–all bidders have the ability to pay up to their
respective values.

4. Symmetry–the values of all bidders are distributed according to same
distribution function F .

In this chapter we investigate how the revenue equivalence principle is
affected when some of these assumptions are relaxed. We first explore the
consequences of risk aversion on the part of bidders. We then study the
effects of the assumption that bidders have sufficient financial resources to
pay any price up to their values. We ask how the revenue equivalence princi-
ple holds up in an augmented model in which bidders are subject to budget



38 4. Qualifications and Extensions

constraints. Finally, we delve into the important issue of ex ante hetero-
geneity among the bidders. In each case, to isolate the effects of each as-
sumption, we retain the others. For instance, we examine the consequences
of risk aversion, retaining the assumptions regarding the independence of
values, the lack of budget constraints, and symmetry among the bidders.
In the same vein, we examine the consequences of budget constraints in a
model with risk-neutral, symmetric bidders with independently distributed
values, and we explore the consequences of bidder asymmetries, retaining
the independence of the values, and the risk neutrality of the bidders.
An exploration of the consequences of relaxing the first assumption–the

independence of the values–is postponed for the moment. It is the focus
of Chapter 6, where we consider a more general model that simultaneously
relaxes both this assumption and the assumption of private values.

4.1 Risk-Averse Bidders

We now argue that if bidders are risk-averse, but all other assumptions are
retained, the revenue equivalence principle no longer holds. In particular,
we retain all our other assumptions: independence of values, symmetry
among bidders, and the absence of budget constraints.
Risk neutrality implies that the expected payoff of a bidder is additively

separable–it is just the difference between his or her expected gain and
his expected payment, so the payoff is linear in the payments. This quasi-
linearity of a bidder’s payoff is crucial in the derivation of the revenue
equivalence result and is lost when bidders are not risk neutral.
To examine the consequences of risk aversion, suppose that each bidder

has a von-Neumann-Morgenstern utility function u : R+ → R that satisfies
u(0) = 0, u0 > 0 and u00 < 0. Each bidder now seeks to maximize his or
her expected utility rather than expected profits. The main finding is as
follows:

Proposition 4.1 Suppose that bidders are risk-averse with the same utility
function. With symmetric, independent private values, the expected revenue
in a first-price auction is greater than that in a second-price auction.

Proof. First, notice that risk aversion makes no difference in a second-
price auction: it is still a dominant strategy for each bidder to bid his or
her value. Thus, in a second-price auction, the expected price is the same
as it would be if bidders were risk neutral.
Let us now examine a first-price auction. Suppose that when bidders are

risk averse and have the utility function u, the equilibrium strategies are
given by an increasing and differentiable function γ : [0,ω]→ R+ satisfying
γ (0) = 0. If all but bidder 1, say, follow this strategy, then bidder 1 will
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never bid more than γ (ω). Given a value x, each bidder’s problem is to
choose z ∈ [0,ω] and bid an amount γ (z) to maximize his or her expected
utility–that is,

max
z
G(z)u(x− γ (z)) (4.1)

where, as before, G ≡ FN−1 is the distribution of the highest of N − 1
values. The first-order condition for this problem is

g(z)× u(x− γ (z))−G(z)× γ 0 (z)× u0(x− γ (z)) = 0.

In a symmetric equilibrium, it must be optimal to choose z = x. Hence, we
get

g(x)u(x− γ(x))

γ 0(x)
= G(x)u0(x− γ(x))

which is the same as

γ 0(x) =
u(x− γ(x))

u0(x− γ(x))
× g(x)

G(x)
(4.2)

With risk neutrality, u(x) = x, and (4.2) then yields

β 0(x) = (x− β(x))× g(x)

G(x)
(4.3)

where β(·) denotes the equilibrium strategy with risk-neutral bidders.
Next notice that if u is strictly concave and u(0) = 0, for all y > 0,

[u(y)/u0(y)] > y. Using this fact, from (4.2) we can derive that

γ 0(x) =
u(x− γ(x))

u0(x− γ(x))
× g(x)

G(x)
> (x− γ(x))× g(x)

G(x)
(4.4)

Now if β(x) > γ(x), we have (x− γ(x)) × g(x)/G(x) > (x− β(x)) ×
g(x)/G(x), and because of (4.4) this implies that γ 0(x) > β 0(x).
To summarize, if β(·) and γ(·) are the equilibrium strategies with risk-

neutral and risk-averse bidders, respectively,

β(x) > γ(x) implies that β 0(x) < γ 0(x) (4.5)

It is also easy to check that

β(0) = γ(0) = 0 (4.6)

(4.5) and (4.6) imply that for all x > 0,

γ(x) > β(x)

Thus, in a first-price auction, risk aversion causes an increase in equi-
librium bids. Since bids have increased, the expected revenue has also in-
creased. Using Proposition 3.1 and the fact that the expected revenue in a



40 4. Qualifications and Extensions

second-price auction is unaffected by risk aversion, we deduce that the ex-
pected revenue in a first-price auction is higher than that in a second-price
auction.

Why does risk aversion lead to higher bids in a first-price auction? Con-
sider a particular bidder, say 1, with value x. Fix the strategies of all other
bidders and suppose bidder 1 bids the amount b. Now suppose that this
bidder considers decreasing his bid slightly from b to b−∆. If he wins the
auction with this lower bid, this leads to a gain of ∆. A lowering of his bid
could, however, cause him to lose the auction. For a risk-averse bidder, the
effect of a slightly lower winning bid on his wealth level has a smaller utility
consequence than does the possible loss if this lower bid were, in fact, to
result in his losing the auction. Compared to a risk-neutral bidder, a risk-
averse bidder will thus bid higher. Put another way, by bidding higher, a
risk-averse bidder will, as it were, buy “insurance” against the possibility
of losing.

Example 4.1 Constant relative risk aversion (CRRA) utility functions.

Consider a situation with two bidders who display constant relative risk
aversion–their utility functions are of the form u(z) = zα, where α satisfies
0 < α < 1, so that the coefficient of relative risk aversion, −zu00(z)/u0(z),
is 1 − α. Suppose that both values are drawn from the distribution F . It
is convenient to define Fα ≡ F 1/α and notice that Fα is also a distribution
function with the same support as F . The symmetric equilibrium bidding
strategy in a first-price auction is the solution to the differential equation
in (4.2). With the specified utility function, (4.2) becomes

γ0(x)F (x) +
1

α
γ(x)f(x) =

1

α
xf(x)

together with the boundary condition γ(0) = 0. Using F (x)(1/α)−1 as the
integrating factor, the solution to this is easily seen to be

γ (x) =
1

Fα(x)

Z x

0

yfα(y) dy

where fα = F
0
α. This, of course, is of the same form as derived in Proposition

2.2 on page 17.
Thus, we conclude that the equilibrium bidding strategy with two bidders

with CRRA utility functions u(z) = zα whose values are drawn from the
distribution F is the same as the equilibrium bidding strategy with two
risk-neutral bidders whose values are drawn from the distribution Fα. Since
Fα ≤ F , the expected revenue in a first-price auction with risk-averse
bidders is greater than with risk-neutral bidders. The expected revenue in
a second-price auction is, of course, unchanged. N
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Example 4.2 Constant absolute risk aversion (CARA) utility functions.

Consider a situation with bidders who exhibit constant absolute risk
aversion–their utility functions are of the form u (z) = 1 − exp (−αz),
where α > 0 is the coefficient of absolute risk aversion, −u00(z)/u0(z). Sup-
pose that values are independently distributed according to the function
F and let G denote, as usual, the distribution of the highest of N − 1 val-
ues. First, consider a second-price auction. Consider a bidder with value
x who bids z and wins the auction. In a second-price auction, such a bid-
der faces some uncertainty about the price he or she will pay since that
is determined by the second-highest bid. Suppose that the other bidders
are following their equilibrium (and weakly dominant) strategy of bidding
their values so that the second-highest bid is Y1. Let ρ (x, z) be the risk
premium associated with the “price gamble”–it is the certain amount the
bidder would forgo in order to remove the associated uncertainty. Formally,

u(x− ρ (x, z)) = E [u(x− Y1) | Y1 < z] (4.7)

and CARA implies that we can write ρ (z) ≡ ρ (x, z) since the risk premium
depends only on the gamble being faced–which is entirely determined by
z–and not on the “wealth level” x. It is optimal for bidder 1 to bid his or
her true value and thus

x ∈ argmax
z
G(z)E [u(x− Y1) | Y1 < z]

Using (4.7) this can be rewritten as

x ∈ argmax
z
G(z)u(x− ρ (z))

But this is the same as bidder 1’s maximization problem in a first-price
auction if all other bidders follow the bidding strategy γ = ρ (see (4.1)).
This implies that for CARA bidders, the equilibrium bidding strategy in a
first-price auction is to bid the risk premium associated with “price gamble”
in a second-price auction. Finally, since

G(x)u(x− γ (x)) = G(x)E [u(x− Y1) | Y1 < x]
the equilibrium expected utility of a CARA bidder in a first-price auction
is the same as his expected utility in a second-price auction. N

A key feature of the standard auction model with risk-neutral bidders
is that the payoff functions are separable in money. In particular, they
are quasi-linear–linear in the payments that bidders make–and bidders
maximize their expected profits, which are just

Expected Value − Expected Payment
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This separation between the expected value and the expected payment
is crucial for revenue equivalence principle. Specifically, in the proof of
Proposition 3.1 on page 30, this separation leads to equation (3.1) and
hence to the conclusion that the expected payments are the same in any
standard auction. Risk-averse bidders, on the other hand, maximize

Expected Utility of (Value − Payment)

and since utility is nonlinear–it is concave–the maximand is no longer
linear in the payments that bidders make. The fact that bidders’ objective
functions are no longer linear in their payments is the reason for the failure
of the revenue equivalence principle.

4.2 Budget Constraints

Until now we have implicitly assumed that bidders face no cash or credit
constraints–that is, bidders are able to pay the seller up to amounts equal
to their values. In many situations, however, bidders may face financial
constraints of one sort or another. In this section we ask how the presence of
financial constraints affects equilibrium behavior in first- and second-price
auctions and what effect they have on the revenue from these auctions.
We continue with the basic symmetric independent private value setting

introduced in the previous chapter. There is a single object for sale and N
potential buyers are bidding for the object. As before, bidder i assigns a
value of Xi to the object. But now, in addition, each bidder is subject to an
absolute budget of Wi. In no circumstances can a bidder with value-budget
pair (xi, wi) pay more than wi. We also suppose that if bidder i were to
bid more than wi and default, then a (small) penalty would be imposed.
Each bidder’s value-budget pair (Xi,Wi) is independently and identically

distributed on [0, 1] × [0, 1] according to the density function f .1 Bidder i
knows the realized value-budget pair (xi, wi) and only that other bidders’
budget-value pairs are independently distributed according to f . As before,
bidders are assumed to be risk neutral and again we compare first- and
second-price auctions. In a substantive departure from the models studied
so far, the private information of the bidders is two-dimensional. We will
refer to the pair (xi, wi) as the type of bidder i.
In any auction A (say, a first- or second-price auction), a bidder’s strategy

is a function of the form BA : [0, 1]×[0, 1]→ R that determines the amount
bid depending on both his value and his budget.

1The independence holds only across bidders. The possibility that for each bidder
the values and budgets are correlated is admitted.
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4.2.1 Second-Price Auctions

We begin our analysis by considering second-price auctions. In this case,
bidders’ equilibrium strategies are straightforward.

Proposition 4.2 In a second-price auction, it is a dominant strategy to
bid according to B II(x,w) = min {x,w} .
Proof. First, notice that it is dominated to bid above one’s budget.

Suppose bidder i wins by bidding above his budget. If the second highest
bid is below his budget, then he would have also won by bidding wi. If the
second highest bid is above his budget, he has to renege, does not get the
object, and pays the fine, resulting in a negative surplus.
Second, if xi ≤ wi, then the budget constraint does not bind and the

same argument as in the unconstrained situation implies that it is a weakly
dominant strategy to bid xi. If xi > wi, then the same argument shows
that bidding wi dominates bidding less.

For every type (x,w), define x00 = min{x,w} and consider the type
(x00, 1) . Notice that since values never exceed 1, a bidder of type (x00, 1)
effectively never faces a financial constraint. But since min{x00, 1} = x00 =
min{x,w}, we have that B II(x,w) = B II(x00, 1). Thus, in a second-price
auction the type (x00, 1) would submit a bid identical to that submitted by
type (x,w) . The type (x00, 1) is, as it were, the richest member of the family
with types (x,w) such that min{x,w} = x00. Figure 4.1 depicts the set of
types who bid the same in a second-price auction as does type (x,w) . This
consists of all types on the thin-lined right angle “Leontief iso-bid” curve
whose corner lies on the diagonal.
As before, let mII(x,w) denote the expected payment of a bidder of type

(x,w) in a second-price auction. Since B II(x,w) = B II(x00, 1), we have that

mII(x,w) = mII(x00, 1) (4.8)

Now define

LII(x00) = ©(X,W ) : B II(X,W) < B II(x00, 1)
ª

(4.9)

to be the set of types who bid less than type (x00, 1) in a second-price
auction.
Define

F II(x00) =
Z
LII(x00)

f(X,W ) dXdW (4.10)

to be the probability that a type (x00, 1) will out-bid one other bidder.
Notice that this is indeed the distribution function of the random variable
X00 = min{X,W}. The probability that a type (x00, 1) will actually win
the auction is just (F II(x00))N−1 ≡ GII(x00). In Figure 4.1, F II(x00) is the
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FIGURE 4.1. First- and Second-Price Auctions with Budget Constraints

probability mass attached to the set of types lying below the lighter of the
two right angles.
Now notice that we can write the expected utility of a type (x00, 1) when

bidding B II(z, 1) as

GII(z)x00 −mII(z, 1)

In equilibrium, it is optimal to bid B II(x00, 1) when the true type is (x00, 1),
so in a manner completely analogous to the arguments in Chapter 2 (specif-
ically, Proposition 3.1), we have that

mII(x00, 1) =
Z x00

0

yg II(y) dy (4.11)

where g II is the density function associated with GII. The ex ante expected
payment of a bidder in a second-price auction with financial constraints can
then be written, in manner completely analogous to (2.7), as

RII =

Z 1

0

mII(x00, 1)f II(x00) dx00

= E
h
Y
II(N)
2

i
(4.12)

where Y
II(N)
2 is the second-highest of N draws from the distribution F II.
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4.2.2 First-Price Auctions

First, suppose that in a first-price auction, the equilibrium strategy is of
the form

B I(x,w) = min {β(x), w} (4.13)

for some increasing function β(x). In this case, it must be that β(x) < x,
otherwise a bidder of type x < w would deviate by bidding slightly less.
Although sufficient conditions in terms of the primitives of the model that
guarantee the existence of such an equilibrium can be provided, here we
content ourselves with directly assuming that such an equilibrium exists.
As in the case of a second-price auction, for every type (x,w) define

x0 to be a value such that β(x0) = min{β(x), w} and consider the type
(x0, 1) . As before, a bidder of type (x0, 1) effectively never faces a financial
constraint. But since min{β(x0), 1} = β(x0) = min{β(x), w}, we have that
B I(x,w) = B I(x0, 1). Thus, in a first-price auction the type (x0, 1) would
submit a bid identical to that submitted by type (x,w) . Figure 4.1 also
depicts the set of types who bid the same in a first-price auction as does
type (x,w) . This consists of all types on the thick line right-angle “Leontief
iso-bid” curve whose corner lies on the curve β.
Now define

LI(x0) = ©(X,W ) : B I(X,W ) < B I(x0, 1)
ª

(4.14)

and define mI, F I, and GI in a fashion completely analogous to the cor-
responding objects for a second-price auction. Exactly the same reasoning
shows that

E
£
RI
¤
= E

h
Y
I(N)
2

i
(4.15)

where Y
I(N)
2 is the second-highest of N draws from the distribution F I.

4.2.3 Revenue Comparison

To compare the expected payments in the two auctions, notice that since
for all x, β(x) < x, the definitions of LII(x) and LI(x) in (4.9) and (4.14),
respectively, imply that LI(x) ⊂ LII(x). See Figure 4.1. Now (4.10) implies
that for all x, F I(x) ≤ F II(x) and a strict inequality holds for all x ∈ (0, 1) .
We have thus argued that F I stochastically dominates F II. This implies
that

E
h
Y
I(N)
2

i
> E

h
Y
II(N)
2

i
Thus, we have shown the following:

Proposition 4.3 Suppose that bidders are subject to financial constraints.
If the first-price auction has a symmetric equilibrium of the form B I(x,w) =
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min {β(x), w}, then the expected revenue in a first-price auction is greater
than the expected revenue in a second-price auction.

At an intuitive level, Proposition 4.3 results from the fact that budget
constraints are “softer” in first-price auctions than in second-price auctions.
Given a situation with budget constraints, consider a hypothetical situa-
tion in which each bidder’s value is Zi = min {Xi,Wi} and there are no
budget constraints. Since value-budget pairs are independently and identi-
cally distributed across bidders, the revenue equivalence principle applies
to the hypothetical situation, so the second-price and first-price auctions
yield the same expected revenue, say R. Now returning to the original sit-
uation with budget constraints, Proposition 4.2 implies that the revenue
from the second-price auction in the original situation is also R–bids in the
two are identical for every realization. The revenue in a first-price auction
is greater than R because the comparison is between a situation in which
bidders have values Xi ≥ Zi and budgets Wi ≥ Zi and a hypothetical
situation in which they have values Zi but no budget constraints.

4.3 Asymmetries among Bidders

In this section, we consider situations in which bidders are ex ante asym-
metric: different bidders’ values are drawn from different distributions.
Asymmetries among bidders do not affect bidding behavior in second-price
auctions–it is still a weakly dominant strategy for each bidder to bid his
or her value. In a first-price auction, however, asymmetries lead to numer-
ous complications. First, although an equilibrium exists (see Appendix G),
unlike in the case of symmetric bidders, a closed form expression for the bid-
ding strategies is not available, making a comparison with the second-price
auction rather difficult. Second, the allocations under the two auctions are
quite different–the second-price auction is efficient whereas the first-price
auction is not–and as a result, the two are no longer revenue equivalent.
Indeed, as we will see, no general ranking of the revenues can be obtained.
We begin by exploring the nature of equilibrium bidding behavior in

first-price auctions. To keep the analysis at a relatively simple level, we
concentrate on the case of two bidders.

4.3.1 Asymmetric First-Price Auctions with Two Bidders

Suppose there are two bidders with values X1 and X2, which are indepen-
dently distributed according to the functions F1 on [0,ω1] and F2 on [0,ω2],
respectively. Suppose for the moment that there is an equilibrium of the
first-price auction in which the two bidders follow the strategies β1 and β2,
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respectively. Further suppose that these are increasing and differentiable
and have inverses φ1 ≡ β−11 and φ2 ≡ β−12 , respectively.
It is clear that β1 (0) = 0 = β2 (0), since it would be dominated for a

bidder to bid more than the value. Moreover, β1 (ω1) = β2 (ω2) since oth-
erwise, if say, β1 (ω1) > β2 (ω2), then bidder 1 would win with probability
1 when his value is ω1 and would pay more than he needs to–he could
increase his payoff by bidding slightly less than β1 (ω1). Let

b ≡ β1 (ω1) = β2 (ω2) (4.16)

be the common highest bid submitted by either bidder.
Given that bidder j = 1, 2 is following the strategy βj , the expected

payoff of bidder i 6= j when his value is xi and he bids an amount b < b is

Πi(b, xi) = Fj
¡
φj(b)

¢
(xi − b)

= Hj(b) (xi − b)

where Hj(·) ≡ Fj
¡
φj(·)

¢
denotes the distribution of bidder j’s bids.

The first-order condition for bidder i requires that for all b < b,

hj(b) (φi(b)− b) = Hj(b) (4.17)

where j 6= i and, as usual, hj(b) ≡ H0
j(b) = fj

¡
φj(b)

¢
φ0j(b) is the density

of j’s bids. This can be rearranged so that

φ0j(b) =
Fj
¡
φj(b)

¢
fj
¡
φj(b)

¢ 1

(φi(b)− b)
(4.18)

A solution to the system of differential equations in (4.18)–one for
each bidder–together with the relevant boundary conditions constitutes
an equilibrium of the first-price auction. Unfortunately, an explicit solution
can be obtained only in some special cases–an example is given later–and
so instead, we deduce some properties of the equilibrium strategies indi-
rectly. To do this, we make some assumptions regarding the specific nature
of the asymmetries.

Weakness Leads to Aggression

Suppose that bidder 1’s values are “stochastically higher” than those of
bidder 2. In particular, we will make the stronger assumption that the
distribution F1 dominates F2 in terms of the reverse hazard rate–that is,
ω1 ≥ ω2 and for all x ∈ (0,ω2),

f1 (x)

F1 (x)
>
f2 (x)

F2 (x)
(4.19)
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Reverse hazard rate dominance is further discussed in Appendix B where
it is also shown that it implies that F1 stochastically dominates F2–that
is, F1 (x) ≤ F2 (x). If (4.19) holds, we will call bidder 1 the “strong” bidder
and bidder 2 the “weak” bidder.
(A simple class of examples in which the two distributions can be ordered

according to the reverse hazard rate consists of distributions satisfying
F1 (x) = (F2 (x))

θ for some θ > 1.)
We now show that the weak bidder will bid more aggressively than the

strong bidder in the sense that for any fixed value, the bid of the weak
bidder will be higher than the bid of the strong bidder.

Proposition 4.4 Suppose that the value distribution of bidder 1 dominates
that of bidder 2 in terms of the reverse hazard rate. Then in a first-price
auction, the “weak” bidder 2 bids more aggressively than the “strong” bidder
1–that is, for any x ∈ (0,ω2),

β1 (x) < β2 (x)

Proof. First, notice that if there exists a c such that 0 < c < b and
φ1 (c) = φ2(c) ≡ z, then (4.18) and (4.19) imply that

φ 02(c) =
F2 (z)

f2 (z)

1

(z − c) >
F1 (z)

f1 (z)

1

(z − c) = φ 01(c)

Since φ 0i (c) = 1/β
0
i (z), this is equivalent to saying that if there exists a z

such that β1 (z) = β2 (z), then β
0
1(z) > β 02(z). In other words, if the curves

β1 and β2 ever intersect, the former is steeper than the latter and this
implies that they intersect at most once.
We will argue by contradiction. So suppose that there exists an x ∈

(0,ω2) such that β1 (x) ≥ β2 (x). Then either β1 and β2 do not intersect at
all so that β1 > β2 everywhere; or they intersect only once at some value
z ∈ (0,ω2) and for all x such that z < x < ω2, β1 (x) > β2 (x). In either
case, for all x close to ω2, β1 (x) > β2 (x).
Now notice that if ω1 > ω2, then from (4.16) β1 (ω1) = β2 (ω2), so

β1 (ω2) < β2 (ω2). This contradicts the fact that for all x close to ω2,
β1 (x) > β2 (x).
Next suppose ω1 = ω2 ≡ ω. If we write β1 (ω) = β2 (ω) = b, then in

terms of the inverse bidding strategies we have that for all b close to b,
φ1(b) < φ2(b). This implies that for all b close to b,

H1(b) = F1 (φ1(b)) ≤ F2 (φ2(b)) = H2(b)
and since H1

¡
b
¢
= 1 = H2

¡
b
¢
, it must be that h1(b) > h2(b). Now using

(4.17) we obtain that for all b close enough to b,

φ1(b) =
H2(b)

h2(b)
+ b >

H1(b)

h1(b)
+ b = φ2(b)
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which is a contradiction.

We know that F1 stochastically dominates F2 so that bidder 1’s values
are stochastically higher. At the same time, Proposition 4.4 shows that for
any given value, bidder 2 bids higher than does bidder 1. What can be
said about the distributions of bids, H1 and H2? Notice that since for all
b ∈ (0, b), φ1(b) > φ2(b) it now follows from (4.17) and (4.18) that

H2(b)

h2(b)
= φ1(b)− b > φ2(b)− b =

H1(b)

h1(b)

so that the distribution of bids of the strong bidder H1 dominates the
distribution of bids of the weak bidder H2 in terms of the reverse hazard
rate. Thus, under the hypotheses of Proposition 4.4, H1 also stochastically
dominates H2.
Why is it that the weak bidder bids more aggressively than does the

strong bidder? To gain some intuition, it is useful to see why the oppo-
site is impossible–that is, it cannot be that the strong bidder bids more
aggressively than does the weak bidder. If for all x, β1(x) > β2(x), then
certainly the distribution H1 of competing bids facing the weak bidder is
stochastically higher than the distribution H2 of competing bids facing the
strong bidder. It is easy to see that all else being equal, a bidder who faces
a stochastically higher distribution of bids–in the sense of reverse hazard
rate dominance–will bid higher. It is also true that for a particular bidder,
all else being equal, a higher realized value will lead to a higher bid. Now
consider a particular bid b and suppose that β1(x1) = β2(x2) = b. Since by
assumption, the strong bidder bids more aggressively, it must be that the
value at which the strong bidder bids b is lower than the value at which
the weak bidder bids b–that is, x1 < x2. This means that, relative to the
strong bidder, the weak bidder faces both a stochastically higher distribu-
tion of competing bids–H1 versus H2–and has a higher value–x2 versus
x1. Since both forces cause bids to be higher, if it were optimal for the
strong bidder to bid b when his value is x1, it cannot be optimal for the
weak bidder to bid b when his value is x2. Thus, we have a contradiction.
Put another way, in equilibrium the two forces must balance each other.

The weak bidder faces a stochastically higher distribution of competing
bids than does the strong bidder, but the value at which any particular bid
b is optimal for the weak bidder is lower than it is for the strong bidder.

Asymmetric Uniform Distributions

Equilibrium bidding strategies in asymmetric first-price auctions can be ex-
plicitly derived if the two value distributions are uniform but with differing
supports. Specifically, suppose bidder 1’s value X1 is uniformly distributed
on [0,ω1] and bidder 2’s value X2 is uniformly distributed on [0,ω2] and
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that ω1 ≥ ω2. Then Fi (x) = x/ωi and fi (x) = 1/ωi so that the first-order
condition (4.17) can be simplified as follows: for i = 1, 2 and j 6= i, for all
b ∈ (0, b),

φ0i(b) =
φi(b)

φj(b)− b
(4.20)

which is equivalent to¡
φ 0i(b)− 1

¢ ¡
φj(b)− b

¢
= φi(b)− φj(b) + b

Adding the two equations for i = 1, 2 results in

d

db
((φ1(b)− b) (φ2(b)− b)) = 2b

and integrating this, we obtain

(φ1(b)− b) (φ2(b)− b) = b2 (4.21)

(The constant of integration is zero since φi(0) = 0.) Since φi
¡
b
¢
= ωi,¡

ω1 − b
¢ ¡
ω2 − b

¢
= b

2

so that
b =

ω1ω2
ω1 + ω2

(4.22)

Now using (4.21), the equations in (4.20) can be rewritten as follows: for
i = 1, 2,

φ0i(b) =
φi(b) (φi(b)− b)

b2
(4.23)

with the advantage that in this form they are separable in the variables.
We now undertake a change of variables by defining ξi(b) implicitly by

φi(b)− b = ξi(b)b (4.24)

so that
φ0i(b)− 1 = ξ 0i(b)b+ ξi(b)

With this substitution, the differential equation (4.23) becomes

ξ 0i(b)b+ ξi(b) + 1 = ξi(b) (ξi(b) + 1)

or
ξ 0i(b)

ξi(b)
2 − 1 =

1

b

the solution to which is easily verified to be

ξi(b) =
1− kib2
1 + kib2
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FIGURE 4.2. Equilibrium of an Asymmetric First-Price Auction

where ki is a constant of integration. Using (4.24) this becomes

φi(b) =
2b

1 + kib2
(4.25)

and since φi
¡
b
¢
= ωi, where b is defined in (4.22), we obtain that the

constant of integration

ki =
1

ω2i
− 1

ω2j
(4.26)

The bidding strategies, obtained by inverting (4.25), are

βi(x) =
1

kix

³
1−

p
1− kix2

´
(4.27)

It is routine to verify that these form an equilibrium.2

Figure 4.2 depicts the equilibrium bidding strategies when ω1 =
4
3 and

ω2 =
4
5 .

4.3.2 Revenue Comparison

We first use the equilibrium strategies derived above to show that for some
distributions, the revenue from a first-price auction may exceed that from
a second-price auction.

2Although we do not verify this here, it can be shown that this is the only equilibrium.
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Example 4.3 With asymmetric bidders, the expected revenue in a first-
price auction may exceed that in a second-price auction.

As a special case of the example with values drawn from different uni-
form distributions, let α ∈ [0, 1) and suppose that bidder 1’s value X1 is
uniformly distributed on the interval [0, 1/ (1− α)] whereas bidder 2’s value
X2 is uniformly distributed on the interval [0, 1/ (1 + α)]. (In the example
depicted in Figure 4.2, α = 1/4.)
We will compare the expected revenues accruing from a second-price

auction to those from a first-price auction when α > 0. Notice that when
α = 0, the situation is symmetric and the two auctions yield the same
expected revenue.

Revenue in the Second-Price Auction

It is a dominant strategy to bid one’s value in a second-price auction and
hence the distribution of the selling price in a second-price auction is

LIIα (p) = Prob [min{X1,X2} ≤ p]

where p ∈
h
0, 1

1+α

i
. We have

LIIα (p) = F1 (p) + F2 (p)− F1 (p)F2 (p)
= (1− α) p+ (1 + α) p− (1− α) (1 + α) p2

= 2p− ¡1− α2
¢
p2

which is increasing in α. Thus, in a second-price auction the expected
selling price when α > 0 is lower than the expected selling price when
α = 0.

Revenue in the First-Price Auction

Since ω1 = 1/ (1− α) and ω2 = 1/ (1 + α), from (4.22) it follows that the
highest amount that either bidders bids is b = 1

2 . Moreover, the constants
of integration in (4.26) are k1 = −4α and k2 = 4α. Using (4.25) the inverse
bidding strategies in equilibrium are: for all b ∈ £0, 12¤,

φ1(b) =
2b

1− 4αb2
φ2(b) =

2b

1 + 4αb2

The distribution of the equilibrium prices in a first-price auction is thus

LIα (p) = Prob [max {β1(X1) ,β2(X2)} ≤ p]
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where p ∈ £0, 12¤ . We have
LIα (p) = F1 (φ1(p))× F2 (φ2(p))

= (1− α)
2p

1− 4αp2 × (1 + α)
2p

1 + 4αp2

=

¡
1− α2

¢
(2p)2

1− α2 (2p)4

which is decreasing in α. Thus, in a first-price auction the expected selling
price when α > 0 is higher than the expected selling price when α = 0.
For α = 0, the expected selling price in the two auctions is the same. An

increase in α leads to a decrease in the expected price in the second-price
auction and an increase in the expected price in a first-price auction.
We have thus shown that in this example, for all α > 0, the expected

selling price in a first-price auction is greater than that in a second-price
auction. (More generally, it can be shown that with asymmetric uniformly
distributed values, the first-price auction is revenue superior for all ω1 and
ω2.) N

A second example shows that the opposite ranking is also possible.

Example 4.4 With asymmetric bidders, the expected revenue in a second-
price auction may exceed that in a first-price auction.

This example is of a different nature from the preceding one. It involves
a situation in which the distribution of values is not continuous; in other
words, the values are chosen from a finite set. We saw in the previous
example that the derivation of equilibrium strategies in asymmetric first-
price auctions is somewhat involved. The discreteness of the values makes
it easier to find an equilibrium.
Suppose that there is no uncertainty about bidder 1’s value: X1 = 2

always. Bidder 2’s value, X2, is equally likely to be 0 or 2.
In a second-price auction, the expected revenue is 2×Prob [X2 = 2] = 1.
In a first-price auction, bidder 1 can guarantee a payoff of 1 by bidding

just above 0 since by doing this he is sure to win with probability no less
than 1

2 . By bidding more than 1 his payoff is less than 1. Thus, bidder
1 will never bid more than 1. This implies that if bidder 2 were to bid
1 + ε when her value is 2, her ex ante expected payoff would be at least
1
2 (2− (1 + ε)) = 1

2 − ε. Since ε is arbitrary her ex ante expected payoff
is at least 1

2 . Thus, the sum of the expected payoffs of the two bidders in
a first-price auction is at least 112 and consequently, the seller’s expected
revenue is no greater than 1

2 .
Thus, in this example, the expected selling price in a first-price auction

is less than that in a second-price auction. N
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4.3.3 Efficiency Comparison

As noted earlier, it is a weakly dominant strategy for a bidder to bid his
or her value in a second-price auction–recall that this is true even when
bidders are asymmetric–so the winning bidder is also the one with the
highest value. Thus, the second-price auction is always ex post efficient
under the assumption of private values.
In contrast, asymmetries inevitably lead to inefficient allocations in a

first-price auction. Suppose that there are two bidders and (β1,β2) is an
equilibrium of the first-price auction such that both strategies are con-
tinuous and increasing. Because the bidders are asymmetric–their values
are drawn from different distributions–it will be the case that β1 6= β2.
Without loss of generality, suppose that β1 (x) < β2 (x) and since both the
strategies are continuous, for small enough ε > 0, it is also the case that
β1 (x+ ε) < β2 (x− ε). This, of course, means that with positive probabil-
ity the allocation is inefficient since bidder 2 would win the auction even
though he has a lower value than does bidder 1.
For future reference we record these observations as follows:

Proposition 4.5 With asymmetrically distributed private values, a second-
price auction always allocates the object efficiently, whereas with positive
probability, a first-price auction does not.

4.4 Resale and Efficiency

In the previous section we saw that asymmetries among bidders lead to
inefficient allocations in first-price auctions–with positive probability the
winner of the auction is not the person who values the object the most.
Achieving an efficient allocation may well be an important, or even primary,
policy goal of the seller, especially if the seller is a government undertaking
the privatization of some public asset. This seems to imply that such a
seller should use an efficient auction–with private values, say a second-
price auction–even if, as we have seen, it may bring lower revenues than
an inefficient one, say a first-price auction. An argument against this point
of view, in the Chicago school vein, is that even if the outcome of the
auction is inefficient, post-auction transactions among buyers–resale–will
result in an efficient final allocation. Absent any transaction costs, the asset
will be transferred into the hands of the person who values it the most.
The conclusion is that the choice of the auction form is irrelevant to the
efficiency question and one may as well select the auction format on other
grounds, say revenue. In this section we ask whether this is indeed the case.
Does resale automatically lead to efficiency?
To examine the resale question in the simplest possible setting, consider

the basic setup of the previous section. There are two bidders with values
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X1 and X2, which are independently distributed according to the functions
F1 and F2, respectively, and for notational ease suppose that these have a
common support [0,ω]. The bidders are asymmetric, so F1 6= F2. Suppose
in addition that E [X1] 6= E [X2], a condition that will hold generically.
In this context, let us first put forward the argument that a first-price

auction followed by resale will lead to efficiency. Suppose β1 and β2 are
equilibrium bidding strategies in the first-price auction and we know that
these are increasing. Further, suppose that at the conclusion of the auction,
both the bids–winning and losing–are publicly announced. This means
that if the bids were b1 and b2, then at the conclusion of the auction,
it would be commonly known that the buyers have values x1 = β−11 (b1)
and x2 = β−12 (b2), respectively. If b1 > b2 but x1 < x2, the outcome of
the auction would be inefficient but since the values would be commonly
known, so would the fact that there are some unrealized gains from trade.
In particular, knowing that x1 < x2, bidder 1 could offer to resell the object
to bidder 2 at some price between the two values. This would mean that
ultimately the object ends up in the right hands.
This line of reasoning seems so simple as to be beyond question. It fails,

however, to take into account that rational buyers will behave differently
during the auction once they correctly foresee future resale possibilities.
Let us see why.
To model the situation outlined above carefully, we need to be more

specific about how resale actually takes place–that is, how the buyer and
the seller settle on a price. Suppose that after learning what the losing
bid was, the winner of the auction–and the new owner of the object–
may, if he so wishes, resell the object to the other bidder by making a
one-time take-it-or-leave-it offer. Notice that all bargaining power in this
transaction resides with the (new) seller–that is, the winner of the auction.
In particular, if bidder 1 wins the auction and subsequently learns that
x1 < x2, then he can offer to sell the object to bidder 2 at a price p = x2
(or just below) and this offer will be accepted. Bidder 1 will then make
a profit of x2 − b1, whereas bidder 2’s profit will be 0 (or just above).
Of course, this is one of many possible ways in which the price may be
determined. It is particularly simple and has the virtue that it ensures
efficiency if the values are commonly known, so in some sense, it makes
the best case for resale since there are no underlying transaction costs or
delays. As an alternative, one could consider a situation in which the buyer
makes a take-it-or-leave-it offer to the seller without affecting any of what
follows.
Our main finding is that there cannot be an equilibrium of a first-price

auction with resale in which the outcome of the auction completely reveals
the values. Thus, the prospects of post-auction resale make an efficient
allocation impossible.
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Suppose to the contrary that the first-price auction with resale has an
efficient equilibrium. The equilibrium must specify both how bidders bid
in the auction and what they do in the post-auction resale stage. Let β1
and β2 denote the bidding strategies in the first-price auction, and suppose
that these are increasing with inverses φ1 ≡ β−11 and φ2 ≡ β−12 . In the
resale stage, if the announced bids b1 and b2 are such that bi > bj but
xi < φj(bj), then i makes a take-or-leave-it offer to sell the object to j at
a price of φj(bj). This is accepted if and only if xj ≥ φj(bj). Otherwise, no
offer is made.
The assumption that β1 and β2 are invertible means that after the win-

ning and losing bids are announced, the values will become commonly
known. Thus, if there are any unrealized gains from trade, resale will take
place and the object will be allocated efficiently.
As a first step, notice that, as in the previous section, the bidding strate-

gies must agree both at the lower and the upper end of the support of
values–that is, β1 (0) = 0 = β2 (0) and for some b,

β1 (ω) = b = β2 (ω) (4.28)

Now suppose bidder 2 behaves according to the prescribed equilibrium
strategy. Suppose bidder 1 has value x1 but behaves as if his value were
z1–that is, he bids an amount β1 (z1) in equilibrium and in the resale stage
also follows the given equilibrium strategy as if his value were z1. Bidder
1’s overall expected payment in equilibrium when he behaves as if his value
is z1 is

3

m1 (z1) = F2 (φ2β1 (z1)) β1 (z1)

−
Z φ2β1(z1)

z1

max {z1, x2} f2 (x2) dx2 (4.29)

The first term is bidder 1’s expected payment to the seller. The second
term is the result of monetary transfers between the bidders in the event
that resale takes place. If z1 < X2 < φ2β1 (z1), then bidder 1 wins the
auction and resells the object to bidder 2 at a price of X2 = max {z1,X2}.
On the other hand, if φ2β1 (z1) < X2 < z1, then bidder 1 loses the auction
but purchases the object from bidder 2 at a price of z1 = max {z1,X2}.
The final allocation is efficient, so if bidder 1 behaves as if his value is

z1, the probability that he will get the object is just F2 (z1). Following the
reasoning in the proof of the revenue equivalence principle (Proposition 3.1
on page 30), the expected payoff to bidder 1 from behaving as if his value
is z1 when it is actually x1 is

F2 (z1)x1 −m1 (z1)

3We write φ2β1(z1) to denote φ2(β1(z1)).
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In equilibrium, it is not optimal for bidder 1 to deviate, so we must have

F2 (x1)x1 −m1 (x1) ≥ F2 (z1)x1 −m1 (z1)

The first-order condition for this optimization results in the differential
equation

m0
1 (x1) = x1f2 (x1)

and since m1(0) = 0, it follows that

m1 (x1) =

Z x1

0

x2f2 (x2) dx2 (4.30)

Setting z1 = x1 in (4.29) and equating this with (4.30), we obtain that a
necessary condition for a first-price auction followed by resale to be efficient
is that for all x1,

F2 (φ2β1 (x1))β1 (x1)−
Z φ2β1(x1)

x1

max {x1, x2} f2 (x2) dx2

=

Z x1

0

x2f2 (x2) dx2 (4.31)

Equation (4.31) says that the expected payment of bidder 1 in an equi-
librium of the first-price auction with resale that is efficient–the expres-
sion on the left-hand side–is the same as that in an efficient second-price
auction–the expression on the right-hand side. Indeed, it is just a version
of the revenue equivalence principle extended to the asymmetric case: since
the equilibrium outcomes of a first-price auction with resale are the same
as those of a second-price auction, the expected payments in the two must
be the same.4

Now β1 (ω) = b, so φ2β1 (ω) = ω. Setting x1 = ω in (4.31), we obtain

b = E [X2]

But interchanging the roles of bidder 1 and 2, we similarly obtain that

b = E [X1]

and since E [X1] 6= E [X2], this is a contradiction. We have thus argued
that in an asymmetric first-price auction followed by resale, the bidding
strategies β1 and β2 cannot be increasing everywhere. Bidders’ equilibrium
behavior in the auction cannot reveal their values completely, so resale
transactions must take place under incomplete information.

4A general revenue equivalence principle for asymmetric situations is derived in Chap-
ter 5 and can also be used to deduce equation (4.31).
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From here it is a short step to see that because of this incomplete infor-
mation, reaching an efficient allocation in all circumstances is impossible.
In the interests of space, we only sketch the argument. Suppose the equi-
librium strategies β1 and β2 are continuous but only nondecreasing–we
have already ruled out the possibility that they are increasing. In other
words, the strategies involve some “pooling”–that is, for at least one of
the bidders, say bidder 2, there is an interval of values [x02, x002 ] such that
for all x2 ∈ [x02, x002 ], the equilibrium bid β2 (x2) is the same, say b2. We will
now argue that pooling is also incompatible with efficient resale.
We first claim that there exists an x1 ∈ (x02, x002) such that β1 (x1) ≥ b2.

Otherwise, for all x1 such that β1 (x1) ≥ b2, x1 ≥ x002 . Let x001 be the smallest
value for bidder 1 such that β1 (x1) = b2, and we know that x001 ≥ x002 .
Now we must have b2 < x

00
1 since otherwise bidder 2 with value x

00
2 would

never bid b2–the most that she can gain from winning the auction is
max {x001 , x002} = x001 , so she would never bid more than this amount. Since
b2 < x

00
1 , for ε small enough, b2 < x

00
1 − ε. But now notice that by bidding

b2 + ε instead of below b2, bidder 1 with value X1 = x
00
1 − ε would gain a

discrete amount–winning against all values X2 in [x02, x002 ] to which he was
losing previously–at an infinitesimal cost. This is a profitable deviation,
so we have reached a contradiction.
Thus, there exists an x1 ∈ (x02, x002) such that β1 (x1) ≥ b2. If the realized

values are x1 and some x2 ∈ (x1, x002 ], then bidder 1 wins the auction but
x1 < x2. The announcement of b2 reveals to bidder 1 only that X2 ∈
[x02, x002 ]. He would then make a take-it-or-leave-it offer p that maximizes
his expected profit. But such an offer would of necessity satisfy p > x1
and so would be rejected with positive probability even though efficiency
dictates that the object be transferred from bidder 1 to bidder 2. Thus,
any equilibrium with pooling is inefficient.
If the resale price is determined instead by the buyer making a take-it-

or-leave-it offer, the argument is virtually the same as that above, except
that the resale price is min {X1,X2} instead of max {X1,X2}. All the other
steps are identical.
We have thus argued the following:

Proposition 4.6 With asymmetric bidders, a first-price auction followed
by resale (at a take-it-or-leave-it price offered by one of the parties) does
not result in efficiency.

Proposition 4.6 casts doubt on the argument that resale will inevitably
lead to efficiency. A seller whose goal is to ensure that the object ends up in
the hands of the person who values it the most cannot rely on the “market”
to do the job. The appropriate choice of an auction format remains very
relevant–in order to assure efficiency, it is best to use an efficient auction.
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Chapter Notes

The result that with symmetric risk-averse bidders the revenue from the
first-price auction is greater than that in a second-price auction is due to
Holt (1980), who studied the analogous problem in the context of bidding
for procurement contracts. The key to Proposition 4.1, of course, is the fact
that in a first-price auction, risk aversion causes bidders to increase their
bids. A simple generalization of this is available: In a first-price auction,
bidders with utility functions ϕ ◦ u will bid higher than bidders with the
utility function u, where ϕ is a concave transformation such that ϕ (0) = 0.
Thus, an increase in risk aversion will cause bidders in a first-price auction
to bid higher. The result that CARA bidders are indifferent between the
first- and second-price auctions is due to Matthews (1987).
The material on auctions with budget constraints is based on Che and

Gale (1998). This paper provides a sufficient condition on the primitives
that guarantees that the first-price auction has an equilibrium of the sort
hypothesized in Proposition 4.3. It also considers situations where the fi-
nancial constraints need not be in the form of an absolute budget but may
be somewhat more flexible. For instance, it may be that bidders face bor-
rowing constraints so that they can borrow larger amounts only at higher
marginal costs.
Vickrey (1961) himself pointed out that asymmetries among bidders may

lead to inefficient allocations in a first-price auction. He studied a two-
bidder asymmetric example in which bidder 1’s value, a, was commonly
known and bidder 2’s value was uniformly distributed on [0, 1]. In this case,
an equilibrium of the first-price auction involves randomization on the part
of bidder 1, and Vickrey (1961) showed that depending on the value of a,
the revenue from a first-price auction could be better or worse than that
from a second-price auction. The derivation of equilibrium bidding strate-
gies in first-price auctions with asymmetric uniformly distributed values is
due to Griesmer et al. (1967). Plum (1992) has extended this to the more
general class of asymmetric “power” distributions. It can be shown that an
equilibrium exists in general under weak conditions on the distributions of
values. Appendix G outlines some results in this direction. With a view to
applications, Marshall et al. (1994) have developed numerical techniques
to compute bidding strategies in asymmetric auctions.
Maskin and Riley (2000a) have studied the equilibrium properties of

asymmetric first-price auctions in more detail and have derived some suf-
ficient conditions for one or the other auction to be revenue superior. Ex-
amples 4.3 and 4.4, which together demonstrate that no general revenue
ranking is possible, are taken from their paper.
Gupta and Lebrun (1999) have also studied a model of a first-price auc-

tion with resale but reach very different conclusions from those reached
here. In particular, they do not find that resale will lead to inefficiency.
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This discrepancy is easily accounted for. Gupta and Lebrun (1999) assume
that regardless of the outcome, at the conclusion of the auction the val-
ues of the bidders are publicly announced. Since after the auction is over,
bidders are completely informed of each other’s values, resale is inevitably
efficient. The auctioneer, however, has no direct knowledge of bidders’ val-
ues, so it is not clear how this is to be implemented. In contrast, in our
model, we assumed that only that the bids were announced and showed
that if bidders take this into account, the bids would not reveal the values
completely. Haile (1999) studies a model of resale in which, at the time
of bidding, buyers have only partial information regarding the true value.
After the auction is over they receive a further signal that determines their
actual values. The discrepancy between the estimated values at the time of
the auction and the true values realized after the auction creates a motive
for resale.



5
Mechanism Design

An auction is one of many ways that a seller can use to sell an object to
potential buyers with unknown values. In an auction, the object is sold at
a price determined by competition among the buyers according to rules
set out by the seller–the auction format–but the seller could use other
methods. The seller could post a fixed price and sell the object to the
first arrival. Or the seller could negotiate with one of the buyers, say one
chosen at random. The seller could also hold an auction and then negotiate
with the winner. The range of options is virtually unlimited. This chapter
considers the underlying allocation problem by abstracting away from the
details of any particular selling format and asking the question: What is
the best way to allocate an object?
As before, a seller has one indivisible object to sell and there are N

risk-neutral potential buyers (or bidders) from the set N = {1, 2, . . . , N}.
Again, buyers have private values and these are independently distributed.
Buyer i’s value Xi is distributed over the interval Xi = [0,ωi] according
to the distribution function Fi with associated density function fi. Notice
that, as in Section 4.3, we allow for asymmetries among the buyers: the
distributions of values need not be the same for all buyers.
For the sake of simplicity, we suppose that the value of the object to the

seller is 0.
Let X = ×Nj=1Xj denote the product of the sets of buyers’ values, and

for all i, let X−i = ×j 6=iXj . Define f(x) to be the joint density of x =
(x1, x2, . . . , xN). Since the values are independently distributed, f(x) =
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f1 (x1)× f2 (x2)× . . .× fN (xN) . Similarly, define f−i (x−i) to be the joint
density of x−i = (x1, . . . , xi−1, xi+1, . . . , xN).

5.1 Mechanisms

A selling mechanism (B,π,µ) has the following components: a set of pos-
sible messages (or “bids”) Bi for each buyer; an allocation rule π : B→ ∆,
where ∆ is the set of probability distributions over the set of buyers N ; and
a payment rule µ : B → RN . An allocation rule determines, as a function of
all N messages, the probability πi(b) that i will get the object. A payment
rule determines, again as a function of all N messages, for each buyer i,
the expected payment µi(b) that i must make.
Notice that both first- and second-price auctions are mechanisms. The

set of possible bids Bi in both can be safely assumed to be Xi. Assuming
that there is no reservation price, the allocation rule for both is πi (b) = 1
if bi > maxj 6=i bj and πj (b) = 0 for j 6= i. They differ only in the associated
payment rules. For a first-price auction, µIi (b) = bi if bi > maxj 6=i bj and
µIj (b) = 0 for j 6= i. For a second-price auction, µIIi (b) = maxj 6=i bj if
bi > maxj 6=i bj and µIIj (b) = 0 for j 6= i. If there are ties, each winning
bidder has an equal likelihood of being awarded the object, so the πj have
to take account of this.
Every mechanism defines a game of incomplete information among the

buyers. An N -tuple of strategies βi : [0,ωi] → Bi is an equilibrium of
a mechanism if for all i and for all xi, given the strategies β−i of other
buyers, βi (xi) maximizes i’s expected payoff.

5.1.1 The Revelation Principle

A mechanism could, in principle, be quite complicated since we have made
no assumptions on the sets Bi of “bids” or “messages.” A smaller and
simpler class consists of those mechanisms for which the set of messages is
the same as the set of values–that is, for all i, Bi = Xi. Such mechanisms
are called direct since, in effect, every buyer is asked to directly report a
value. Formally, a direct mechanism (Q,M) consists of a pair of functions
Q : X → ∆ andM : X → RN where Qi(x) is the probability that i will get
the object and Mi(x) is the expected payment by i. If it is an equilibrium
for each buyer to reveal his or her true value, then the direct mechanism is
said to have a truthful equilibrium. We will refer to the pair (Q(x) ,M(x))
as the outcome of the mechanism at x.
The following result, referred to as the revelation principle, shows that

the outcomes resulting from any equilibrium of any mechanism can be
replicated by a truthful equilibrium of some direct mechanism. In this sense,
there is no loss of generality in restricting attention to direct mechanisms.
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FIGURE 5.1. The Revelation Principle

Proposition 5.1 (Revelation Principle) Given a mechanism and an equi-
librium for that mechanism, there exists a direct mechanism in which (i)
it is an equilibrium for each buyer to report his or her value truthfully and
(ii) the outcomes are the same as in the given equilibrium of the original
mechanism.

Proof. Let Q : X → ∆ and M : X → RN be defined as follows:
Q(x) = π(β(x)) and M(x) = µ(β(x)). In other words, as depicted in
Figure 5.1, the direct mechanism (Q,M) is a composition of (π,µ) and β.
Conclusions (i) and (ii) can now be verified routinely.

The idea underlying the revelation principle is very simple. Fix a mech-
anism and an equilibrium β of the mechanism. Now instead of having the
buyers submit messages bi = βi (xi) and then applying the rules of the
mechanism in order to determine the outcome–who gets the object and
who pays what–we could directly ask the buyers to “report” their values xi
and then make sure that the outcome is the same as if they had submitted
bids βi (xi) . Put another way, a direct mechanism does the “equilibrium
calculations” for the buyers automatically. Now suppose that some buyer
finds it profitable to be untruthful and report a value of zi when his true
value is xi. Then in the original mechanism the same buyer would have
found it profitable to submit a bid of βi (zi) instead of βi (xi) . But since
the βi constitute an equilibrium, this is impossible.

5.1.2 Incentive Compatibility

Given a direct mechanism (Q,M), define

qi (zi) =

Z
X−i

Qi (zi,x−i) f−i (x−i) dx−i (5.1)
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to be the probability that i will get the object when he reports his value to
be zi and all other buyers report their values truthfully. Similarly, define

mi (zi) =

Z
X−i

Mi (zi,x−i) f−i (x−i) dx−i (5.2)

to be the expected payment of i when his report is zi and all other buyers
tell the truth. It is important to note that because the values are inde-
pendently distributed, both the probability of getting the object and the
expected payment depend only on the reported value zi and not on the true
value, say xi. The expected payoff of buyer i when his true value is xi and
he reports zi, again assuming that all other buyers tell the truth, can then
be written as

qi (zi)xi −mi (zi) (5.3)

The direct revelation mechanism (Q,M) is said to be incentive compat-
ible (IC) if for all i, for all xi and for all zi,

Ui (xi) ≡ qi (xi)xi −mi (xi) ≥ qi (zi)xi −mi (zi) (5.4)

We will refer to Ui as the equilibrium payoff function.
Incentive compatibility has some simple but powerful implications. First,

for each reported value zi, the expected payoff qi (zi)xi−mi (zi) is an affine
function of the true value xi. Incentive compatibility implies that

Ui (xi) = max
zi∈Xi

{qi (zi)xi −mi (zi)}

that is, Ui is a maximum of a family of affine functions, therefore Ui is a
convex function.
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Second, we can write for all xi and zi,

qi (xi) zi −mi (xi) = qi (xi)xi −mi (xi) + qi (xi) (zi − xi)
= Ui (xi) + qi (xi) (zi − xi)

so incentive compatibility is equivalent to the requirement that for all xi
and zi,

Ui (zi) ≥ Ui (xi) + qi (xi) (zi − xi) (5.5)

This implies that for all xi, qi (xi) is the slope of a line that supports the
function Ui at the point xi. (See Figure 5.2.) A convex function is absolutely
continuous1 and thus it is differentiable almost everywhere in the interior
of its domain (in Figure 5.2, Ui is not differentiable at xi). Thus, at every
point that Ui is differentiable,

U 0i (xi) = qi (xi) (5.6)

Since Ui is convex, this implies that qi is a nondecreasing function.
Third, every absolutely continuous function is the definite integral of its

derivative, so we have

Ui (xi) = Ui (0) +

Z xi

0

qi (ti) dti (5.7)

which implies that up to an additive constant, the expected payoff to a
buyer in an incentive compatible direct mechanism (Q,M) depends only on
the allocation rule Q. If (Q,M) and

¡
Q,M

¢
are two incentive compatible

mechanisms with the same allocation rule Q but different payment rules,
then the expected payoff functions associated with the two mechanisms,
Ui and U i, respectively, differ by at most a constant–the two mechanisms
are payoff equivalent. Put another way, the “shape” of the expected pay-
off function is completely determined by the allocation rule Q alone. The
payment rule M only serves to determine the constants Ui (0) . See Figure
5.3 where, despite appearances to the contrary, U i − Ui is a constant.
Finally, note that a mechanism is incentive compatible if and only if

the associated qi is nondecreasing. We have already argued that incentive
compatibility implies that qi is nondecreasing. To see the converse, note
that (5.5) can be rewritten asZ zi

xi

qi (ti) dti ≥ qi (xi) (zi − xi)

by using (5.7) and this certainly holds if qi is nondecreasing.

1For a definition of an absolutely continuous function, see the notes at the end of this
chapter (page 82).
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Revenue Equivalence (Redux)

The payoff equivalence derived here immediately implies a general form of
the revenue equivalence principle.

Proposition 5.2 (Revenue Equivalence) If the direct mechanism (Q,M)
is incentive compatible, then for all i and xi the expected payment is

mi (xi) = mi (0) + qi (xi)xi −
Z xi

0

qi (ti) dti (5.8)

Thus, the expected payments in any two incentive compatible mechanisms
with the same allocation rule are equivalent up to a constant.

Proof. Since Ui (xi) = qi (xi)xi − mi (xi) and Ui (0) = −mi (0) , the
equality in (5.7) can be rewritten as (5.8).

Proposition 5.2 generalizes the revenue equivalence principle from Chap-
ter 3, Proposition 3.1, to situations where buyers may be asymmetric. To
see this, note that if buyers are symmetric and there is an increasing sym-
metric equilibrium, then the object is allocated to the buyer with the high-
est value; thus, for all such auctions, the allocation rule is the same. The
remaining hypothesis in Proposition 3.1 pins down the expected payments
completely by supposing that mi (0) = 0.
At first glance, Proposition 5.2 seems to contradict the finding in the

previous chapter that with asymmetric buyers, revenue equivalence be-
tween the first- and second-price auctions did not hold. Notice, however,
that Proposition 5.2 implies only that, given the possible asymmetries, if
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there are two auctions with the same allocation rule, then they are rev-
enue equivalent. When buyers are asymmetric, the first- and second-price
auctions allocate differently–a second-price auction allocates efficiently,
whereas a first-price auction typically does not. This accounts for differ-
ences in the resulting payments and revenues in the two auctions when
buyers are not symmetric.
The general revenue equivalence principle can be usefully restated as

follows: In any incentive compatible mechanism the expected payment of a
buyer depends, up to an additive constant, on the allocation rule alone.

5.1.3 Individual Rationality

A mechanism in which the payments are so high that a buyer is better off
by not participating will not attract this potential buyer. Specifically, we
will say that a direct mechanism (Q,M) is individually rational if for all
i and xi, the equilibrium expected payoff Ui (xi) ≥ 0. We are implicitly
assuming here that by not participating, a buyer can guarantee himself or
herself a payoff of zero.
If the mechanism is incentive compatible, then from (5.7) individual

rationality is equivalent to the requirement that Ui (0) ≥ 0, and since
Ui (0) = −mi (0), this is equivalent to the requirement that mi (0) ≤ 0.

5.2 Optimal Mechanisms

In this section we view the seller as the designer of the mechanism and
examine mechanisms that maximize the expected revenue–the sum of the
expected payments of the buyers–among all mechanisms that are incentive
compatible and individually rational. We reiterate that when carrying out
this exercise, the revelation principle guarantees that there is no loss of
generality in restricting attention to direct mechanisms.
We will refer to a mechanism that maximizes expected revenue, subject

to the incentive compatibility and individual rationality constraints, as an
optimal mechanism.

5.2.1 Setup

Suppose that the seller uses the direct mechanism (Q,M) . The expected
revenue of the seller is

E [R] =
X
i∈N

E [mi (Xi)]
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where the ex ante expected payment of buyer i is

E [mi (Xi)] =

Z ωi

0

mi (xi) fi (xi) dxi

= mi (0) +

Z ωi

0

qi (xi)xifi (xi) dxi

−
Z ωi

0

Z xi

0

qi (ti) fi (xi) dtidxi

by substituting from (5.8). Interchanging the order of integration in the
last term results inZ ωi

0

Z xi

0

qi (ti) fi (xi) dtidxi =

Z ωi

0

Z ωi

ti

qi (ti) fi (xi) dxidti

=

Z ωi

0

(1− Fi (ti)) qi (ti) dti

Thus, we can write

E [mi (Xi)] = mi (0) +

Z ωi

0

µ
xi − 1− Fi (xi)

fi (xi)

¶
qi (xi) fi (xi) dxi

= mi (0) +

Z
X

µ
xi − 1− Fi (xi)

fi (xi)

¶
Qi (x) f(x) dx

using the definition of qi (xi) from (5.1).
The seller’s objective therefore is to find a mechanism that maximizesX

i∈N
mi (0) +

X
i∈N

Z
X

µ
xi − 1− Fi (xi)

fi (xi)

¶
Qi (x) f(x) dx (5.9)

subject to the constraint that the mechanism is

IC. incentive compatible, which is equivalent to the requirement that qi
be nondecreasing; and

IR. individually rational, which is equivalent to the requirement that
mi (0) ≤ 0.

5.2.2 Solution

We now make a simplification that allows an explicit derivation of the
optimal selling mechanism. Define

ψi (xi) ≡ xi −
1− Fi (xi)
fi (xi)

(5.10)
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to be the virtual valuation of a buyer with value xi. It is routine to verify
that for all i,

E [ψi (Xi)] = 0 (5.11)

The design problem is said to be regular if for all i, the virtual valuation
ψi (·) is an increasing function of the true value xi. Since

ψi (xi) = xi −
1

λi (xi)

where λi ≡ fi/ (1− Fi) is the hazard rate function associated with Fi, a
sufficient condition for regularity is that for all i, λi (·) is increasing. In
what follows, we will assume that the design problem is regular.
Thus, the seller should choose (Q,M) to maximize

X
i∈N

mi (0) +

Z
X

ÃX
i∈N

ψi (xi)Qi (x)

!
f(x) dx (5.12)

Temporarily neglect the IC and IR constraints, and consider the expressionX
i∈N

ψi (xi)Qi (x) (5.13)

from the second term in (5.12). The function Q is then like a weighting
function, and clearly it is best to give weight only to those ψi (xi) that are
maximal, provided they are positive. This would maximize the function in
(5.13) at every point x and so also maximize its integral.
With this in mind, consider a mechanism (Q,M) where

• the allocation rule Q is that the object goes to buyer i with positive
probability if and only if ψi (xi) = maxj∈N ψj (xj); thus,

Qi (x) > 0 ⇔ ψi (xi) = max
j∈N

ψj (xj) ≥ 0 (5.14)

• the payment rule M is

Mi (x) = Qi (x)xi −
Z xi

0

Qi (zi,x−i) dzi (5.15)

We claim that (5.14) and (5.15) define an optimal mechanism.
First, notice that the resulting qi is a nondecreasing function. Suppose

zi < xi. Then by the regularity condition, ψi (zi) < ψi (xi) and thus for
all x−i, it is also the case that Qi (zi,x−i) ≤ Qi (xi,x−i) . Thus, qi is a
nondecreasing function.
Second, from (5.15), it is clear thatMi (0,x−i) = 0, for all x−i, and hence

mi (0) = 0.
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FIGURE 5.4. An Optimal Mechanism

Thus, the proposed mechanism is both incentive compatible and individ-
ually rational. It is optimal since it separately maximizes the two terms
in (5.12) over all Q (x) ∈∆. In particular, it gives positive weight only to
nonnegative and maximal terms in (5.13). This implies that the maximized
value of the expected revenue (5.12) is

E [max {ψ1 (X1) ,ψ2 (X2) , . . . ,ψN (XN) , 0}] (5.16)

In other words, it is the expectation of the highest virtual valuation, pro-
vided it is nonnegative.
A more intuitive formula may be obtained by writing

yi (x−i) = inf
©
zi : ψi (zi) ≥ 0 and ∀j 6= i,ψi (zi) ≥ ψj (xj)

ª
as the smallest value for i that “wins” against x−i. Thus, we can rewrite
(5.14) as

Qi (zi,x−i) =
½
1 if zi > yi (x−i)
0 if zi < yi (x−i)

which results inZ xi

0

Qi (zi,x−i) dzi =
½
xi − yi (x−i) if xi > yi (x−i)
0 if xi < yi (x−i)

and so (5.15) becomes

Mi (x) =

½
yi (x−i) if Qi (x) = 1
0 if Qi (x) = 0

Thus, only the “winning” buyer pays anything; he pays the smallest value
that would result in his winning.
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Figure 5.4 illustrates the workings of mechanism when there are two
buyers. The virtual valuation curves, ψ1 and ψ2, are depicted, and since
these are different the two buyers are subject to different reserve prices of
r∗1 = ψ−11 (0) and r∗2 = ψ−12 (0) , respectively. With the given values x1 and
x2, it is the case that ψ1 (x1) > ψ2 (x2) > 0 so that the reserve prices do
not come into play. The object goes to buyer 1 who is asked to pay an
amount y1.
Thus, we obtain the main result:

Proposition 5.3 Suppose the design problem is regular. Then the follow-
ing is an optimal mechanism:

Qi (x) =

½
1 if ψi (xi) > maxj 6=i ψj (xj) and ψi (xi) ≥ 0
0 if ψi (xi) < maxj 6=i ψj (xj)

and

Mi (x) =

½
yi (x−i) if Qi (x) = 1
0 if Qi (x) = 0

The Symmetric Case

Suppose that we have a symmetric problem so that the distributions of
values are identical across buyers. In other words, for all i, fi = f , and
hence for all i, ψi = ψ. Now we have that,

yi (x−i) = max
n
ψ−1 (0) ,max

j 6=i
xj

o
Thus, the optimal mechanism is a second-price auction with a reserve price
r∗ = ψ−1 (0).

Proposition 5.4 Suppose the design problem is regular and symmetric.
Then a second-price auction with a reserve price r∗ = ψ−1 (0) is an optimal
mechanism.

Note that ψ−1 (0) is the same as the optimal reserve price derived in
Chapter 2 (see (2.12) on page 26).

5.2.3 Discussion and Interpretation

The optimal mechanism derived in Proposition 5.3 is typically inefficient,
and there are two separate sources of inefficiency. First, the optimal mech-
anism calls on the seller to retain the object if the highest virtual valuation
is negative. Since buyers’ values are always nonnegative and the value to
the seller is 0, this means that with positive probability the object is not
allocated to one of the buyers even though there would be social gains from
doing so. Second, even when the object is allocated, it is allocated to the
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buyer with the highest virtual valuation and, in the asymmetric case, this
need not be the buyer with the highest value.
Why is it optimal to allocate the object on the basis of virtual valuations

and, more to the point, what are virtual valuations? Consider a particular
buyer in isolation whose values are distributed according to the function
F, say. Suppose the seller makes a take-it-or-leave-it offer to this buyer
at a price of p. The probability that the buyer will accept the offer is just
1−F (p), the probability that his or her value exceeds p. We can think of the
probability of purchase as the “quantity” demanded by i and thus write the
buyer’s implied “demand curve” as q(p) ≡ 1 − F (p). The inverse demand
curve is then p(q) ≡ F−1(1− q), where q is the “quantity” purchased (or
equivalently, the probability of purchase). The resulting “revenue function”
facing the seller is

p(q)× q = qF−1(1− q)
and differentiating the revenue with respect to q

d

dq
(p(q)× q) = F−1(1− q)− q

F 0(F−1(1− q))
Since F−1(1− q) = p we have that

MR(p) ≡ p− 1− F (p)
f(p)

= ψ (p)

the virtual valuation of i at p(q) = p. Thus, the virtual valuation of a
buyer ψ (p) can be interpreted as a marginal revenue, and recall that we
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have assumed that ψ is strictly increasing. Facing this buyer in isolation,
the seller would set a “monopoly price” of r∗ by settingMR (p) =MC, the
marginal cost. Since the latter is assumed to be zero,MR (r∗) = ψ (r∗) = 0,
or r∗ = ψ−1 (0) .
Figure 5.5 depicts how the distribution function of a particular buyer can

be rotated to obtain his or her “demand curve” by identifying corresponding
points on the two curves. The associated “marginal revenue” curve and the
“monopoly price,” r∗, are also shown.
When facing many buyers, the optimal mechanism calls for the seller

to set discriminatory reserve prices of r∗i = ψ−1i (0) for the buyers. If no
buyer’s value xi exceeds his reserve price r

∗
i , the seller keeps the object.

Otherwise, it is allocated to the buyer with the highest marginal revenue
and this “winning” buyer is asked to pay pi = yi (x−i), the smallest value
such that he or she would still win.
In general, the optimal mechanism discriminates in favor of “disadvan-

taged” buyers in the following sense. Suppose that there are two buyers
whose values are drawn from F1 and F2, respectively, with the same sup-
port [0,ω]. Suppose further that for all x, the associated hazard rates satisfy
λ1 (x) ≤ λ2 (x) . Then buyer 2 is relatively disadvantaged since his values
are likely to be lower; in particular, F1 stochastically dominates F2. But
given that both have the same realized value x, the virtual valuation of
buyer 2 will be higher because

ψ1 (x) = x−
1

λ1 (x)
≤ x− 1

λ2 (x)
= ψ2 (x)

Since the optimal mechanism awards the object on the basis of virtual
valuations, buyer 2 will “win” more often than dictated by a comparison
of actual values alone.
Finally, note that in the optimal mechanism, buyers whose values x are

positive will walk away with some positive surplus. This is because the
“winning buyer” pays an amount yi (x−i) that is typically less than his
value xi. The expectation of the resulting surplus, E [Xi − yi (X−i)] , is
sometimes referred to as the informational rent accruing to buyer i by
virtue of the fact that he is the only one in the system who knows the
value of Xi. The seller is therefore unable to perfectly price discriminate
and extract all the surplus; buyers must be given some informational rents
in order to get them to reveal their private information.

Auctions versus Negotiations

The characterization of an optimal mechanism as obtained above offers
some insight into the value of competition. Specifically, suppose that a
single seller confronts a single buyer in some sort of negotiation for the sale
of an object. The buyer’s value X1 is drawn from a distribution F . The
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preceding analysis shows that the optimal mechanism involves a take-it-
or-leave-it offer of r∗1 = ψ−1 (0) on the part of the seller. All buyers with
valuations X1 above r

∗ accept the offer, and all those with valuations X1
below r∗ reject it. From (5.16), the expected revenue from the optimal
mechanism can be written as

E [max {ψ (X1) , 0}] (5.17)

and this is an upper bound to the revenue from any negotiation or, for that
matter, any other selling mechanism.
As an alternative to negotiating with a single buyer, suppose that the

seller is able to attract the interest of another buyer whose value X2 is
also drawn from the same distribution F . Consider what happens if the
seller were to sell an object by means of some standard auction, say of
the second-price variety, without setting a reserve price. Following the rea-
soning underlying (5.16), it is easy to see that in the symmetric case the
expected revenue from a second-price auction is

E [max {ψ (X1) ,ψ (X2)}] (5.18)

We now argue that (5.18) exceeds (5.17). First, consider the event that
X1 ≥ r∗, that is, when buyer 1 would accept the seller’s offer. Because of
regularity, this is equivalent to the event that ψ (X1) ≥ 0, so we have

E [max {ψ(X1) ,ψ (X2)} | ψ (X1) ≥ 0]
> E [ψ (X1) | ψ (X1) ≥ 0]
= E [max {ψ (X1) , 0} | ψ (X1) ≥ 0]

Next, consider the event that X1 < r∗, so that buyer 1 would reject the
seller’s offer. Now since “max” is a convex function,

E [max {ψ (X1) ,ψ (X2)} | ψ (X1) < 0]
> max {E [ψ (X1) | ψ (X1) < 0] , E [ψ(X2) | ψ (X1) < 0]}

Since the X1 and X2 are independent, the right-hand side of the inequality
above is the same as

max {E [ψ (X1) | ψ (X1) < 0] , E [ψ(X2)]}
= max {E [ψ (X1) | ψ (X1) < 0] , 0}
= 0

= E [max {ψ (X1) , 0} | ψ (X1) < 0]
where we have used the fact that E [ψ (X2)] = 0 (see (5.11)). Since in
both the event X1 ≥ r∗ and the event X1 < r∗ the conditional ex-
pectation of max {ψ (X1) ,ψ(X2)} exceeds the conditional expectation of
max {ψ(X1) , 0}, we deduce that (5.18) exceeds (5.17).
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We have thus argued that no matter how the negotiations with a single
buyer are conducted, it is better to invite a second buyer and hold an auc-
tion without a reserve price. The significance of this result stems from the
fact that an auction without a reserve price is a “detail-free” mechanism–
the seller need not know the exact distribution of values, only that both
buyers’ values come from the same distribution–while the optimal take-it-
or-leave-it offer is not–finding r∗ requires knowing F . Instead of worrying
about what the optimal take-it-or-leave-it offer is, the seller is better off
inviting a second interested buyer and letting competition do the work.

5.2.4 Auctions versus Mechanisms

In general, a mechanism may be tailored to a specific situation. For in-
stance, the optimal mechanism identified in Section 5.2 depends on the
specific distributions of buyers’ values–that is, the Fi’s. Both the alloca-
tion and the payment rules of the optimal auction depend on a comparison
of virtual valuations, which, in turn, depend on buyers’ value distributions.
Moreover, as pointed out earlier, the optimal mechanism does not treat
different buyers in the same way–buyers with different virtual valuations
are treated differently. Thus, the optimal mechanism is neither universal
(its rules are specific, via the value distributions, to the item for sale), nor
is it anonymous (buyers’ identities matter). The optimal mechanism does
not satisfy the two important properties we set out in the Introduction as
being characteristic of auctions.
From a practical standpoint, the restriction to mechanisms that satisfy

these two properties is an important consideration. Any mechanism that
depends on the fine details of buyers’ distributions would be difficult to
implement in practice. The admonition that we should primarily be con-
cerned with mechanisms that do not depend on such fine detail has been
called the “Wilson doctrine,” named after the leading proponent of this
point of view. In this book, we have defined auctions to be mechanisms
that adhere to this doctrine.2

5.3 Efficient Mechanisms

In the context of a sale of an object to many potential buyers, we have
already argued that a second-price auction (without a reserve price) will
always allocate the object efficiently. This section concerns a generalization
of the second-price auction that is applicable to other contexts. As an

2Notice that even determining the optimal reserve price depends on a detailed knowl-
edge of the distributions of values.
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example, in the next section we consider the possibility of efficient trade
between a single seller with privately known costs of production and a single
buyer with privately known values. (In the auction context, the value of
the object to the seller is assumed to be commonly known.)
We first generalize our setup very slightly to allow the values of agents

to lie in some interval Xi = [αi,ωi] ⊂ R, thereby allowing, when αi < 0,
for the possibility of negative values (or positive costs).
An allocation rule Q∗ : X → ∆ is said to be efficient if it maximizes

“social welfare”–that is, for all x ∈ X ,

Q∗(x) ∈ arg max
Q∈∆

X
j∈N

Qjxj (5.19)

When there are no ties, an efficient rule allocates the object to the person
who values it the most.3 Any mechanism with an efficient allocation rule
is said to be efficient. Given an efficient allocation rule Q∗, define the
maximized value of social welfare by

W (x) ≡
X
j∈N

Q∗j (x)xj (5.20)

when the values are x. Similarly, define

W−i (x) ≡
X
j 6=i

Q∗j (x)xj (5.21)

as the welfare of agents other than i.

5.3.1 The VCG Mechanism

The Vickrey-Clarke-Groves, or VCG mechanism (Q∗,MV), is an efficient
mechanism with the payment ruleMV : X → RN given by

MV
i (x) =W (αi,x−i)−W−i (x) (5.22)

MV
i (x) is thus the difference between social welfare at i’s lowest possible

value αi and the welfare of other agents at i’s reported value xi; assuming
in both cases that the efficient allocation rule Q∗ is employed.
In the context of auctions, αi = 0 and it is routine to see that the

VCG mechanism is the same as a second-price auction. In the auction
context, MV

i (x) =W−i (0,x−i)−W−i (x), and this is positive if and only
if xi ≥ maxj 6=i xj . In that case, MV

i (x) is equal to maxj 6=i xj , the second-
highest value.

3There may be more than one efficient rule depending on how ties are resolved.
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The VCG mechanism is incentive compatible. Indeed, it is easy to see
that, as in the second-price auction, truth-telling is a weakly dominant
strategy in the VCG mechanism. If the other buyers report values x−i,
then by reporting a value of zi, agent i’s payoff is

Q∗i (zi,x−i)xi −MV
i (zi,x−i) =

X
j∈N

Q∗j (zi,x−i)xj −W (αi,x−i)

by using (5.20) and (5.21). The definition of Q∗ in (5.19) implies that for
all x−i, the first term is maximized by choosing zi = xi; and since the
second term does not depend on zi, it is optimal to report zi = xi. Thus,
i’s equilibrium payoff when the values are x is

Q∗i (x)xi −MV
i (x) =W (x)−W (αi,x−i)

which is just the difference in social welfare induced by i when he reports
his true value xi as opposed to his lowest possible value αi.
Since the VCG mechanism is incentive compatible, it has the proper-

ties derived in Section 5.1. In particular, the equilibrium expected payoff
function UVi associated with the VCG mechanism,

UVi (xi) = E [W (xi,X−i)−W (αi,X−i)]

is convex and increasing. Clearly, UVi (αi) = 0 and the monotonicity of U
V
i

now implies that the VCG mechanism is also individually rational.
If (Q∗,M) is some other efficient mechanism that is also incentive com-

patible, then by the revenue equivalence principle we know that for all i, the
expected payoff functions for this mechanism, say Ui, differ from UVi by at
most an additive constant, say ci. If (Q

∗,M) is also individually rational,
then this constant must be nonnegative–that is, ci = Ui(xi)−UVi (xi) ≥ 0.
This is because otherwise we would have Ui(αi) < U

V
i (αi) = 0, contradict-

ing that (Q∗,M) was individually rational. Since the expected payoffs in
(Q∗,M) are greater than in the VCG mechanism, and the two have the
same allocation rule, the expected payments must be lower.

Proposition 5.5 Among all mechanisms for allocating a single object that
are efficient, incentive compatible, and individually rational, the VCG mech-
anism maximizes the expected payment of each agent.

In many economic problems, it is desirable to consider mechanisms that
do not require an injection of funds from the mechanism designer–that
is, the mechanism designer’s budget is exactly balanced ex post. While
the VCG mechanism typically does not have this property, it is still an
important guide in determining when this is feasible.



78 5. Mechanism Design

5.3.2 Budget Balance

In our notation, a mechanism is said to balance the budget if for every
realization of values, the net payments from agents sum to zero–that is,
for all x, X

i∈N
Mi(x) = 0

The Arrow-d’Aspremont-Gérard-Varet or AGV mechanism (also called
the “expected externality” mechanism)

¡
Q∗,MA

¢
is defined by

MA
i (x) =

1

N − 1
X
j 6=i
EX−j [W−j (xj ,X−j)]

−EX−i [W−i (xi,X−i)] (5.23)

so that for all x, X
i∈N

MA
i (x) = 0

To see that the AGV mechanism is incentive compatible, suppose that all
other agents are reporting their values x−i truthfully. The expected payoff
to i from reporting zi when his true value is xi is

EX−i
£
Q∗i (zi,X−i)xi +W−i (zi,X−i)

¤
−EX−i

·
1

N − 1
X
j 6=i

EX−j [W−j (Xj ,X−j)]
¸

and since the second term is independent of zi, this is maximized by setting
zi = xi.
It is easy to see that the AGV mechanism may not satisfy the individual

rationality constraint. The question of whether there are efficient, incen-
tive compatible, individually rational mechanisms that, at the same time,
balance the budget can also be answered by means of the VCG mechanism.

Proposition 5.6 There exists an efficient, incentive compatible, and in-
dividually rational mechanism that balances the budget if and only if the
VCG mechanism results in an expected surplus.

Proof. The fact that it is necessary for the VCG mechanism to run an
expected surplus follows from Proposition 5.5: If the VCG mechanism runs
a deficit, then all efficient, incentive compatible, and individually rational
mechanisms must run a deficit.
We now show that the condition is sufficient by explicitly constructing

an efficient, incentive compatible mechanism that balances the budget and
is individually rational.
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First, consider the AGV mechanism MA defined in (5.23). From the
revenue equivalence principle we know that there exist constants cAi such
that

UAi (xi) = E [W (xi,X−i)]− cAi
Next, consider the VCG mechanism defined in (5.22). Again, from the
revenue equivalence principle, there also exist constants cVi such that

UVi (xi) = E [W (xi,X−i)]− cVi
Suppose that the VCG mechanism runs an expected surplus–that is,

E

"X
i∈N

MV
i (X)

#
≥ 0

Then

E

"X
i∈N

MV
i (X)

#
≥ E

"X
i∈N

MA
i (X)

#
since the right-hand side is exactly 0. Equivalently,X

i∈N
cVi ≥

X
i∈N

cAi (5.24)

For all i > 1, define di = c
A
i − cVi and let d1 = −

PN
i=2 di. Consider the

mechanismM defined by

M i(x) =M
A
i (x) + di

Clearly, M balances the budget. It is also incentive compatible since the
payoff to each agent in the mechanism M differs from the payoff from an
incentive compatible mechanism,MA, by an additive constant. Thus, it is
only necessary to verify that M is individually rational.
For all i 6= 1,

U i(xi) = UAi (xi) + di

= UAi (xi) + c
A
i − cVi

= UVi (xi)

≥ 0

By construction
PN
i=1 di = 0 and observe from (5.24) that

d1 = −
X
i>1

di =
X
i>1

¡
cVi − cAi

¢ ≥ ¡cA1 − cV1 ¢
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Thus,

U1(x1) = UA1 (x1) + d1

≥ UA1 (x1) + c
A
1 − cV1

= UV1 (x1)

≥ 0

so that M is also individually rational.

While Proposition 5.5 results from a simple application of the revenue
equivalence principle, it is nevertheless a very useful tool and can be used
to consider a variety of problems–outside the realm of auction theory–
concerning efficient allocations. As an example, we now turn to one such
application.

5.3.3 An Application to Bilateral Trade

Suppose that there is a seller with a privately known cost C ∈ [c, c] of
producing a single indivisible good. Suppose also that there is a buyer
with a privately known value V ∈ [v, v] of consuming the good. The cost
C and value V are independently distributed, and the prior distributions
are commonly known and have full support on the respective intervals.
Thus, there is incomplete information on both sides of the market. Finally,
suppose that v < c and v ≥ c, so that the supports overlap and sometimes
it is efficient not to trade. Is there some way to guarantee that trade will
take place whenever it should? To answer this question, it is natural to
adopt a mechanism design perspective.
A mechanism decides whether or not the good is traded. It also decides

the amount P the buyer pays for the good and the amount R the seller
receives. If the good is traded, the net gain to the buyer is V − P , and
the net gain to the seller is R − C. At the moment, we do not restrict
P or R to be positive or negative, nor do we assume that the budget is
balanced–that is, P = R.
A mechanism is efficient if whenever V > C, the object is produced and

allocated to the buyer.

Proposition 5.7 In the bilateral trade problem, there is no mechanism
that is efficient, incentive compatible, individually rational, and at the same
time balances the budget.

Proof. First, consider the VCG mechanism, whose operation in this
context is as follows:
The buyer announces a valuation V and the seller announces a cost C.

1. If V ≤ C, the object is not exchanged and no payments are made.
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2. If V > C, the object is exchanged. The buyer pays max{C, v} and
the seller receives min{V, c}.

It is routine to verify that it is a weakly dominant strategy for the buyer
to announce V = v and the seller to announce C = c. This mechanism is
efficient since, in equilibrium, the object is transferred whenever v > c.
A buyer with value v has an expected payoff of 0, and any buyer with

value v > v has a positive expected payoff. Similarly, a seller with cost c
has an expected payoff of 0, and any seller with cost c < c has a positive
expected payoff. Thus, the mechanism is individually rational.
Whenever V > C, so there is trade, the fact that v < c implies that the

amount the seller receives R = min{V, c} is greater than the amount buyer
pays P = max{C, v}. The in this context, the VCG mechanism always
runs a deficit. Indeed, for any realization of V and C such that V > C, the
deficit R − P = V − C, which is exactly equal to the ex post gains that
result from trade.
Now suppose that we have some other mechanism that is incentive com-

patible and efficient. By the revenue equivalence principle, there is a con-
stant K such that the expected payment for any buyer with value v under
this mechanism differs from his expected payment under the VCG mecha-
nism by exactly K. Similarly, there is a constant L such that the expected
receipts of any seller with cost c under this mechanism differ from her
expected receipts under the VCG mechanism by exactly L.
Suppose the other mechanism is individually rational. Since in the VCG

mechanism a buyer with value v gets an expected payoff of 0, we must have
that K ≤ 0. Similarly, since a seller with costs c gets an expected payoff of
0, we have L ≥ 0. (This is just the same as the argument in Proposition
5.5.)
The expected deficit under the other mechanism is just the expected

deficit under the VCG mechanism plus L − K ≥ 0. But since the VCG
mechanism runs a deficit, we have argued that every other mechanism also
runs a deficit.
Thus, there does not exist an efficient mechanism that is incentive com-

patible, individually rational, and balances the budget.

Chapter Notes

The formulation of the mechanism design problem is due to Myerson (1981)
in a now classic paper. The revelation principle, general revenue equiva-
lence, and the derivation of the optimal selling mechanism were all devel-
oped there. The interpretation of virtual valuations as “marginal revenues”
and the analogy of the optimal mechanism design problem with the prob-
lem facing a discriminating monopolist was provided by Bulow and Roberts
(1989).
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The comparison of a two-bidder auction without a reserve price and op-
timal negotiations with a single buyer is based on the work of Bulow and
Klemperer (1996). In this paper the authors show a more general result:
From the seller’s perspective, an N + 1 bidder English auction (without
a reserve price) is superior to the mechanism which consists of an N bid-
der English auction followed by the seller, armed with information that is
revealed during the auction, optimally negotiating with the winner.
The origins of the VCG mechanism can be traced to Vickrey (1961) who

proposed the second-price auction and an extension to the case of multiple
identical goods (see Chapter 12). Clarke (1971) proposed a similar mecha-
nism in the context of public goods. These ideas were further generalized by
Groves (1973). The balanced budget AGV mechanism was independently
suggested by Arrow (1979) and d’Aspremont and Gérard-Varet (1979a,
1979b). Propositions 5.5 and 5.6 are due to Krishna and Perry (1998).
The result on the impossibility of efficient exchange in the bilateral trade

problem, Proposition 5.7, is due to Myerson and Satterthwaite (1983). The
treatment here follows that in Krishna and Perry (1998).
A real-valued function U defined on an interval [0,ω] is said to be abso-

lutely continuous if for all ε > 0 there exists a δ > 0 such that

nX
i=1

|U(x0i)− U(xi)| < ε

for every finite collection {(xi, x0i)} of nonoverlapping intervals satisfying
nX
i=1

|x0i − xi| < δ

Every convex function is absolutely continuous. An absolutely continuous
function is differentiable almost everywhere and is the integral of its deriva-
tive. These are fairly standard results in real analysis and can be found,
for instance, in Royden (1968).



6
Auctions with Interdependent Values

In this chapter we simultaneously relax two major assumptions regarding
the nature of the information available to the bidders.

Interdependent Values

First, we relax the assumption of private values–that each bidder knows
the value of the object to himself–by allowing for the possibility that bid-
ders have only partial information regarding the value, say in the form of
a noisy signal. Indeed, other bidders may possess information that would,
if known to a particular bidder, affect the value he assigns to the object.
The resulting information structure is called one of interdependent values.
We assume that each bidder has some private information concerning the
value of the object. Bidder i’s private information is summarized as the re-
alization of the random variable Xi ∈ [0,ωi], called i’s signal. It is assumed
that the value of the object to bidder i, Vi, can be expressed as a function
of all bidders’ signals and we will write

Vi = vi (X1,X2, . . . ,XN)

where the function vi is bidder i’s valuation and is assumed to be nonde-
creasing in all its variables and twice continuously differentiable. In addi-
tion, it is assumed that vi is strictly increasing in Xi.
This specification supposes that the value is completely determined by

the signals–that is, there is no remaining uncertainty. This need not be
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the case, however, and more general formulations can also be accommo-
dated. In a more general setting, suppose that V1, V2, . . . , VN denote the
N (unknown) values to the bidders; X1,X2, . . . ,XN denote the N signals
available to the bidders; and S denotes a signal available only to the seller.
In that case, we can define

vi (x1, x2, . . . , xN) ≡ E [Vi | X1 = x1,X2 = x2, . . . ,XN = xN ]

as the expected value to i conditional on all the information available to
bidders. For operational purposes, this is the effective value that bidders
can use in their calculations.
With either specification, we suppose that vi (0, 0, . . . , 0) = 0 and that

E [Vi] < ∞. We continue to assume that bidders are risk neutral–each
bidder maximizes the expectation of Vi − pi, where pi is the price paid.
Notice that this specification of the values includes, as an extreme case,

the private values model of earlier chapters in which vi (X) = Xi. At the
other end of the spectrum is the case of a pure common value in which all
bidders assign the same value

V = v (X1,X2, . . . ,XN)

to the object–the valuations of the bidders are identical. Bidders’ infor-
mation consists only of their own signals of course, so while the ex post
value is common to all, it is unknown to any particular bidder. A special
case that is of both analytic and practical interest entails first specifying a
distribution for the common value V and then assuming that conditional
on the event V = v, bidders’ signalsXi are independently distributed. Typ-
ically, it is also assumed that each Xi is an unbiased estimator of V , so that
E [Xi | V = v] = v. This particular specification has been used to model
the information structure associated with auctions of oil-drilling leases and
is sometimes called the “mineral rights” model.
The interdependence of values complicates the decision problem facing

a bidder. In particular, since the exact value of the object is unknown
and depends also on other bidders’ signals, an a priori estimate of this
value may need to be revised as a result of events that take place during,
and even after, the auction. The reason is that these events may convey
valuable information about the signals of other bidders. One such event is
the announcement that the bidder has won the auction.

The Winner’s Curse

Prior to the auction the only information available to a bidder, say 1, is
that his own signal X1 = x. Based on this information alone, his estimate
of the value is E [V | X1 = x]. Now suppose that the object is sold using a
sealed-bid first-price auction and consider what happens when and if it is
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announced that bidder 1 is, in fact, the winner. If all bidders are symmetric
and follow the same strategy β, then this fact reveals to bidder 1 that the
highest of the other N − 1 signals is less than x. As a result, his estimate
of the value upon learning that he is the winner is E [V | X1 = x, Y1 < x],
which is less than E [V | X1 = x]. The announcement that he has won
leads to a decrease in the estimated value; in this sense, winning brings
“bad news.” A failure to foresee this effect and take it fully into account
when formulating bidding strategies will result in what has been called the
winner’s curse–the possibility that the winner pays more than the value.
The phenomenon is most apparent in a pure common value model in

which each bidder’s signal Xi = V + εi. Suppose that the different εi’s
are independently and identically distributed and satisfy E [εi] = 0. Then
each bidder’s signal is an unbiased estimator of the common value–that
is, for all i, E [Xi | V = v] = v. But now notice that even though each
individual signal is an unbiased estimator of the value, the largest ofN such
signals is not. In fact, since “max” is convex function, E [maxXi | V = v] >
maxE [Xi | V = v] = v, showing that the expectation of the highest signal,
in fact, overestimates the value. A bidder who does not take this fully
into account and bids an amount β (Xi) which is close to Xi would, upon
winning, pay more than the estimated worth of the object. Put another
way, bidders may need to shade their bids well below their initial estimates
in order to avoid the winner’s curse. Note also that the magnitude of the
winner’s curse increases with the number of bidders in the auction. The
news that a signal is the highest of, say, 20 bidders is worse than the news
that it is the highest of 10 bidders.
We emphasize that the winner’s curse arises only if bidders do not cal-

culate the value of winning correctly and overbid as a result–it does not
arise in equilibrium.

Nonequivalence of English and Second-Price Auctions

A second consequence of interdependent values is that it is no longer the
case that the English (or open ascending) auction is strategically equivalent
to the sealed-bid second-price auction. The difference in the two auction
formats is that in an English auction active bidders get to know the prices
at which the bidders who have dropped out have done so. This allows the
active bidders to make inferences about the information that the inactive
bidders had and in this way to update their estimates of the true value. A
sealed-bid second-price auction, by its very nature, makes no such infor-
mation available.
There are two cases in which this information is irrelevant. First, if there

are only two bidders, then the English auction is always equivalent to a
second-price auction; in this case, when one of the bidders drops out in an
English auction, the auction is over. The second case arises if the bidders
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have private values; in this case, the information gleaned from others is
irrelevant.

Affiliation

We also relax the assumption that bidders’ information is independently
distributed by allowing for the possibility that bidders’ signals are corre-
lated. Thus, the joint density of the bidders’ signals, f (X), need not be
a product of densities of individual signals, fi (Xi) . In fact, we will as-
sume that the signals X1,X2, . . . ,XN are positively affiliated. Affiliation is
a strong form of positive correlation and roughly means that if a subset
of the Xi’s are all large, then this makes it more likely that the remaining
Xj’s are also large. While a formal definition and a more detailed discus-
sion may be found in Appendix D, for the purposes of this chapter, the
following three implications of affiliation are sufficient.
First, define, as usual, the random variables Y1, Y2, . . . , YN−1 to be the

largest, second largest, . . . , smallest from among X2,X3, . . . ,XN . If the
variables X1,X2, . . . ,XN are affiliated, then the variables X1, Y1, . . . , YN−1
are also affiliated.
Second, let G(· | x) denote the distribution of Y1 conditional on X1 = x.

Then the fact that X1 and Y1 are affiliated implies that if x0 > x, then
G(· | x0) dominates G(· | x) in terms of the reverse hazard rate–that is,
for all y,

g(y | x0)
G(y | x0) ≥

g(y | x)
G(y | x) (6.1)

Third, if γ is any increasing function, then x0 > x implies that

E [γ(Y1) | X1 = x0] ≥ E [γ(Y1) | X1 = x] (6.2)

6.1 The Symmetric Model

As in the case of independent private values, it is instructive to begin by
considering symmetric situations. As before, we will first derive symmetric
equilibrium strategies in the three auction formats: second-price, English,
and first-price. We will then compare the expected revenues from these
auctions.
In a model with independent private values, bidders are symmetric if

their values are drawn from the same distribution. With interdependent
values and affiliated signals, however, there are two aspects to symmetry.
The first concerns the symmetry of the valuations vi and the second con-
cerns the symmetry of the distribution of signals.
It is assumed that all signals Xi are drawn from the same interval [0,ω]

and that the valuations of the bidders are symmetric in the following sense.
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For all i, we can write these in the form

vi (X) = u(Xi,X−i)

and the function u, which is the same for all bidders, is symmetric in the
last N−1 components. This means that from the perspective of a particular
bidder, the signals of other bidders can be interchanged without affecting
the value. For instance, when N = 3, the value to bidder 1 depends on his
or her own signal and the signals of bidders 2 and 3, but if the signals of
the other bidders were interchanged, then the value would not be affected.
Thus, for all x, y, and z it is the case that u(x, y, z) = u(x, z, y) .
It is also assumed that the joint density function of the signals f , defined

on [0,ω]
N
, is a symmetric function of its arguments and the signals are

affiliated.
Define the function

v (x, y) = E [V1 | X1 = x, Y1 = y] (6.3)

to be the expectation of the value to bidder 1 when the signal he or she
receives is x and the highest signal among the other bidders, Y1, is y.
Because of symmetry this function is the same for all bidders and from
(6.2), v is a nondecreasing function of x and y. We will, in fact, assume
that v is strictly increasing in x. Moreover, since u(0) = 0, v (0, 0) = 0.
The function v plays an important role in what follows.
For the symmetric model with interdependent values, we proceed in a

manner parallel to the development of Chapter 2 concerning the symmetric
independent private values model. As in Chapter 2, we first derive symmet-
ric equilibrium strategies in the three common formats: the second-price,
English, and first-price auctions. We then compare the three formats by
directly computing the expected revenues in each.

6.2 Second-Price Auctions

We begin by deriving a symmetric equilibrium in a second-price sealed-bid
auction.

Proposition 6.1 Symmetric equilibrium strategies in a second-price auc-
tion are given by:

β II(x) = v (x, x)
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Proof. Suppose all other bidders j 6= 1 follow the strategy β ≡ β II.
Bidder 1’s expected payoff when his signal is x and he bids an amount b is

Π (b, x) =

Z β−1(b)

0

(v (x, y)− β (y)) g (y | x) dy

=

Z β−1(b)

0

(v (x, y)− v (y, y)) g (y | x) dy

where g (· | x) is the density of Y1 ≡ maxi 6=1Xi conditional on X1 = x.
Since v is increasing in the first argument, for all y < x, v (x, y) −

v (y, y) > 0 and for all y > x, v (x, y)− v (y, y) < 0. Thus, Π is maximized
by choosing b so that β−1(b) = x or equivalently, by choosing b = β(x).

The nature of the bidding strategies in Proposition 6.1 can be under-
stood as follows. A bidder, say 1, with signal x is asked to bid an amount
β II(x) such that if he were to just win the auction with that bid–if the
highest competing bid, and hence the price, were also β II(x)–he would just
“break even.” This is because if the highest competing bid were β II(x), then
bidder 1 would infer that Y1 = x and the expected value of the object condi-
tional on this new piece of information would be E [V1 | X1 = x, Y1 = x] =
v (x, x) = β II(x) .
Proposition 6.1 applies, of course, to the special case of private values

(where v (x, x) = x) and in those circumstances the equilibrium strategy is
weakly dominant. With general interdependent values, however, the strat-
egy β II identified above is not a dominant strategy.
The equilibrium identified above is unique in the class of symmetric equi-

libria with an increasing strategy. To see this, suppose that β is an in-
creasing symmetric equilibrium strategy. Writing Π (b, x) as in the proof of
Proposition 6.1 and optimizing over b, the first-order condition immediately
implies that β(x) must equal v (x, x). We will see in Chapter 8, however,
that even symmetric second-price auctions may have other, asymmetric
equilibria.
It is instructive to find the equilibrium bidding strategies explicitly in

an example. In the example that follows, there is a common value and
conditional on that value, bidders’ signals are independently distributed.
In other words, it is an instance of the “mineral rights” model.

Example 6.1 Suppose that there are three bidders with a common value V
for the object that is uniformly distributed on [0, 1]. Given V = v, bidders’
signals Xi are uniformly and independently distributed on [0, 2v].

As usual, X = (X1,X2,X3) and it is convenient to define the random
variable Z ≡ max {X1,X2,X3}.
The density of Xi conditional on V = v is 1/2v on the interval [0, 2v], so

the joint density of (V,X) is 1/8v3 on the set {(V,X) | ∀i,Xi ≤ 2V }. Now
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FIGURE 6.1. Support of V | Xi = xi in Example 6.1

notice that the only information about V that knowledge of X1,X2,X3
provides is that V ≥ 1

2Z. (See Figure 6.1.) Thus, the joint density of X is

f(x1, x2, x3) =

Z 1

1
2z

1

8v3
dv

=
4− z2
16z2

where z = max {x1, x2, x3}. Thus, the density of V conditional on X = x
is the same as the density of V conditional on Z = z, so

f(v | X = x) = f(v | Z = z)
=

1

8v3
× 16z2

4− z2
on the interval

£
1
2z, 1

¤
. Thus,

E [V | X = x] = E [V | Z = z]

=

Z 1

1
2z

vf(v | X = x) dv

=
2z

2 + z

Notice that since Y1 = max {X2,X3} and Z = max {X1,X2,X3}, Z =
max {X1, Y1}

v (x, y) = E [V | X1 = x, Y1 = y]
= E [V | Z = max {x, y}]
=

2max {x, y}
2 +max {x, y}
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Thus, from Proposition 6.1 we obtain

β II(x) = v (x, x)

=
2x

2 + x

N

6.3 English Auctions

In sealed-bid auctions, a bidder’s strategy determines the amount of his bid
as a function of his private information. In an English, or open ascending,
auction, additional information–the identities of the bidders who drop out
and the prices at which they do so–becomes available. In the symmetric
model considered here, the exact identities of the bidders who drop out are
not relevant, but the prices at which bidders dropped out are. Similarly, the
identities of the bidders who are active are not relevant, but the number of
active bidders is.
The term “English auction” encompasses a variety of open ascending

price formats, which differ in their precise rules. In one format the price
is raised by the bidders themselves as they outbid each other. We adopt
a formulation of the rules that is particularly convenient for analytic pur-
poses. An auctioneer sets the price at zero and gradually raises it. The
current price is observed by all and bidders signal their willingness to buy
by raising a hand, holding up a sign, or pushing a button that controls a
light. The important aspect is that this action is witnessed by all, so at any
time the set of active bidders–those who signal their willingness to buy
at the current price–is commonly known. Bidders may drop out at any
time, but once they do so cannot reenter the auction at a higher price. The
auction ends when there is only one active bidder.
A symmetric equilibrium strategy in an English auction is thus a collec-

tion β = (βN ,βN−1, . . . ,β2) of N − 1 functions βk : [0, 1]× RN−k+ → R+,
for 1 < k ≤ N , where βk(x, pk+1, . . . , pN) is the price at which bidder 1
will drop out if the number of bidders who are still active is k, his own
signal is x, and the prices at which the other N − k bidders dropped out
were pk+1 ≥ pk+2 ≥ . . . ≥ pN .
Now consider the following strategies for the bidders. When all bidders

are active, let
βN(x) = u(x, x, . . . , x) (6.4)

and notice that βN(·) is a continuous and increasing function.
Suppose that bidder N , say, is the first to drop out at some price pN

and let xN be the unique signal such that βN(xN) = pN (since βN(·)
is continuous and increasing there exists a unique such xN). When some
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bidder drops out at a price pN , let the remaining N − 1 bidders who are
still active follow the strategy

βN−1(x, pN) = u(x, . . . , x, xN)

where βN(xN) = pN . The function βN−1(·, pN) is also continuous and
increasing.
Proceeding recursively in this way, for all k such that 2 ≤ k < N suppose

that bidders N,N − 1, . . . , k+ 1 have dropped out of the auction at prices
pN , pN−1, . . . , pk+1, respectively. Let the remaining k bidders who are still
active follow the strategy

βk(x, pk+1, . . . , pN) = u(x, . . . , x, xk+1, . . . , xN) (6.5)

where βk+1(xk+1, pk+2, . . . , pN) = pk+1.
We will argue that these strategies constitute an equilibrium of the En-

glish auction, but before doing so formally it is worthwhile to understand
the nature of the bidding strategies. Suppose that bidders k+1, k+2, . . . , N
have dropped out, so only k bidders are still active. Because the strate-
gies are revealing, the signals xk+1, xk+2, . . . , xN of the bidders who have
dropped out become known to the other bidders. Consider a particular bid-
der, say 1, with signal x, and suppose the other bidders are following βk.
Bidder 1 evaluates whether or not he should drop out at the current price
p and does the following “mental calculation.” He asks what would happen
if he were to win the good at the current price p. Now the only way this
can happen is if all the other k − 1 bidders drop out at p. In that case,
bidder 1 would infer that each of their signals were equal to a y such that
βk(y, pk+1, . . . , pN) = p. The value of the object would then be inferred to
be u(x, y, . . . , y, xk+1, xk+2, . . . , xN). It is worth continuing in the auction
if and only if the inferred value of the object exceeds the current price p.
Thus, the strategy calls for bidder 1 to continue until the price is such that
if he were to win the object at that price he would just break even.

Proposition 6.2 Symmetric equilibrium strategies in an English auction
are given by β defined in (6.4) and (6.5).

Proof. Consider bidder 1 with signal X1 = x and suppose that all other
bidders follow the strategy β. As usual, define Y1, Y2, . . . , YN−1 to be the
largest, second-largest, . . . , smallest of X2,X3, . . . ,XN , respectively.
Suppose that the realizations of Y1, . . . , YN , denoted by y1, . . . , yN , re-

spectively, are such that bidder 1 wins the object if he also follows the
strategy β. Then it must be that x > y1. The price that bidder 1 pays is
the price at which the bidder with the second-highest signal, y1, drops out,
and from (6.5) this is just u(y1, y1, y2, . . . , yN). Since x > y1, the payoff to
bidder 1 upon winning is

u(x, y1, y2, . . . , yN)− u(y1, y1, y2, . . . , yN) > 0
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Bidder 1 cannot affect the price he pays and winning yields a positive
payoff. Thus, he cannot do better than to follow β also.
Next, suppose that the realizations of Y1, . . . , YN are such that bidder 1

does not win the object by also following β. Then it must be that x < y1.
If bidder 1 does not drop out and wins the auction, then again it must be
at a price of u(y1, y1, y2, . . . , yN). But since x < y1, the price now exceeds
the ex post value of the object to 1. So bidder 1 cannot do better than to
drop out as specified by β.

The equilibrium strategy β defined in (6.4) and (6.5) is quite remark-
able in that it depends only on the valuation functions u and not on the
underlying distribution of signals f : For any given u satisfying the assump-
tions made here, if β is an equilibrium for some joint density function f ,
then the same β would be remain an equilibrium if the signals were dis-
tributed according to some other density function, say g 6= f . In other
words, the strategies form an ex post equilibrium: For any realization of
signals the play prescribed by β forms a Nash equilibrium of the complete
information game that results if the signals were commonly known. (See
Appendix F.). This also means that the equilibrium strategy β has an
important “no regret” feature–that is, for any realization of the signals
the bidders have no cause to regret the outcome even if, after the fact, all
signals were to become publicly known. In sharp contrast, once there are
three or more bidders, bidders playing the symmetric equilibrium of the
second-price auction, identified in the previous sections, may suffer from
regret after the fact. The equilibrium of the second-price auction is not
an ex post equilibrium. Nor is the symmetric equilibrium of the first-price
auction an ex post equilibrium.
The symmetric equilibrium of the English auction has the strong no

regret property because, in fact, in the course of the auction the signals of
all other bidders are revealed to the winner, so he does not regret winning.
On the other hand, bidders who drop out do not regret losing because if
they were to win, it would be at a price that is too high. In Chapter 9, we
undertake a further exploration of the English auction in cases where the
valuation functions need not be symmetric.

6.4 First-Price Auctions

We now derive the equilibrium bidding strategies in a first-price auction,
beginning, as usual, with a heuristic derivation.
Suppose all other bidders j 6= 1 follow the increasing and differentiable

strategy β. Clearly, it does not pay for bidder 1 to bid less than β (0) or
more than β (ω) .
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As defined earlier, let G(· | x) denote the distribution of Y1 ≡ maxi6=1Xi
conditional on X1 = x and let g (· | x) be the associated conditional density
function. The expected payoff to bidder 1 when his signal is x and he bids
an amount β(z) is

Π (z, x) =

Z z

0

(v (x, y)− β(z)) g (y | x) dy

=

Z z

0

v (x, y) g (y | x) dy − β(z)G(z | x)

The first-order condition is

(v (x, z)− β(z)) g (z | x)− β 0(z)G(z | x) = 0

At a symmetric equilibrium, the optimal z = x, so setting z = x in the
first-order condition, we obtain the differential equation:

β 0(x) = (v (x, x)− β(x))
g (x | x)
G(x | x) (6.6)

The differential equation (6.6) is only a necessary condition. We must
also have that for all x, v (x, x)−β(x) ≥ 0, since otherwise a bid of 0 would
be better. Since, by assumption, v (0, 0) = 0, it is the case that β (0) = 0.
Thus, associated with (6.6) we have the boundary condition β (0) = 0.
The solution to the differential equation (6.6) together with the bound-

ary condition β (0) = 0, as stated in the next proposition, constitutes a
symmetric equilibrium.

Proposition 6.3 Symmetric equilibrium strategies in a sealed-bid first-
price auction are given by

β I(x) =

Z x

0

v (y, y) dL(y | x)

where

L(y | x) = exp
µ
−
Z x

y

g (t | t)
G(t | t) dt

¶
(6.7)

Proof. First, note that L(· | x) can be thought of as a distribution func-
tion with support [0, x] . To see this recall that, because of affiliation (see
Appendix D), for all t > 0,

g (t | t)
G(t | t) ≥

g (t | 0)
G(t | 0)
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and so

−
Z x

0

g (t | t)
G(t | t) dt ≤ −

Z x

0

g (t | 0)
G(t | 0) dt

= −
Z x

0

d

dt
(lnG(t | 0)) dt

= lnG(0 | 0)− lnG(x | 0)
= −∞

Applying the exponential function to both sides implies that for all x,
L(0 | x) = 0. Moreover, L(x | x) = 1 and L(· | x) is nondecreasing. Thus,
L(· | x) is a distribution function.
Next, notice that if x0 > x, then for all y, L(y | x0) ≤ L(y | x) . In other

words, the distribution L(· | x0) stochastically dominates the distribution
L(· | x) .
Since v (y, y) is an increasing function of y, this means that β ≡ β I is an

increasing function of x.
Now consider a bidder who bids β(z) when his signal is x. The expected

profit from such a bid can be written as

Π (z, x) =

Z z

0

(v (x, y)− β(z)) g (y | x) dy

since β is increasing.
Differentiating with respect to z yields

∂Π

∂z
= (v (x, z)− β(z)) g (z | x)− β 0(z)G(z | x)

= G(z | x)
·
(v (x, z)− β(z))

g (z | x)
G(z | x) − β 0(z)

¸
If z < x, then since v (x, z) > v (z, z) and because of affiliation,

g (z | x)
G(z | x) >

g (z | z)
G(z | z)

we obtain that

∂Π

∂z
> G(z | x)

·
(v (z, z)− β(z))

g (z | z)
G(z | z) − β 0(z)

¸
= 0

using (6.6). Similarly, if z > x, then ∂Π
∂z < 0. Thus, Π (z, x) is maximized

by choosing z = x.

Proposition 6.3 is, of course, a generalization of Proposition 2.2. When
values are private, v (y, y) = y. Also, when signals are independent, G(· | x)
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FIGURE 6.2. Joint Density of X1 and Y1 in Example 6.2

does not depend on x, so we can write G(· | x) ≡ G(·) . Thus,

L(y | x) = exp

µ
−
Z x

y

g(t)

G(t)
dt

¶
=

1

G(x)
G(y)

so β I(x) in the previous derivation reduces to E [Y1 | Y1 < x], the equilib-
rium bid with private values.
Again, it is instructive to find the equilibrium bidding strategy explicitly

in the context of a relatively simple example in which values are interde-
pendent and signals are affiliated.

Example 6.2 Suppose S1, S2, and T are uniformly and independently dis-
tributed on [0, 1]. There are two bidders. Bidder 1 receives the signal X1 =
S1 + T, and bidder 2 receives the signal X2 = S2 + T . The object has a
common value

V =
1

2
(X1 +X2)

for both the bidders.

Even though S1, S2, and T are independently distributed, the random
variables X1 and X2 are affiliated. Moreover, since there are only two bid-
ders, Y1 = X2. The joint density of X1 and Y1 is given in Figure 6.2 and
from this it may be calculated that for all x ∈ [0, 2],

g (x | x)
G(x | x) =

2

x
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and for all y ∈ [0, x],

L(y | x) = y2

x2

From Proposition 6.3 the equilibrium bidding strategy in a first-price
auction is

β I(x) =

Z x

0

v (y, y) dL(y | x)

=
2

3
x

using the fact that v (x, y) = 1
2 (x+ y). N

6.5 Revenue Comparisons

We now examine the performance of the three auctions studied here by
comparing the expected revenues resulting in symmetric equilibria of each.
Our main finding will be that under the assumption that signals are af-
filiated, the English auction out-performs the second-price auction, which
in turn, out-performs the first-price auction. The reasons underlying these
results are explored in the next chapter.

6.5.1 English versus Second-Price Auctions

Proposition 6.4 The expected revenue from an English auction is at least
as great as the expected revenue from a second-price auction.

Proof.Recall from Proposition 6.1 that symmetric equilibrium strategies
in a second-price auction are given by β II(x) = v (x, x) , where v (x, y) is
defined in (6.3). Thus, we have that, if x > y,

v (y, y) = E [u(X1, Y1, Y2, . . . , YN−1) | X1 = y, Y1 = y]
= E [u(Y1, Y1, Y2, . . . , YN−1) | X1 = y, Y1 = y]
≤ E [u(Y1, Y1, Y2, . . . , YN−1) | X1 = x, Y1 = y] (6.8)

where the last inequality follows from the fact that u is increasing in all its
arguments and all signals are affiliated. The expected revenue in a second-
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price auction can be written as

E
£
RII
¤
= E

h
β II (Y1) | X1 > Y1

i
= E [v (Y1, Y1) | X1 > Y1]
≤ E [E [u(Y1, Y1, Y2, . . . , YN−1) | X1 = x, Y1 = y] | X1 > Y1]
= E [u(Y1, Y1, Y2, . . . , YN−1) | X1 > Y1]
= E

£
β2 (Y1, Y2, . . . , YN−1)

¤
= E

£
REng

¤
where we have used (6.8) and, as defined in Proposition 6.2, β2 is the
strategy used in an English auction when only two bidders remain. The
price at which the second-to-last bidder drops out, β2 (Y1, Y2, . . . , YN−1),
is, of course, the price paid by the winning bidder.

We postpone discussion of this result, and the reasons underlying it,
until the next chapter. For the moment, notice that the English auction
yields a strictly higher revenue than a second-price auction only if values
are interdependent and signals are affiliated. With private values, the two
are equivalent. The same is true if signals are independent.

6.5.2 Second-Price versus First-Price Auctions

Proposition 6.5 The expected revenue from a second-price auction is at
least as great as the expected revenue from a first-price auction.

Proof. The payment of a bidder with signal x upon winning the object in
a first-price auction is just his bid β I(x) , where β I is defined in Proposition
6.3. The expected payment of a bidder with signal x upon winning the
object in a second-price auction is E[β II (Y1) | X1 = x, Y1 < x], where β II
is defined in Proposition 6.1. We will show that the former is no greater
than the latter. Since in both auctions the probability that a bidder with
signal x will win the auction is the same–it is just the probability that x
is the highest signal–this will establish the proposition.
From Proposition 6.1,

E
h
β II (Y1) | X1 = x, Y1 < x

i
= E [v (Y1, Y1) | X1 = x, Y1 < x]

=

Z x

0

v (y, y) dK(y | x)

and where for all y < x,

K(y | x) ≡ 1

G(x | x)G(y | x) (6.9)
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and notice that K(· | x) is a distribution function with support [0, x] .
Now recall from Proposition 6.3 that

β I(x) =

Z x

0

v (y, y) dL(y | x)

where L(· | x), defined in (6.7), is also a distribution function with support
[0, x] .
We will argue that for all y < x, K(y | x) ≤ L(y | x) or, in other words,

that K(· | x) stochastically dominates L(· | x). Since v is an increasing
function of its arguments, this will complete the proof of the proposition.
To verify the stochastic dominance, note that because of affiliation, for

all t < x, G(· | x) dominates G(· | t) in terms of the reverse hazard rate
(see (6.1)), so for all t < x,

g (t | t)
G(t | t) ≤

g (t | x)
G(t | x)

and hence, for all y < x,

−
Z x

y

g (t | t)
G(t | t) dt ≥ −

Z x

y

g (t | x)
G(t | x) dt

= −
Z x

y

d

dt
(lnG(t | x)) dt

= lnG(y | x)− lnG(x | x)
= ln

µ
G(y | x)
G(x | x)

¶
Applying the exponential function to both sides, we obtain that for all
y < x,

L(y | x) ≥ K(y | x)
and this completes the proof.

The next example illustrates the workings of Proposition 6.5 by explicitly
calculating the expected revenues in the second- and first-price auctions in
the setting of Example 6.2.

Example 6.3 As in Example 6.2, suppose that S1, S2, and T are uniformly
and independently distributed on [0, 1]. Bidder 1 receives the signal X1 =
S1 + T, and bidder 2 receives the signal X2 = S2 + T . The object has a
common value

V =
1

2
(X1 +X2)

to both the bidders.
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In this example, v (x, y) = 1
2 (x+ y) , so in a second-price auction the

equilibrium bidding strategy is

β II(x) = x

The expected revenue in a second-price auction is thus

E
£
RII
¤
= E [min {X1,X2}]
= E [min {S1, S2}] +E [T ]
=

5

6

In a first-price auction, we know from Example 6.2 that the equilibrium
bidding strategy is

β I(x) =
2

3
x

The expected revenue in a first-price auction is thus

E
£
RI
¤
= E

·
max

½
2

3
X1,

2

3
X2

¾¸
=

2

3
E [max {S1, S2}] + 2

3
E [T ]

=
7

9

and so E
£
RII
¤
> E

£
RI
¤
. N

The conclusions of Propositions 6.4 and 6.5 are summarized as follows:

Proposition 6.6 In the symmetric model with interdependent values and
affiliated signals, the English, second-price, and first-price auctions can be
ranked in terms of expected revenue as follows:

E
£
REng

¤ ≥ E £RII¤ ≥ E £RI¤
Equilibrium Bidding and the Winner’s Curse

At the beginning of the chapter we pointed out that a bidder in a first-price
auction needs to shade his bid, relative to the estimated value based on his
own signal alone, by a factor large enough to avoid the winner’s curse. We
now verify that the equilibrium bidding strategies in a first-price auction
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indeed have this feature. Observe that

β I(x) =

Z x

0

v (y, y) dL(y | x)

≤
Z x

0

v (y, y) dK(y | x)

<

Z x

0

v (x, y) dK(y | x)
= E [V1 | X1 = x, Y1 < x]

where L(· | x) is defined in (6.7), K(· | x) is defined in (6.9). The proof
of Proposition 6.5 shows that K(· | x) stochastically dominates L(· | x) ,
and this implies the first inequality. The second inequality follows from the
fact that v (·, y) is increasing. Thus, we have shown that the equilibrium
bid in a first-price auction is less than the expected value conditional on
winning–such behavior shields bidders from the winner’s curse.
The same is true in a sealed-bid second-price auction. The expected

selling price upon winning is

E
h
β II(Y1) | X1 = x, Y1 < x

i
=

Z x

0

v (y, y) dK(y | x)
< E [V1 | X1 = x, Y1 < x]

as noted earlier. Thus, equilibrium bidding strategies in a second-price auc-
tion are also immune to the winner’s curse.

6.6 Efficiency

In the context of the symmetric model used in this chapter, all three of the
auction forms considered here–second-price, English, and first-price–have
symmetric and increasing equilibria. This means that the winning bidder
is the one with the highest signal. An auction allocates efficiently if the
bidder with the highest value is awarded the object and the bidder with
the highest signal need not be the one with the highest value.

Example 6.4 Symmetric equilibria may be inefficient.

For instance, if the valuations in a two-bidder symmetric situation are

v1 (x1, x2) = 1
3x1 +

2
3x2

v2 (x1, x2) = 2
3x1 +

1
3x2

then v1 > v2 if and only if x2 > x1. Thus, in this example, the bidder
with the higher signal is the one with the lower value, so all three auction
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forms, almost always, allocate the object inefficiently. The reason is that
each bidder’s signal has a greater influence on the other bidder’s valuation
than it does on his own valuation. N

We will say that the valuations satisfy the single crossing condition if for
all i and j 6= i and for all x,

∂vi
∂xi

(x) ≥ ∂vj
∂xi

(x) (6.10)

The single crossing condition–so named because it implies that, keeping
all other signals fixed, i’s valuation as a function of i’s signal xi is steeper
than j’s valuation, so the two cross at most once–will play a significant
role in later chapters.
Recall that in the symmetric model with interdependent values, the value

to i is written as
vi (x) = u(xi,x−i)

and it is assumed that the function u is symmetric in its last N − 1 ar-
guments. Let u01 denote the partial derivative of u with respect to its first
argument and, in general, let u0j denote the partial derivative of u with
respect to its jth argument. In the symmetric case, the single crossing
condition reduces to requiring that for all j 6= 1, u01 ≥ u0j and since u
is symmetric in the last N − 1 arguments, it is enough to suppose that
u01 > u02.
The single crossing condition ensures that the ex post values of different

bidders will be ordered in the same way as their signals. To see this, suppose
that xi > xj, and define α(t) = (1− t) (xj , xi,x−ij) + t (xi, xj ,x−ij) to
be the line joining the points (xj , xi,x−ij) and (xi, xj ,x−ij) . Using the
fundamental theorem of calculus for line integrals, we can write

u(xi, xj ,x−ij) = u(xj , xi,x−ij) +
Z 1

0

∇u(α(t)) ·α0(t) dt

where

∇u(α(t)) ·α0(t) = u01 (α(t)) (xi − xj) + u02 (α(t)) (xj − xi)
≥ 0

since xi > xj and u
0
1 ≥ u02. So, xi > xj implies that bidder i’s value,

u(xi, xj ,x−ij), is greater than or equal to bidder j’s value, u(xj , xi,x−ij) .
Thus, we obtain the following:

Proposition 6.7 With symmetric, interdependent values and affiliated sig-
nals, suppose the single crossing condition is satisfied. Then the second-
price, English, and first-price auctions all have symmetric equilibria that
are efficient.
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Chapter Notes

Auctions for off-shore oil drilling leases led to the development of the pure
common value model, specifically the so-called “mineral rights” model.
Moving beyond Vickrey’s private value setting, early work on character-
izing an equilibrium of first-price auctions in this alternative informational
setting was carried out by Wilson (1969) and extended by Ortega Reichert
(1968) (Wilson’s article was available as a working paper in 1966). Wilson
(1977) obtained an explicit expression for the equilibrium bidding strategy
in a first-price auction in the same model. The presence of the winner’s
curse as an empirical fact was pointed out by Capen et al. (1971) in the
context of bidding for offshore oil drilling leases.
The symmetric equilibrium of a second-price auction in a common value

setting was derived in a paper by Milgrom (1981).
The symmetric model with interdependent values and affiliated signals–

encompassing both the common value and private values models–was in-
troduced by Milgrom and Weber (1982). This paper, now a classic, gen-
eralized all known equilibrium characterizations to date for the first-price,
second-price, and English auctions and derived the general revenue rank-
ings among the three formats. The main results of this chapter are almost
entirely based on this paper.
Avery (1998) has studied an alternative model of the English auction in

which bidders can call out prices. The equilibrium described in Proposition
6.2 survives in such a model, but there are other equilibria that involve
“jump bidding,” in which bidders sometime raise the price by a discrete
amount. Avery (1998) shows, however, that the revenue to the seller in
such equilibria cannot exceed the revenue from the equilibrium derived in
Proposition 6.2.
Example 6.1 belongs to a special class of situations, studied by Harstad

and Levin (1985), in which the equilibrium strategy in a second-price auc-
tion can be obtained by means of iterative elimination of weakly dominated
strategies.



7
The Revenue Ranking (“Linkage”)
Principle

In the previous chapter we compared the three common auction formats by
directly computing the expected revenues in the respective symmetric equi-
libria. In particular, we showed that the revenue in a second-price auction
exceeded that in its first-price counterpart. Just as the revenue equivalence
principle isolates the reasons underlying the equality of revenues between
the second- and first-price auctions, the main result of this chapter, the
linkage principle, isolates the reasons underlying the revenue rankings of
the previous chapter.

7.1 The Main Result

As in the derivation of the revenue equivalence principle, it is convenient to
abstract away from the specific rules of a particular format and concentrate
on its essential mechanics. Consider the symmetric setting of the previous
chapter. Suppose A is a standard auction in which the highest bid wins
the object and that it has a symmetric equilibrium, βA. Consider bidder
1, say, and suppose that all other bidders follow the symmetric equilibrium
strategy. Let WA(z, x) denote the expected price paid by bidder 1 if he is
the winning bidder when he receives a signal x but bids as if his signal were
z (that is, he bids βA(z)).
In a first-price auction, the winning bidder pays exactly what he bid, so

W I(z, x) = β I(z)
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where β I is the symmetric equilibrium strategy in the auction. In a second-
price sealed-bid auction, however, the winning bidder pays the second-
highest bid. From his perspective, the amount he will have to pay is uncer-
tain, so the expected payment upon winning is

W II(z, x) = E[β II(Y1) | X1 = x, Y1 < z]
where β II is the symmetric equilibrium strategy in the second-price auction.
Let WA

2 (z, x) denote the partial derivative of the function W
A (·, ·) with

respect to its second argument, evaluated at the point (z, x). The following
result is called the revenue ranking or linkage principle.

Proposition 7.1 Let A and B be two auctions in which the highest bidder
wins and only he pays a positive amount. Suppose that each has a symmetric
and increasing equilibrium such that (i) for all x, WA

2 (x, x) ≥ WB
2 (x, x);

(ii) WA (0, 0) = 0 =WB (0, 0) . Then the expected revenue in A is at least
as large as the expected revenue in B.

Proof. Consider auction A and suppose that all bidders j 6= 1 follow
the symmetric equilibrium strategy βA. The probability that bidder 1 with
signal x who bids βA(z) will win is just G(z | x) ≡ Prob [Y1 < z | X1 = x] .
Thus, each bidder in auction A maximizesZ z

0

v (x, y) g (y | x) dy −G(z | x)WA(z, x)

In equilibrium it is optimal to choose z = x, so the relevant first-order
condition is

g (x | x) v (x, x)− g (x | x)WA(x, x)−G(x | x)WA
1 (x, x) = 0

where WA
1 denotes the partial derivative of WA with respect to its first

argument. This can be rearranged so that

WA
1 (x, x) =

g (x | x)
G(x | x)v (x, x)−

g (x | x)
G(x | x)W

A(x, x)

Similarly,

WB
1 (x, x) =

g (x | x)
G(x | x)v (x, x)−

g (x | x)
G(x | x)W

B(x, x)

and hence

WA
1 (x, x)−WB

1 (x, x) = −
g (x | x)
G(x | x) [W

A(x, x)−WB(x, x)] (7.1)

Now define
∆(x) =WA(x, x)−WB(x, x)
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so that

∆0(x) = [WA
1 (x, x)−WB

1 (x, x)] + [W
A
2 (x, x)−WB

2 (x, x)] (7.2)

Using (7.1) in (7.2) yields

∆0(x) = − g (x | x)
G(x | x)∆(x) + [W

A
2 (x, x)−WB

2 (x, x)] (7.3)

By hypothesis, the second term in (7.3) is nonnegative. Thus, if∆(x) ≤ 0,
then∆0(x) ≥ 0. Furthermore, by assumption∆(0) = 0. Thus, we must have
that for all x, ∆(x) ≥ 0.

Proposition 7.1 leads to a ranking of alternative auction forms by com-
paring the statistical linkages between a bidder’s own signal and the price
he would pay upon winning. The greater the linkage between a bidder’s own
information and how he perceives others will bid, the greater the expected
price paid upon winning.
As such, Proposition 7.1 does not make any assumptions regarding the

distribution of bidders’ signals–whether they are affiliated or not. It relies
only on the some properties of the maximization problem that bidders face.
In applying it, however, we will make use of the assumption that bidders’
signals are affiliated.

First-Price versus Second-Price Auctions

The revenue ranking principle sheds useful light on why the second-price
auction out-performs the first-price auction in terms of revenue (Proposi-
tion 6.4). This is because for the first-price auction,

W I(z, x) = β I(z)

where β I is the symmetric equilibrium strategy, so W I
2 (x, x) = 0 for all x.

For a second-price auction, on the other hand,

W II(z, x) = E[β II(Y1) | X1 = x, Y1 < z]

where β II is the symmetric equilibrium strategy in a second-price auction.
Since β II is increasing, affiliation now implies that for all x, W II

2 (x, x) ≥ 0.
Thus, from Proposition 7.1 we conclude that the revenue from the latter is
no less than that from the former.
If signals are independently distributed, then in any auction A sat-

isfying the preceding hypotheses, WA (z, x) does not depend on x. So
WA
2 (z, x) = 0 = WB

2 (z, x) for any two auctions A and B. In that case,
WA (x, x) = WB (x, x), so the revenues in the two auctions are the same.
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Proposition 7.1 thus implies the revenue equivalence principle in Propo-
sition 3.1. This argument also highlights the fact that the assumption of
private values is unimportant for revenue equivalence–as long as the bid-
ders’ signals are independently distributed, revenue equivalence obtains
even with interdependent values.

7.2 Public Information

In many instances the seller may have information that is potentially useful
to the bidders. What should the seller do with this information? Should
the seller keep it hidden or should she reveal it publicly? Should she be
strategic, revealing the information only when it is favorable?
To address these and related questions, the symmetric model considered

in Chapter 6 needs to be slightly amended. Specifically, let S be a random
variable that denotes the information available to the seller. This informa-
tion, if known, would affect the valuations of the bidders, so we now write
these as a function of the N + 1 signals

Vi = vi (S,X1,X2, . . . ,XN)

and we assume, as before, that vi (0) = 0. In the symmetric case, which is
our focus here, we write

vi (S,X) = u(S,Xi,X−i)

where u is, as before, a symmetric function of its last N−1 arguments. The
variables S,X1,X2, . . . ,XN are assumed to be affiliated and distributed
according to a joint density function f , which is a symmetric function of
its last N arguments, the bidders’ signals.
When public information is not available, the bidders do not know the

realization of S before bidding, so we can, as before, define

v (x, y) = E [V1 | X1 = x, Y1 = y] (7.4)

where now the unknown public information S has also been integrated out.
Now suppose that the seller reveals the information in a nonstrategic

manner–it is made public in all circumstances. As a result, the bidders
know the realization of S before bidding and we define in an analogous
manner bv (s, x, y) = E [V1 | S = s,X1 = x, Y1 = y] (7.5)

to be the expectation of the value to bidder 1 when the public signal is s,
the signal the bidder receives is x and the highest signal among the other
bidders is y. Because of symmetry, this function is the same for all bidders,
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and because of affiliation, bv is an increasing function of its arguments.
Moreover, bv (0, 0, 0) = 0. With publicly available information, the functionbv will play the same role as that played by v in the previous chapter. Clearly,

v (x, y) = E [bv (S,X1, Y1) | X1 = x, Y1 = y] (7.6)

What effect does a policy of revealing information in all circumstances
have on the seller’s expected revenue? We begin by looking at first-price
auctions.

Public Information in a First-Price Auction

To derive the effects of public information it is useful to think of the two
situations–with and without the information–as two different “auctions.”
Then we can use the machinery of Proposition 7.1 to compare the two.
When public information is available, a bidder’s strategy is a function of

both the public information S and his own signal Xi. Temporarily, suppose
that there exists a symmetric equilibrium strategy of the form bβ (S,Xi),
which is increasing in both variables. The expected payment of a winning
bidder when he receives a signal x but bids as if his signal were z (that is,

for all S = s, he bids bβ(s, z)) is
cW I (z, x) = E

hbβ (S, z) | X1 = xi
so that cW I

2 (z, x) ≥ 0, because S and X1 are affiliated.
When public information is not available, then, as before, we have that

if β ≡ β I is the equilibrium strategy in a first-price auction,

W I (z, x) = β(z)

so that W I
2 (z, x) = 0.

Thus, cW I
2 (z, x) ≥W I

2 (z, x)

We can now apply the linkage principle: Proposition 7.1 implies that the
expected revenue in a first-price auction is higher when public information
is made available than when it is not.
In arguing that publicly available information enhances the revenue from

a first-price auction, we temporarily supposed that there exists a symmetric
and increasing equilibrium in the case when public information is made
available. This may be verified in a manner analogous to Proposition 6.3.
By mimicking the arguments there, it can be shown that the strategy

bβ I(s, x) = Z x

0

bv (s, y, y) dbL (y | s, x)
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where bL (y | s, x) = expµ−Z x

y

g (t | s, t)
G(t | s, t) dt

¶
constitutes an equilibrium of the first-price auction with publicly available
information.

Public Information in Second-Price and English Auctions

The release of public information also raises revenues in both second-price
and English auctions. The arguments are almost the same as in Proposition
6.4, so are omitted.

7.3 An Alternative Linkage Principle

Proposition 7.1 applies to auctions in which only the winner pays a positive
amount; it does not apply, for instance, to all-pay auctions. A similar result
that does apply to such situations is available.
Let MA (z, x) be the expected payment by a bidder with signal x who

bids as if his or her signal were z in an auction mechanism A. The advantage
of this specification is that we do not assume that only the winner pays a
positive amount.
For instance, for an all-pay auction, MAP(z, x) = βAP(z), where βAP is

a symmetric and increasing equilibrium strategy if one exists. For auctions
in which only the winner pays, MA (z, x) = FY1 (z | x)WA (z, x). So in a
first-price auction, M I (z, x) = FY1 (z | x)β I(z) .
The following is an alternative version of the linkage principle. While it

reaches the same conclusion as does Proposition 7.1, its hypotheses con-
cern the relative responsiveness of the unconditional expected payment,
MA (z, x), to a change in a bidder’s own signal rather than the relative
responsiveness of the expected payment conditional on winning, WA (z, x),
to the same change.

Proposition 7.2 Let A and B be two auctions in which the highest bidder
wins. Suppose that each has a symmetric and increasing equilibrium such
that (i) for all x, MA

2 (x, x) ≥ MB
2 (x, x); (ii) M

A (0, 0) = 0 = MB (0, 0) .
Then the expected revenue in A is at least as large as the expected revenue
in B.

Proof. The expected payoff of a bidder with signal x who bids βA (z) isZ z

−∞
v (x, y) g (y | x) dy −MA (z, x)
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In equilibrium, it is optimal to choose z = x and the resulting first-order
conditions imply that

MA
1 (x, x) = v (x, x) g (x | x) (7.7)

Now writing ∆ (x) = MA (x, x) −MB (x, x) and using (7.7) we deduce
that

∆0 (x) =MA
2 (x, x)−MB

2 (x, x) ≥ 0
by assumption. Since ∆ (0) = 0, for all x, ∆ (x) ≥ 0.

Ranking All-Pay Auctions

To see how Proposition 7.2 can be used to rank other auction forms, con-
sider an all-pay auction in an environment with interdependent values and
affiliated signals.
First, as noted earlier, in a first-price auction,

M I(z, x) = G(z | x) β I(z)

so

M I
2 (z, x) =

∂

∂x

h
G(z | x)β I(z)

i
< 0

since affiliation implies that G(z | ·) is decreasing.
Suppose that there is a symmetric, increasing equilibrium in the all-pay

auction, say βAP. Then, by definition,

MAP(z, x) = βAP(z)

so that

MAP
2 (z, x) =

∂

∂x
βAP(z) = 0

Since,MAP
2 (x, x) >M I

2 (x, x), an application of Proposition 7.2 implies that
the expected revenue from an all-pay auction, provided it has an increasing
equilibrium, is greater than that from a first-price auction.
It can be argued that, provided that the function v(·, y)g(y | ·) is in-

creasing, the following is a symmetric increasing equilibrium of the all-pay
auction:

βAP(x) =

Z x

0

v(y, y)g (y | y) dy
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Chapter Notes

The revenue ranking (or linkage) principle, Proposition 7.1, was first set
forth and used by Milgrom and Weber (1982). The results on public infor-
mation are also from this paper.
The alternative form of the linkage principle, Proposition 7.2, and its ap-

plication to ranking the all-pay auction relative to the first-price auction is
due to Krishna and Morgan (1997). This paper also derives some sufficient
conditions for the existence of a symmetric, increasing equilibrium in the
all-pay auction. Amann and Leininger (1995) also compare the revenues
from all-pay auctions to those from a first-price auction.
Biologists have studied the war of attrition, in which two players engage

in a struggle during which both expend resources. The game ends when one
of the players gives up so that the winning player expends the same amount
as the losing player. This is essentially a second-price all-pay auction, and
it can be shown that if it has a symmetric, increasing equilibrium, then it
is revenue superior to the ordinary second-price auction (see Krishna and
Morgan, 1997).
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Asymmetries and Other Complications

The symmetric model with interdependent values and affiliated signals pro-
vides many important insights into the functioning of different auction in-
stitutions. First, the three common formats–the first-price, second-price,
and English auctions–can be unambiguously ranked in terms of revenue.
Second, the release of public information in any of the three formats erodes
the exclusivity of bidders’ information, dissipating informational rents and
leading to higher revenues. When bidders are ex ante symmetric, both
categories of results hold regardless of the specific valuation function that
bidders have and the specific distribution of their signals. The theory is
both powerful and elegant.
This chapter strikes a discordant note. Much of the theory developed in

the symmetric case is fragile and does not extend to situations in which
bidders are asymmetric.

8.1 Failures of the Linkage Principle

Revenue Rankings Do Not Extend

We have already seen that the fact that in a symmetric model the second-
price auction out-performs the first-price auction in terms of revenue does
not extend to the case of asymmetric bidders. In Example 4.3, the expected
revenue in a first-price auction exceeded that in a second-price auction. We
now demonstrate, by means of another example, that the other revenue
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ranking result from the symmetric model–showing that the English auc-
tion out-performs the second-price auction–also does not extend to the
case of asymmetric bidders. Since the two auctions are strategically equiv-
alent when there are only two bidders, such an example must involve at
least three bidders.

Example 8.1 With asymmetric bidders, the expected revenue in a second-
price auction may exceed that in an English auction.

Suppose that there are three bidders. Bidders 1 and 2 attach a common
value to the object, whereas bidder 3 has private values. Specifically,

v1 (x1, x2, x3) = 1
2x1 +

1
2x2

v2 (x1, x2, x3) = 1
2x1 +

1
2x2

v3 (x1, x2, x3) = x3

Further, suppose that X1, X2, and X3 are independently and uniformly
distributed on [0, 1].

Equilibrium and Revenues in a Second-Price Auction

Since she has private values, it is a weakly dominant strategy for bidder 3
to bid her value. Let β denote the bidding strategy for bidders 1 and 2 (by
symmetry we can suppose that they use the same strategy) and suppose
that β is increasing and continuous. Armed with some foreknowledge, let
us suppose that for i = 1, 2, β (xi) = kxi where k > 0 is a constant. Given
that bidder 2 bids according to β (x2) = kx2 and bidder 3 bids her value x3,
the price that bidder 1 pays upon winning is max {kX2,X3}. The expected
payoff of bidder 1 when his signal is x1 and he bids b is

Π1 (b, x1) =

Z b/k

0

"Z kx2

0

µ
x1 + x2
2

− kx2
¶
dx3

+

Z b

kx2

µ
x1 + x2
2

− x3
¶
dx3

#
dx2

where the first integral in the square brackets comes from the event β (X2) >
X3 and the second from the event β (X2) < X3. It may be verified that

Π1 (b, x1) =
1

12k2
¡
6x1b

2k + 3b3 − 8b3k¢
Maximizing this with respect to b shows that if bidder 2 follows the strategy
β (x2) = kx2, it is also optimal for bidder 1 to follow a linear strategy. Since
bidders 1 and 2 follow the same strategy, setting b = kx1 at the optimum
yields the solution that k = 7/8.
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Thus, it is an equilibrium for both bidders 1 and 2 to bid k times their
values and for bidder 3 to bid her value. The price is then the second highest
of kX1, kX2,X3, and its distribution is easily computed to be as follows:
for any p ≤ k,

LII(p) ≡ Prob £RII ≤ p¤ = p2 + 2kp2 − 2p3
k2

Thus,

E
£
RII
¤
=

Z k

0

p dLII(p) =
175

384

Equilibrium and Revenues in an English Auction

Once again, since she has private values, it is a weakly dominant strategy
for bidder 3 to drop out at her value regardless of the history and who else
is active. Moreover, bidder 3’s signal affects neither bidder 1’s value nor
bidder 2’s value. The following strategies constitute an ex post equilibrium:

{1, 2, 3} {1, 2} {1, 3} {2, 3}
1 x1 x1

1
2x1 +

1
2x2 -

2 x2 x2 - 1
2x1 +

1
2x2

3 x3 - x3 x3

The table indicates the price at which each bidder should drop out given the
set of active bidders and the previous history of exits. Thus, for instance,
bidder 1 should drop out at a price p = x1 if the set of active bidders is
{1, 2, 3}; at p = x1 if the set of active bidders is {1, 2}; and at p = 1

2x1+
1
2x2

if the set of active bidders is {1, 3} and bidder 2 dropped out at a price
p2 = x2, so that his equilibrium strategy revealed his signal to bidders 1
and 3. This equilibrium is also completely analogous to the equilibrium of
the English auction in the symmetric setting of the previous chapter. It is
an ex post equilibrium and, given any history, each bidder stays in until
the break-even price p such that if all other active bidders were to drop out
at p, the value of the object to i would be exactly p.
Figure 8.1 depicts the resulting equilibrium outcomes. Bidder 3’s signal

is held fixed at some X3 = x3 <
1
2 and in the different regions of (x1, x2)

space, both the winner’s identity–the circled numbers–and the price he
or she pays is indicated. Thus, for instance, in the right-hand quadrilateral
region, bidder 1 is a winner. When x2 > x3–above the dotted line–the
price is x2 and when x2 < x3–below the dotted line–the price is x3. A
similar figure can be drawn for the case where X3 = x3 ≥ 1

2 .
To compute the expected revenue in the English auction, it is convenient

to derive the expected payments of each bidder separately and then find
the expected revenue as the sum of these payments. Bidder 1’s expected
payment is computed as follows. Bidder 1 wins if and only if (i) he is not the



114 8. Asymmetries and Other Complications

-

6

0

@
@
@
@
@
@
@
@
@

¡
¡
¡
¡
¡
¡
¡
¡

............. ................

...

..

...

..

...

...

..

...

..

x3 1

x3

1

x1

x2

1
2x1 +

1
2x2

x3

x3

x2

x1

i1
i2

i3

FIGURE 8.1. Equilibrium Outcomes for the English Auction in Example 8.1

first to drop out when all the bidders are active–that is, x1 > min {x2, x3}
and (ii) if x2 > x3, so that bidder 3 drops out first, then x1 > x2 and the
price is x2; if x2 < x3, so that bidder 2 drops out first, then

1
2x1+

1
2x2 > x3

and the price is x3. Bidder 1’s expected payment is (see Figure 8.1)

m1 =

Z 1

0

Z x1

0

"Z x2

0

x2 dx3 +

Z 1
2x1+

1
2x2

x2

x3 dx3

#
dx2 dx1 =

11

96

By symmetry, bidder 2’s expected payment is the same. Bidder 3’s expected
payment can be computed in a similar fashion. Bidder 3 wins if and only
if x3 >

1
2x1 +

1
2x2, and in that case the price is

1
2x1 +

1
2x2. Calculations

similar to those above result in

m3 = 2

Z 1

0

·Z x3

0

Z x1

0

µ
1

2
x1 +

1

2
x2

¶
dx2 dx1

+

Z min{2x3,1}

x3

Z 2x3−x1

0

µ
1

2
x1 +

1

2
x2

¶
dx2 dx1

#
dx3

=
5

24

The total revenue in an English auction is, therefore,

E
£
REng

¤
= 2m1 +m3 =

7

16

It may be verified that

E
£
REng

¤
=
7

16
<
175

384
= E

£
RII
¤
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and so the expected revenue in a second-price auction is greater than that
in an English auction. N

Public Information May Decrease Revenue

We saw in the previous chapter that in the symmetric model the release
of public information raised the expected revenue of the seller. This is
no longer the case once bidders’ valuations are asymmetric. Consider the
following simple example.

Example 8.2 With asymmetric bidders, the release of public information
in a second-price auction may cause revenues to decrease.

Suppose there are two bidders who receive private signals X1 and X2,
respectively. The value of the object to them depends on these signals
and also a public signal S. The signals X1,X2, and S are uniformly and
independently distributed on [0, 1]. The valuations are as follows:

v1 (x1, x2, s) = x1 + α (x2 + s)

v2 (x1, x2, s) = x2

where 0 < α < 2
3 .

Suppose that the object is sold using a second-price auction. When S is
not disclosed, it is an equilibrium for the two bidders to follow the strategies:

β1 (x1) = min

½
1

1− α
x1 +

α

1− α
E [S] , 1

¾
β2 (x2) = x2

To verify that these constitute an equilibrium, note that β1 (x1) > β2 (x2) if
and only if E[v1 (x1, x2, S)] > β2 (x2) . This implies that regardless of
whether he wins or loses, bidder 1 does not regret his bid ex post. Likewise,
β2 (x2) > β1 (x1) if and only if E[v2 (x1, x2, S)] > β1 (x1), so regardless of
whether she wins or loses, bidder 2 does not regret her bid ex post. The
equilibrium price is

RII = min

½
1

1− α
X1 +

α

1− α
E [S] ,X2

¾
When S is publicly disclosed, both bidders can condition their bids on

this information, and now it is an equilibrium for the two bidders to follow
the strategies:

bβ1 (x1, s) = min

½
1

1− α
x1 +

α

1− α
s, 1

¾
bβ2 (x2, s) = x2
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It may be verified that these also constitute an equilibrium, much along
the same lines as noted earlier. The equilibrium price when S is publicly
disclosed is bRII = min½ 1

1− α
X1 +

α

1− α
S,X2

¾
Now notice that

E
h bRII | X1 = x1,X2 = x2i = E

·
min

½
1

1− α
x1 +

α

1− α
S, x2

¾¸
< min

½
1

1− α
x1 +

α

1− α
E [S] , x2

¾
= E

£
RII | X1 = x1,X2 = x2

¤
since min {·, ·} is a concave function. Thus, the expected revenue when
information is publicly released is lower than when it is not. N

8.2 Asymmetric Equilibria in Symmetric
Second-Price Auctions

With private values, it is a weakly dominant strategy to bid one’s value in
a second-price auction (in an English auction, it is a dominant strategy to
drop out when the price reaches the value). With interdependent values,
however, bidders typically do not have dominant strategies in either auction
format. In the previous chapter, we derived symmetric equilibria of both
auctions and compared the resulting revenues. But even with symmetric
bidders, the second-price and English auctions may have other, asymmetric,
equilibria. Some of these are not without interest.
Consider a situation with only two bidders; in that case, the second-

price and English auctions are, of course, equivalent. For the purposes of
the examples, it is convenient to denote the signals of the two bidders by
X and Y , respectively. It is also convenient to denote by v1 (x, y) the value
of the object to bidder 1 and by v2 (x, y) the value to bidder 2. In the
symmetric model, for any two possible signals z0 and z00, it is the case that
v1 (z

0, z00) = v2 (z00, z0). How the signals are distributed does not affect any
of what follows.
The situation is symmetric, and in a second-price auction the symmet-

ric equilibrium, as derived in the previous chapter, is β II(x) = v (x, x) ≡
v1 (x, x).
The simplest kind of asymmetric equilibrium is one in which, regardless

of his signal, bidder 1, say, never drops out and confronted with this, the
other bidder can do no better than to drop out immediately. Specifically,
suppose that bidder 1 follows the strategy β1 (x) = 1, for all x, and bidder 2
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follows the strategy β2 (y) = 0, for all y. This equilibrium, however, involves
the use of dominated strategies. In particular, any strategy that calls on
bidder 1 with signal x < 1 to drop out at a price higher than v1 (x, 1) is
dominated.

Example 8.3 With symmetric pure common values, the second-price auc-
tion has asymmetric equilibria that are undominated.

The situation is one of pure common values if for all possible realizations
of the signals X and Y , the value of the object to the two bidders is the
same–that is, v1 (x, y) = v2 (x, y) ≡ u(x, y), say. One variety of asymmetric
equilibria may be constructed as follows.
Let ϕ : [0,ω] → [0,ω] be an increasing function that is onto. Consider

the strategies

β1 (x) = u(x,ϕ (x))

β2 (y) = u
¡
ϕ−1 (y) , y

¢
We claim that (β1,β2) constitutes an equilibrium of the second-price auc-
tion. In fact, it is an ex post equilibrium. To see this, consider a par-
ticular realization of the signals (x, y) such that β1 (x) > β2 (y) so that
bidder 1 wins the auction and pays a price p2 = β2 (y). Now notice that
β1
¡
ϕ−1 (y)

¢
= β2 (y) , and since bidder 1 wins the auction, β1 (x) > β2 (y) =

β1
¡
ϕ−1 (y)

¢
. The equilibrium strategy β1 is increasing, so x > ϕ−1 (y). The

ex post value of the object is u(x, y) > u
¡
ϕ−1 (y) , y

¢
= β2 (y), the price

paid by bidder 1. Thus, bidder 1 makes a positive surplus by winning, and
since he cannot affect the price he pays, he cannot do better. A similar
argument shows that bidder 2 cannot do better by winning since in order
to do so he would have to out-bid bidder 1. The price he would have to
pay, β1 (x), is such that β1 (x) > u(x, y), so bidder 2 does not regret losing.
Since neither bidder can gain by deviating, we have argued that (β1,β2)
constitutes an ex post equilibrium.
Since ϕ was arbitrary, there is a continuum of such equilibria.
Finally, note that for all x, u(x, 0) < β1 (x) < u(x, 1) and for all y,

u(0, y) < β2 (y) < u(1, y). It can be verified that any strategies β1 and
β2 that are so bounded are undominated. Thus, none of the equilibria
constructed here involve the use of dominated strategies. N

Example 8.4 The second-price auction has asymmetric equilibria that are
undominated but are discontinuous and inefficient.

Consider a symmetric situation with two bidders whose signals are X
and Y , respectively, and whose values are v1 (x, y) and v2 (x, y) = v1 (y, x).
An equilibrium of the second-price auction in which the bidding strategies
are discontinuous may be constructed as follows.
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FIGURE 8.2. A Discontinuous Equilibrium in the Second-Price Auction

First, choose two points z0 and z00 such that 0 < z0 < z00 < 1. Next
consider the following strategies for the two bidders:

β1 (x) =

(
v2 (x, z

00) if x ∈ [z0, z00]
β II(x) otherwise

β2 (y) =

(
v1 (z

0, y) if y ∈ [z0, z00]
β II(y) otherwise

where β II(x) = v1 (x, x) is the symmetric equilibrium strategy from the
previous chapter. The strategies β1 and β2 are discontinuous and differ
from β II only in the interval [z0, z00]. Figure 8.2 depicts the strategies for
an example in which

v1 (x, y) = 2
3x+

1
3y

v2 (x, y) = 1
3x+

2
3y

Notice that since z0 < z00, β2 (z00) = v1 (z0, z00) < v2 (z0, z00) = β1 (z
0). Thus,

if both x, y ∈ [z0, z00] , then bidder 1 wins the auction.
To see that these strategies form an equilibrium, first suppose that nei-

ther x nor y lies in [z0, z00]. In that case, the bids are the same as in the
symmetric equilibrium β II(x), so neither bidder suffers from any ex post
regret. Second, suppose that both x and y are in [z0, z00]. In that case, bid-
der 1 wins the auction and pays β2 (y) = v1 (z

0, y) ≤ v1 (x, y), the ex post
value to bidder 1, so he does not regret winning. Moreover, in order to
win, bidder 2 would have to pay β1 (x) = v2 (x, z

00) ≥ v2 (x, y), the ex post
value to bidder 2, so bidder 2 does not regret losing. Third, suppose that
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x ∈ [z0, z00] and y < z0. In that case, bidder 1 wins the auction and pays
β II(y) < v1 (z0, y) ≤ v1 (x, y), so that he does not regret winning. To win,
bidder 2 would have to pay β1 (x) = v2 (x, z

00) > v2 (x, y), so that he does
not regret losing, either. The remaining cases are similar and this shows
that the strategies constitute an ex post equilibrium.
The asymmetric equilibrium is not efficient, however. If both x, y ∈

[z0, z00], then bidder 1 wins the auction when x < y, even though in that
case, it is efficient for bidder 2 to win.
Note that by choosing z0 and z00 close enough to each other, we can

ensure that v1 (x, 0) < β1 (x) < v1 (x, 1) and v2 (0, y) < β2 (y) < v2 (1, y).
This ensures that the equilibrium strategies are not dominated.
Since z0 and z00 were arbitrary, we have argued that the second-price

auction has a continuum of undominated ex post equilibria. N

8.3 Asymmetrically Informed Bidders

In this section we consider a different kind of asymmetry among the bidders
in the context of interdependent values. Specifically, we consider a situation
in which the bidders are asymmetrically informed.
As an extreme case, suppose that bidder 1 is perfectly informed of the

common value of the object and bidder 2 is completely uninformed. In
terms of the formulation of the previous chapter, the value of the object to
both bidders is the same: v1 (X1,X2) = X1 = v2 (X1,X2).
Suppose further that X1 and X2 are independently distributed. Thus,

bidder 2’s signal, X2, cannot provide any information about the value.
In what follows, let F denote the (marginal) distribution of X1 with

associated density f. We examine equilibrium bidding behavior in first-
price sealed-bid auctions.
Notice that in equilibrium it cannot be the case that the uninformed

bidder, bidder 2, employs a pure-strategy and always bids a certain amount
b, say. If that were the case, then the informed bidder, bidder 1, would bid
just over b whenever X1 > b and bid below b whenever X1 < b. In that
case, bidder 2 would win only if X1 < b and as a result always make a loss.
Thus, in equilibrium, bidder 2 must play a mixed or randomized strategy.

Proposition 8.1 Equilibrium strategies in a first-price sealed-bid auction
when bidder 1 is perfectly informed and bidder 2 is completely uninformed
are as follows. Bidder 1 bids according to the strategy

β(x) = E [X1 | X1 ≤ x] (8.1)

Bidder 2 chooses a bid at random from the interval [0, E [X1]] according to
the distribution H defined by

H(b) = Prob [β (X1) ≤ b] (8.2)



120 8. Asymmetries and Other Complications

Proof. Suppose bidder 2 uses the randomized strategyH. Clearly, bidder
1 will never choose a bid that exceeds E [X1] . If bidder 1 with signal x bids
an amount β(z) ≤ E [X1] , the probability that bidder 1 will win the auction
is just H(β(z)) and his expected profit is:

Π1 (z, x) = H(β(z))× (x− β(z))

= Prob [X1 ≤ z]× (x− β(z))

= F (z) (x− β(z))

Differentiating this with respect to z yields

∂Π1
∂z

= f(z) (x− β(z))− F (z)β(z)

= f(z)x− d

dz
(F (z)β(z)) (8.3)

Now notice that from (8.1), for all z ∈ [0,E [X1]] ,

F (z)β(z) =

Z z

0

tf(t) dt

and thus,
d

dz
(F (z)β(z)) = zf(z)

Substituting into (8.3) results in

∂Π1
∂z

= f(z) (x− z)

so that ∂Π1
∂z > 0 for all z < x and ∂Π1

∂z < 0 for all z > x. Thus, it is optimal
for bidder 1 to choose z = x or, in other words, to bid β(x).
Now consider bidder 2 and suppose that bidder 1 follows the strategy β.

Again, clearly bidder 2 will never choose b > E [X1] . If bidder 2 bids b and
wins, her expected profit is

E [X1 | β (X1) < b]− b = E
£
X1 | X1 < β−1(b)

¤− b
= β

¡
β−1(b)

¢− b
= 0

The profit if bidder 2 loses is, of course, 0 and thus bidder 2’s expected
profit from bidding any b ≤ E [X1] is exactly 0. Thus, we have shown that
bidder 2 is indifferent on the support of her mixed strategy. This establishes
that bidder 2’s strategy is also a best response.
Thus, we have shown that if bidder 1 follows β and bidder 2 randomizes

using the distribution H, then this constitutes an equilibrium.
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Some features of the equilibrium are worth noting. First, the equilibrium
bidding strategy of the informed bidder, β, is the same as the equilibrium
strategy in a symmetric two-bidder first-price auction with private values
independently distributed according to F (as in Proposition 2.2). Although
bidder 2 has no information regarding the value, his randomized strategy,
H, is such that the distribution of competing bids that bidder 1 faces is
the same as if she were confronting a bidder with private values that are
independently distributed, also according to F. Now bidder 1 has “private”
values since v1 (X1,X2) = X1, and because bidder 2’s behavior is “as if”
he were also in a private value auction, it is a best response for bidder 1 to
use β. Second, the expected profits of the uninformed bidder are exactly
zero.

8.4 Reserve Prices and Entry Fees

Reserve prices and entry fees serve to exclude buyers with low estimated
values. With symmetrically distributed independent private values, we saw
that it was always advantageous for the seller to set a positive reserve
price, a result called the exclusion principle (see Section 2.5 in Chapter 2).
We now show that the exclusion principle is no longer valid once values
are interdependent and bidders’ signals are affiliated. Indeed as the next
example demonstrates, the failure of the exclusion principle results neither
from the interdependence of values nor from any asymmetry among bidders,
but rather from the fact that bidders’ information is no longer statistically
independent. In the example, bidders have affiliated private values, which
are symmetrically distributed.

Example 8.5 The exclusion principle does not hold if bidders’ signals are
affiliated.

Suppose that there are two bidders with private values X1 andX2, which
are jointly distributed on [0, 1]

2 according to the density function

f(x1, x2) =

(
4
3x1x2

¡
x−31 − 1

¢
if x1 ≥ x2

4
3x1x2

¡
x−32 − 1

¢
if x1 < x2

It may be verified that X1 and X2 are affiliated. The marginal density of
X1 (or X2) is

f(x) = 2 (1− x)
Since there are only two bidders, Y1 = X2 and the distribution of Y1 con-
ditional on X1 = x is

G(y | x) =


y2(x2+x+1)
3x2 if x ≥ y

3y−y3x−2x
3y(1−x) if x < y
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Suppose that the object is sold using a second-price auction by a seller
who attaches a value of zero to the object. Further, suppose that the seller
sets a reserve price of r ≥ 0. Since values are private, it is a dominant
strategy for the bidders to bid their values. The expected payment of bidder
1 with a value x ≥ r is then

mII (x, r) = rG(r | x) +
Z x

r

yg (y | x) dy

=
¡
x2 + x+ 1

¢µr3 + 2x3
9x2

¶
The first term in the preceding expression comes from the event that Y1 < r
so that bidder 1 wins and pays the reserve price r. The second term comes
from the event that Y1 > r so that the reserve price does not bind. The ex
ante expected payment of a bidder when the reserve price is set at r is

E
£
mII (X1, r)

¤
=

Z 1

r

m(x, r) f(x) dx

=
2

15
− 1
3
r3 +

1

5
r5

and since for all r > 0,

d

dr
E
£
mII (X1, r)

¤
< 0

it is optimal to set a reserve price r∗ = 0. N

Why does the exclusion principle fail when values are positively affil-
iated? The underlying reasons are best seen in the context of a second-
price auction. A reserve price r affects revenue in two ways. If the high-

est value Y
(N)
1 < r, then no sale takes place and this leads to a loss of

revenue. On the other hand, if highest value Y
(N)
1 > r but the second-

highest value Y
(N)
2 < r, then there is a gain in revenue since the selling

price is now r instead of Y
(N)
2 . Thus, the benefits arise from the event

Y
(N)
2 < r < Y

(N)
1 and with independent private values, these benefits out-

weigh the losses from events in which no sale occurs. With affiliated values,

the event Y
(N)
2 < r < Y

(N)
1 is rarer than if values were independent. This

means that with sufficiently strong affiliation, as in Example 8.5, the ben-
efits of a reserve price no longer outweigh the potential losses from not
making a sale.
An entry fee excludes buyers as well, so a similar conclusion holds. But

entry fees also cause additional complications which are, from the theo-
retical perspective, more serious. Say that an equilibrium of a symmetric
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FIGURE 8.3. Support of Joint Distribution of Values in Example 8.6

auction is monotonic if (i) there is a threshold x∗ such that all buyers with
signals x > x∗ enter the auction, and (ii) every bidder uses an increasing
bidding strategy β upon entering. With independent private values, mono-
tone equilibria exist in all the common auction forms if a positive entry
fee is imposed. If signals are affiliated, however, this is no longer the case.
It may be that a buyer with signal x0 decides to enter the auction, but a
buyer with signal x00 > x0 decides to stay out. Once again, this is most
simply illustrated in an example with affiliated private values.

Example 8.6 When signals are affiliated, there may not exist a monotonic
equilibrium if a positive entry fee is imposed.

Suppose there are two bidders with private values X1 and X2. Suppose
that the joint distribution of values f is uniform with support [0, 1]

2∪[1, 2]2
(the shaded area in Figure 8.3). It is easy to verify that X1 and X2 are
affiliated. In particular, if bidder 1 has a value x1 ∈ [0, 1], then he knows
that x2 ∈ [0, 1] also. Similarly, if x1 ∈ [1, 2], then x2 ∈ [1, 2] also.
Consider a second-price auction in which the bidders are asked to pay a

small entry fee e. Once a buyer enters the auction, it is a dominant strategy
for him to bid his value. But consider buyer 1 with value x01 = 1− ε, where
ε > 0 is small. He knows that buyer 2’s value x2 ∈ [0, 1], so buyer 1 is
almost assured of winning. His expected payoff is positive–it is close to
0.5–and if e is small such a buyer will find it worthwhile to enter. Next
consider a buyer with value x001 = 1+ε, who then knows that x2 ∈ [1, 2] and
thus that he will almost surely lose. When ε is small, his expected payoff
is close to zero, so he will not be willing to pay the entry fee in order to
participate. Thus, a monotonic equilibrium does not exist. N
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We have seen that great caution is needed in drawing any general con-
clusions regarding asymmetric auctions. The examples presented in this
chapter demonstrate that none of the results along the revenue dimension
generalize from the symmetric to the asymmetric case. The same is not
true of results along the efficiency dimension. Some of these do generalize,
and in the next chapter we turn in this direction.

Chapter Notes

Example 8.2 which shows that the public release of information may de-
crease revenues is an adaptation of a multi-object example due to Perry and
Reny (1999). Milgrom (1981) pointed out the great multiplicity of equilibria
in second-price and English auctions with common values. The construction
in Example 8.3 originates there. Bikhchandani and Riley (1991) have also
pointed out the great multiplicity of equilibria in second-price and English
auctions. The example of a discontinuous ex post equilibrium, Example 8.4,
is due to Birulin (2001).
In a model introduced by Wilson (1967), Ortega Reichert (1968) studied

a common value model with two bidders, one of whom was informed about
the value while the other received only a noisy signal. He identified an
equilibrium of the resulting game as the implicit solution to a system of
differential equations. The treatment of asymmetrically informed bidders
in this chapter closely follows that of Engelbrecht-Wiggans et al. (1983).
Proposition 8.1 is from this paper.
The fact that the exclusion principle fails once values are affiliated was

pointed out by Levin and Smith (1996). Example 8.5 is adapted from their
paper. Levin and Smith (1996) go on to study how an increase in the
number of bidders affects the optimal reservation price in the general sym-
metric model with interdependent values and affiliated signals, finding that
an increase in numbers will typically lead to a decrease in the reservation
price.
Milgrom and Weber (1982) recognized that entry fees may lead to prob-

lems with the existence of monotonic equilibria and Example 8.6 occurs in
their paper. The underlying issues are explored in more detail by Lands-
berger and Tsirelson (2000), who show that with entry fees or other partic-
ipation costs, monotonic equilibria become increasingly unlikely once the
number of bidders is large.



9
Efficiency and the English Auction

The English auction is perhaps the most widely used auction format, and
indeed, it has many attractive features. First, from the perspective of the
bidders it is strategically simple–given the current price in the auction,
each bidder need only decide whether or not to drop out at that instant–
and this is important from a practical standpoint. The fact that the current
price can be observed means that bidders should stay in until the price is the
same as their estimate of the value, conditional on all available information.
Second, from the perspective of the seller, we saw in Chapter 6 that in
the symmetric model with interdependent values and affiliated signals, the
English auction out-performs both the first- and second-price auctions in
terms of revenue. Like other revenue results, however, this conclusion does
not extend to situations where bidders are asymmetric.
In this chapter we direct our attention away from the revenue question

and focus instead on efficiency properties of the English auction in situa-
tions where bidders may be asymmetric. With private values, of course, the
English auction–and, in that setting, the second-price auction as well–
always allocates efficiently. If every bidder adopts the equilibrium strategy
calling for him to drop out when the price reaches his privately known value,
the bidder with the highest value will win the object. With interdependent
values, however, the question of efficiency is more delicate. In this setting,
bidders cannot behave in the same manner as noted earlier–dropping out
when the price reaches the value–since they have only partial information
about their own values. At best, they can drop out when the price reaches
the estimated value. Efficiency requires that the person with the highest
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actual (realized) value obtain the object; and when each bidder is only
partly informed, this is a strong requirement.
We examine circumstances under which in the general model with inter-

dependent and possibly asymmetric values, the English auction, neverthe-
less, allocates efficiently. We retain all the assumptions made in Chapter
6. In particular, it is assumed that the valuations vi(x) are continuously
differentiable functions of all the signals and that vi (0) = 0. Furthermore,
we have assumed that for all i and j,

∂vi
∂xj
≥ 0

with a strict inequality when i = j. In this chapter, the joint distribution
of bidders’ signals, f , will play no further role since we will be concerned
with ex post equilibria and these depend only on the valuation functions vi.
Recall that in Chapter 6 the symmetric equilibrium of the English auction
was in fact an ex post equilibrium.
We should alert the reader that the proofs in this chapter are somewhat

involved, perhaps more so than elsewhere in the book. This is not surprising
given the nature of the problem–we are looking at situations that simul-
taneously involve both asymmetries and the interdependence of values. For
this reason, the technicalities have been collected in a separate section. The
reader would do well to understand the statement and content of the main
result before delving into its proof.
In Chapter 6 we also saw that even when bidders were symmetric, sym-

metric equilibria of the common auction forms, including the English auc-
tion, need not be efficient (Example 6.4 on page 100). They were efficient,
however, if the valuations satisfied a single crossing condition (Proposition
6.7 on page 101). The same condition, stated in a slightly more general
form, plays a key role in the asymmetric case.

9.1 The Single Crossing Condition

The single crossing condition embodies the notion that a bidder’s own
information has a greater influence on his own value than it does on some
other bidder’s value.
The valuations v satisfy the pairwise single crossing condition if for all

j and i 6= j,
∂vj
∂xj

(x) >
∂vi
∂xj

(x) (9.1)

at every x such that vi(x) = vj (x) = maxk∈N vk(x), so that the values of
i and j are equal and maximal.
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FIGURE 9.1. Single Crossing Condition

This is weaker than the condition introduced in Chapter 6 since the in-
equality in (9.1) is required to hold only at points x where the values vi and
vj are the same and maximal. The single crossing condition is depicted in
Figure 9.1. In the left-hand panel, the slope of vj with respect to xj is
greater than that of vi whenever they have the same value. The right-hand
panel depicts the iso-value or “indifference” curves of the two bidders, both
at the same level, p. Whenever they intersect, bidder j’s indifference curve
is steeper, so they can cross at most once.
It will be convenient to denote the partial derivative of bidder i’s valua-

tion with respect to bidder j’s signal by v0ij , that is,

v0ij (x) ≡
∂vi
∂xj

(x) (9.2)

In this notation, the inequality in (9.1) can be written as v0jj(x) > v
0
ij(x).

9.2 Two-Bidder Auctions

When there are only two bidders, the single crossing condition is sufficient
to guarantee the existence of an efficient equilibrium in an English auction.

Proposition 9.1 Suppose that the valuations v satisfy the single cross-
ing condition. Then there exists an ex post equilibrium of the two-bidder
English auction that is efficient.

First, suppose that there exist continuous and increasing functions φ1
and φ2 such that for all p ≤ mini φi (ωi), these solve the following pair of
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equations

v1 (φ1 (p) ,φ2 (p)) = p

v2 (φ1 (p) ,φ2 (p)) = p (9.3)

The inverses of φ1 and φ2 constitute an equilibrium of the two-bidder En-
glish auction. In other words, if we define βi : [0,ωi] → R+ by βi = φ−1i ,
then these form an equilibrium.
Indeed, suppose that there exists such a solution and, without loss of

generality, suppose that β1 (x1) = p1 > p2 = β2 (x2) . Then from (9.3)

v1 (φ1 (p2) ,φ2 (p2)) = p2

and since x1 = φ1 (p1) > φ1 (p2) and φ2 (p2) = x2,

v1 (x1, x2) > p2

because, by assumption, v011 > 0. This implies that the winning bidder
makes an ex post profit when he wins and since he cannot affect the price
he pays, he cannot do better.
It is also the case that

v2 (φ1 (p1) ,φ2 (p1)) = p1

and since φ2 (p1) > φ2 (p2) = x2 and φ1 (p1) = x1,

v2 (x1, x2) < p1

because v022 > 0. This implies that the losing bidder has no incentive to
raise his bid since if he were to do so and win the auction, it would be at
a price that is too high. Thus, if there is an increasing solution to (9.3),
there exists an ex post equilibrium.
The equilibrium constructed here is efficient because from (9.3)

v1 (φ1 (p2) ,φ2 (p2)) = v2 (φ1 (p2) ,φ2 (p2))

and again since x1 = φ1 (p1) > φ1 (p2) and φ2 (p2) = x2,

v1 (x1, x2) > v2 (x1, x2)

because v011 > v021 by the single crossing condition.
Note that (9.3) asks a bidder, say 1, to stay in until a price β1 (x1) such

that if bidder 2 were to drop out at β1 (x1), and his signal x2 = φ2 (β1 (x1))
were inferred, bidder 1 would just break even since

v1 (x1,φ2 (β1 (x1))) = β1 (x1)
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The equations (9.3) will thus be referred to as the break-even conditions.
In two-bidder auctions the single crossing condition guarantees that there

is a pair of continuous and increasing functions (φ1,φ2) satisfying the
break-even conditions (9.3) and, as argued above, in that case, (β1,β2) =¡
φ−11 ,φ

−1
2

¢
constitutes an efficient equilibrium. We omit a proof of the exis-

tence of such functions for the moment as this is implied by a more general
result to follow (Proposition 9.2).
Note that when there are only two bidders, the English auction is strate-

gically equivalent to the sealed-bid second-price auction. This is because
the only information available in the open format–that the other bidder
dropped out–comes too late to be of any use since it signals only that the
auction is over. The fact that the two auctions are equivalent means that
Proposition 9.1 applies to the second-price auction as well. This equiva-
lence does not hold, of course, once there are three or more bidders. Now
information that one of the bidders has dropped out can be used by the
remaining bidders to update their behavior in the remaining auction. But
is the English auction still efficient? The answer is no, as the following
example demonstrates: When there are three or more bidders, the single
crossing condition by itself is not sufficient to guarantee that the English
auction is efficient

Example 9.1 With three or more bidders, there may not exist an efficient
equilibrium of the English auction even if the single crossing condition is
satisfied.

Suppose that there are three bidders whose signals xi ∈ [0, 1] and whose
valuations are

v1 (x1, x2, x3) = x1 + 2x2x3 + α (x2 + x3)

v2 (x1, x2, x3) = 1
2x1 + x2

v3 (x1, x2, x3) = x3

where α < 1
18 is a parameter.

Let us verify that the single crossing condition is satisfied. First, consider
changes in x2. Now v1 = v2 implies that (v

0
22 − v012)x2 = (1− 2x3 − α)x2 =

1
2x1 + αx3. If either x1 > 0 or x3 > 0, then v

0
22 > v

0
12. On the other hand,

if both x1 = 0 and x3 = 0, then again v
0
22 = 1 > α = v012. Thus, whenever

v1 = v2, we have v022 > v012. Likewise, whenever v1 = v3, v033 > v013. All
other comparisons are straightforward.
Suppose, by way of contradiction, that there is an efficient equilibrium

in the English auction and let β denote the strategies when all bidders are
active. If x2 and x3 are both greater than

1
2 , then for all x1, v1 is greater

than both v2 and v3. Efficiency requires, therefore, that when all bidders
are active, bidder 1 is never the first to drop out.
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But now consider signals x1, x2 and x3 such that bidders 2 and 3 have the
same value and bidder 1 has a lower value (for example, let x1 =

1
8 , x2 =

1
4 ,

and x3 =
5
16). Clearly, β2 (x2) = β3 (x3) is impossible since then bidder 1

would win the object and that is inefficient. Suppose that β2 (x2) < β3 (x3) ,
so that bidder 2 drops out first. For small ε > 0, if bidder 1’s signal is x1+ε,
bidder 2 has the highest value and it is inefficient for her to drop out. On
the other hand, suppose β2 (x2) > β3 (x3) , so that bidder 3 drops out first.
Now if bidder 1’s signal is x1 − ε, bidder 3 has the highest value and it is
inefficient for him to drop out. This is a contradiction, so there cannot be
an efficient equilibrium. N

The single crossing condition is a bilateral condition–it is separately
applied to pairs of bidders–and, as we have seen, is not sufficient to guar-
antee that the English auction has an efficient equilibrium once there are
three or more bidders. We now introduce a multilateral extension of the
single crossing condition, called the average crossing condition, that links
the valuations of all the bidders more closely and guarantees the existence
of an efficient equilibrium in the English auction for any number of bidders.

9.3 The Average Crossing Condition

For any subset of bidders A ⊆ N , define

vA (x) =
1

#A
X
i∈A

vi (x)

to be the average of the values of the bidders in A when the signals are x.
The average crossing condition is just a single crossing condition between
a bidder’s value vi and the average value vA with respect to signals xj of
other bidders j ∈ A.
The valuations v are said to satisfy the average crossing condition if for

all A ⊆ N , for all i, j ∈ A, i 6= j,
∂vA
∂xj

(x) >
∂vi
∂xj

(x) (9.4)

at every x such that for all l ∈ A, vl(x) = maxk∈N vk(x), so that the values
of the bidders in A are maximal.
The average crossing condition requires that the influence of any bidder’s

signal on some other bidder’s value is smaller than its influence on the
average of all the bidders’ values (or equivalently, on the average of the
influences on other bidder’s values). Since all influences cannot be below
average, it must be that for all i, j ∈ A, i 6= j,

∂vj
∂xj

(x) >
∂vA
∂xj

(x) >
∂vi
∂xj

(x) (9.5)
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FIGURE 9.2. Average Crossing Condition

at every x such that for all l ∈ A, vl(x) = maxk∈N vk(x). Thus, the average
crossing condition implies the single crossing condition and is equivalent to
it when there are only two bidders.
The average crossing condition is depicted in Figure 9.2 in much the

same manner as the single crossing condition was depicted in Figure 9.1.
The figure represents the different values at a point x such that all the
values are equal to p. In that case, the average value is also p and the left-
hand panel depicts the inequalities in (9.5) directly. As in Figure 9.1, the
right-hand panel of Figure 9.2 shows the three iso-value curves and their
relative slopes in (xj , xi) space.

9.4 Three or More Bidders

The main result of this chapter is as follows:

Proposition 9.2 Suppose that the valuations v satisfy the average cross-
ing condition. Then there exists an ex post equilibrium of the English auc-
tion that is efficient.

Before proceeding with the proof of Proposition 9.2, it is worthwhile to
understand the nature of the average crossing condition.
First, as noted earlier, when there are only two bidders, the average cross-

ing condition is equivalent to the single crossing condition. How strong is
the average crossing condition relative to the single crossing condition when
there are three or more bidders? With three bidders, the two conditions
can be conveniently represented as in Figure 9.3. For j = 1, 2, 3, define
v0j = (v01j , v02j , v03j) to be the vector of influences of bidder j’s signal xj
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FIGURE 9.3. A Comparison of the Crossing Conditions

on all three bidders. Suppose further that these are rescaled so that they
lie in the unit simplex ∆ (the labels on the vertices, e1,e2 and e3, denote
the three unit vectors). The single crossing condition requires that each
v0j ∈ Sj = {t ∈ ∆ : ∀i 6= j, ti < tj , }. Because of the rescaling, the average
of the elements of v0j is just

1
3 and the average crossing condition requires

that each v0j ∈ Aj = {t ∈ ∆ : ∀i 6= j, ti < 1
3}.

Second, the average crossing condition is flexible enough to accommo-
date both pure private values–that is, for all i, vi(x) = ui (xi)–and, as
a limiting case, pure common values–that is, for all i, vi(x) = w(x).1

(In Figure 9.3, these correspond to the vertices and the center of the sim-
plex, respectively.) More generally, if the valuations are additively separa-
ble into a private value and a common value component–that is, for all i,
vi(x) = ui (xi) +w(x), where u

0
i > 0, then the average crossing conditions

is satisfied. To see this, note first that with separability, for all i, j ∈ A and
i 6= j,

∂vA
∂xj

(x) =
1

#Au
0
j (xj) +

∂w

∂xj
(x)

>
∂w

∂xj
(x)

=
∂vi
∂xj

(x)

The additively separable specification is commonly employed in empirical
work.

1Because of the strict inequality in its definition, the single crossing condition, and a
fortiori the average crossing condition, rules out the case of pure common values.
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9.5 Proof of Proposition 9.2

In an English auction, a strategy for bidder i determines the price at which
he would drop out given his private information and given the history of
who dropped out at what price. When there are only two bidders, this
strategy is simple since the dropping out of either bidder ends the auction.
In this case, a strategy of a bidder can depend only on his own signal–and
that is why with only two bidders, the English and sealed-bid second-price
auctions are equivalent.
If there are more than two bidders, however, the strategy of a bidder in

an English auction is more complicated. We saw in Chapter 6 that when
bidders are symmetric, the number of active bidders and the prices at which
the bidders who dropped out did so were important but their identities
were not. With asymmetric bidders, the identities of the bidders are also
important since the inference that bidder 1, say, would draw if bidder 2
dropped out at a price p may be very different from the inference he would
draw if instead, bidder 3 were to drop out at the same price p.
Formally, a bidding strategy for bidder i is a collection of functions

βAi : [0,ωi]×RN\A+ → R+

where i ∈ A ⊆ N and #A > 1. The function βAi determines the price
βAi (xi,pN\A) at which i will drop out when the set of active bidders,
including i, is A; his own signal is xi; and the bidders in N \ A have
dropped out at prices pN\A = (pj)j∈N\A. We will require that

βAi (xi,pN\A) > max {pj : j ∈ N \A}
Let β = ((βAi )i∈A)A⊆N be the collection of all bidders’ strategies. If there

is an equilibrium β such that the functions βAi are increasing in xi and
bidder i drops out at some price pi = βAi

¡
xi,pN\A

¢
, then all remaining

bidders j 6= i would deduce that Xi = xi. In that case, with a slight abuse
of notation, we will write

βAi (xi,xN\A) ≡ βAi (xi,pN\A)

Finally, let Γ(A,xN\A) denote the subauction in which the set of active
bidders is A ⊂ N and the signals of the bidders in the set N \A, who have
dropped out, are xN\A.
Proposition 9.2 is the consequence of the following three lemmas.

Lemma 9.1 Suppose that for all A ⊆ N and for all xN\A, there exist a
unique set of continuous and increasing functions φi : R+ → [0,ωi], i ∈ A
such that for all p ≤ mini∈A φ−1i (ωi), for all j ∈ A,

vj
¡
φA (p) ,xN\A

¢
= p (9.6)
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Define βAi : [0,ωi]×
Q
j∈N\A [0,ωj ]→ R+ by

βAi
¡
xi,xN\A

¢
= φ−1i (xi)

Then β is an ex post equilibrium of the English auction.2

Proof. Consider bidder 1, say, and suppose that all other bidders i 6= 1
are following the strategies βAi as specified above. Suppose that bidder 1
gets the signal x1 but deviates and decides to drop out at some price other
than βA1 (x1). It will be argued that no such deviation is profitable.
For purposes of exposition, the arguments that follow assume that it is

never the case that two bidders drop out simultaneously at the same price.
The arguments can be easily extended to account for simultaneous exits.
First, suppose that bidder 1 gets the signal x1 and wins the object by

following the strategy β1 as prescribed above. Bidder 1 cannot affect the
price he pays for the object. So the only way that a deviation could be
profitable is if winning leads to a loss for bidder 1 and the deviation causes
him to drop out. Suppose that he wins the object when the set of active
bidders is A = {1, 2} and bidder 2 drops out at price

p∗ = βA2 (x2)

Since the equilibrium strategies in every subauction are increasing, the
signals of the inactive bidders can be perfectly inferred from the prices at
which they dropped out. The break-even conditions (9.6) imply that

v1
¡
φ1 (p

∗) ,φ2 (p
∗) ,xN\A

¢
= p∗

By definition, φ2 (p
∗) = x2 and since βA1 (x1) > p∗, x1 > φ1 (p

∗) . Now since
v011 > 0, this implies that

v1 (x1,x−1) > p∗

showing that in equilibrium bidder 1 makes an ex post profit whenever he
wins with a bid of βA1 (x1) . Thus, any deviation that causes him to drop
out is not profitable.
Second, suppose that the strategy β1 calls on bidder 1 to drop out at some

price p∗1 but bidder 1 deviates and remains active longer than β
A
1 (x1) = p

∗
1

in some subauction Γ(A,xN\A). This makes a difference only if he stays
active until all other bidders have dropped out and he actually wins the
object. So suppose this is the case and suppose, without loss of generality,
that the bidders inA = {1, 2, . . . ,A} drop out in the order A, (A− 1) , . . . , 2

2To ease the notational burden, the dependence of φi on the set of active bidders, A,
and the signals of the bidders who have already dropped out, xN\A, has been suppressed.
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at prices pA ≤ pA−1 ≤ . . . ≤ p2, respectively, so that bidder 1 wins the
object at a price of p2. We will argue that such a deviation cannot be
profitable for him.
When bidder j + 1 ∈ A drops out at price pj+1, (9.6) implies that

v1
³
φj+11 (pj+1) ,φ

j+1
2 (pj+1) , . . . ,φ

j+1
j+1 (pj+1) , xj+2, . . . , xN

´
= pj+1 (9.7)

where φj+1i are the inverse bidding strategies being played when the set of
active bidders is {1, 2, . . . , j + 1}, and since bidder j+1 drops out at pj+1,
φj+1j+1 (pj+1) = xj+1. But the break-even conditions when the set of active
bidders is {1, 2, . . . , j} imply that

v1
³
φj1 (pj+1) ,φ

j
2 (pj+1) , . . . ,φ

j
j (pj+1) , xj+1, xj+2, . . . , xN

´
= pj+1

Thus, for all j < A and i = 1, 2, . . . , j,

φji (pj+1) = φj+1i (pj+1)

and since pj ≥ pj+1 this implies that for all j < A and i = 1, 2, . . . , j,

φji (pj) ≥ φj+1i (pj+1) (9.8)

Similarly, at the last stage, when bidder 2 drops out it must be that

v1
¡
φ21 (p2) , x2, x3, . . . , xN

¢
= p2

and now applying (9.8) repeatedly when i = 1 results in

φ21 (p2) ≥ φ31 (p3) ≥ . . . ≥ φA1 (pA)

But pA > p∗1, so φA1 (pA) > φA1 (p
∗
1) = x1. Thus, φ

2
1 (p2) > x1 and since

v011 > 0,
v1 (x1, x2, . . . , xN) < p2

and by staying in and winning the object at a price p2, bidder 1 makes a
loss. Thus, bidder 1 cannot benefit by remaining active longer than βA1 (x1).
Finally notice that none of these arguments would be affected if the

signals x were common knowledge. Thus, we have shown that β is an ex
post equilibrium.

Lemma 9.2 Suppose that the valuations v satisfy the average crossing
condition. Then for all A ⊆ N , for all xN\A, there exists a unique set of
differentiable and increasing functions φi : R+ → [0,ωi], i ∈ A such that
for all p ≤ minφ−1i (ωi) , for all j ∈ A,

vj
¡
φA (p) ,xN\A

¢
= p (9.9)
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Proof. First, consider A = N . Then the break-even conditions (9.9) may
be compactly written as

v (φ (p)) = pe (9.10)

where e ∈ RN is a vector of 1’s. Recall that v (0) = 0, so when p = 0, it is
possible to set φ (0) = 0.
Differentiating (9.10) with respect to p results in

Dv(φ (p))φ0 (p) = e

where Dv ≡ £v0ij¤ is the N ×N matrix of partial derivatives of v and

φ0 (p) ≡ ¡φ0i (p)¢Ni=1
A differentiable and increasing solution φ to (9.10) exists if and only if
there is an increasing solution to the system of differential equations

Dv(φ)φ0 = e

φ(0) = 0

The fundamental theorem of differential equations guarantees that there
exists a unique solution φ to this system for all p ≤ mini∈N φ−1i (ωi) and
Lemma E.1 in Appendix E ensures that φ0 (p)À 0.
The same argument can be applied in a subauction Γ(A,xN\A) once the

initial conditions are chosen with some care. As an example, consider the
subauction where one of the bidders, say N , with signal xN has dropped
out. Let A = N \ {N} and consider the subauction Γ(A, xN). From the
solution to the game Γ (N ) as above, this must have been at a price pN
such that φNN (pN) = xN . For all i ∈ A, let xi = φNi (pN) , where φ

N
i are

the inverse bidding strategies in Γ(N ). Then in the subauction Γ(A, xN),
a solution the system

DvA (φA)φ
0
A = e

φA (pN) = xA

determines the inverse bidding strategies. This has a solution and the av-
erage crossing condition guarantees that the matrix DvA (φA) satisfies the
conditions of Lemma E.1 in Appendix E, so φ0A À 0.
Proceeding recursively in this way results in strategies satisfying (9.10)

in all subauctions.

Lemmas 9.1 and 9.2 together imply that under the average crossing con-
dition there exists an ex post equilibrium satisfying the break-even condi-
tions (9.6). To complete the proof of Proposition 9.2, we now show that
the equilibrium is efficient.
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Lemma 9.3 Suppose that the valuations v satisfy the average crossing
condition and β is an equilibrium of the English auction such that βAi are
continuous and increasing functions whose inverses satisfy the break-even
conditions (9.6). Then β is efficient.

Proof. Consider the case when all bidders are active. To economize
on notation, let βNi ≡ βi and φi = β−1i . Suppose that the signals are
x1, x2, . . . , xN and that βi (xi) = pi. Without loss of generality, suppose
that p1 ≥ p2 ≥ . . . ≥ pN−1 > pN so that bidder N is the first to drop out.3

Now (9.6) implies that for all i,

vi (φ1 (pN) ,φ2 (pN) , . . . ,φN (pN)) = pN

that is, all the values at φ(pN) are the same. Thus, they all equal the
average value, so, in particular,

vN (φ1 (pN) ,φ2 (pN) , . . . ,φN (pN)) = v (φ1 (pN) ,φ2 (pN) , . . . ,φN (pN))

Since φN (pN) = xN and for all i 6= N, φi (pi) > φi (pN) , the average
crossing condition implies that

vN (x1, x2, . . . , xN) < v (x1, x2, . . . , xN)

Since the ex post value of bidder N is less than the average ex post value
of all the bidders, it must be that

vN (x1, x2, . . . , xN) < max
i
vi (x1, x2, . . . , xN)

Thus, the person who is the first to drop out does not have the highest
value.
The same argument can be made in every subauction Γ

¡A,xN\A¢, so
that at no stage does the bidder with the highest value drop out. Thus, the
equilibrium is efficient.

9.6 Miscellany

An equilibrium of the English auction is efficient if and only if at every
stage, the bidder who drops out is not the bidder with the highest value.
In a completely symmetric model, however, a stronger property holds: At
every stage, the bidder who drops out is the bidder with the lowest value
among those remaining. In other words, in a symmetric model, the bidder

3Again, in the interest of simplicity, it is assumed that multiple bidders do not drop
out at the same price.
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with the lowest value drops out first, followed by the bidder with second
lowest value, and so on. The same is true when values are separable into
private and common components. Bidders need not drop out according to
increasing values, however, when bidders are asymmetric and values are
interdependent. The English auction is remarkable in that it allocates effi-
ciently even when the bidders do not drop out in order. The average crossing
condition permits such interesting behavior to emerge in equilibrium.

Example 9.2 In an efficient equilibrium of the English auction, bidders
need not drop out in order of their ex post values.

Suppose that there are three bidders with valuations

v1 (x1, x2, x3) = x1 +
1
3x3

v2 (x1, x2, x3) = 1
3x1 + x2

v3 (x1, x2, x3) = 1
3x2 + x3

and all signals lie in [0, 1].
The average crossing condition is satisfied, so there exists an efficient

equilibrium satisfying the break-even conditions. When all bidders are ac-
tive, the equilibrium prescribes that bidders follow the strategy βNi (xi) =
4
3xi.
Suppose that (x1, x2, x3) =

¡
ε2, ε, 1− ε

¢
where ε < 1

2 . Then bidder 1 is
the first to drop out. But for small enough ε, v2 < v1 < v3. Thus, while
the equilibrium is efficient, bidders do not necessarily drop out in order of
increasing values. N

The average crossing condition guarantees that there is an equilibrium
satisfying the break-even conditions and this is efficient. Are there efficient
equilibria that do not satisfy the break-even conditions (9.6)? The answer
is yes, as the following example shows.

Example 9.3 There may be an efficient equilibrium of the English auction
that does not satisfy the break-even conditions.

Suppose that there are three bidders with valuations

v1 (x1, x2, x3) = x1 +
2
3x2 +

2
3x3

v2 (x1, x2, x3) = x2
v3 (x1, x2, x3) = x3

and all signals lie in [0, 1].
In this case, the average crossing condition is not satisfied. In fact, there

is no increasing solution (φ1,φ2,φ3) to the break-even conditions. But the
following constitutes an efficient equilibrium. Bidders 2 and 3 have private
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values and drop out when the price reaches their values regardless of the set
of active bidders. Bidder 1 adopts a “wait-and-see” strategy; if all bidders
are active, bidder 1 remains active no matter what his signal. Formally, his
strategy is: for all x1, β

N
1 (x1) = 1; and if bidder 3, say, drops out at a price

p3 and A = {1, 2}, then βA1 (x1, p3) = min {3x1 + 2p3, 1}. If bidder 2 drops
out, then an analogous strategy is followed.
This is an efficient equilibrium because if all bidders are active, then

between bidders 2 and 3, the one who drops out first has the lower value.
Once bidder 3, say, has dropped out, the winning bidder has the higher
value. N

Finally, we end with an example in which the second-price auction does
not have an efficient equilibrium, whereas the English auction does.

Example 9.4 With three or more bidders, the second-price auction may
not have an efficient equilibrium.

The valuations are the same as in Example 9.2, that is,

v1 (x1, x2, x3) = x1 +
1
3x3

v2 (x1, x2, x3) = 1
3x1 + x2

v3 (x1, x2, x3) = 1
3x2 + x3

and we make no specific assumptions regarding the distribution of signals.
Notice that the example does not satisfy the assumptions of the symmetric
model–bidder 2’s signal and bidder 3’s signal do not affect bidder 1’s value
in the same way.
Suppose, by way of contradiction, that the second-price auction has an

efficient equilibrium. Let x1 =
1
2 , x2 =

5
12 , and x3 =

1
4 . Then v1 = v2 > v3.

Fix x1 and x2. For small ε > 0, when x3 =
1
4+ε, v1 > v2 > v3 and bidder 1

should win. On the other hand, when x3 =
1
4 − ε, v2 > v1 > v3 and bidder

2 should win. But since 1 and 2’s signals are unchanged, in a second-price
auction, the same bidder wins in both cases. This is a contradiction.
This example satisfies the average crossing condition, so the English auc-

tion does have an efficient equilibrium. N

It should be noted that the results of this chapter are all of an ex post
nature–the equilibrium strategies depend only on the valuations vi and
not on the distribution of signals.4

4Of course, the functions vi may have been derived from a more primitive model as
in Chapter 6 and so may actually be expected values conditional on bidders’ signals. In
that case, the distribution matters only via its effect on the valuations.
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Chapter Notes

The efficiency properties of the English auction were first pointed out by
Maskin (1992). He showed that the single crossing condition was sufficient
to guarantee that with two bidders, the English auction had an efficient
equilibrium (Proposition 9.1). The weak form of the single crossing condi-
tion was introduced by Dasgupta and Maskin (2000).
Wilson (1998) derived efficient equilibria of asymmetric English auctions

in the case where each bidder’s valuation was separable into a purely pri-
vate and purely common component and all signals were log-normally dis-
tributed. This specification is particularly useful for empirical work.
The general case of three or more bidders was considered by Krishna

(2000). The average crossing condition and Proposition 9.2 originate there.
This paper also introduces an alternative condition, called cyclical crossing,
that is also sufficient for the English auction to have an efficient equilibrium.
The cyclical crossing condition requires that the influences of a particular
bidder’s signal on others’ values be cyclically ordered.
In an interesting paper, Izmalkov (2001) shows that the failure of the

English auction to achieve efficiency–for instance, in Example 9.1–stems
largely from the fact that in the standard model once a bidder drops out
he cannot reenter at a higher price. Izmalkov (2001) goes on to study an
alternative model of the English auction in which bidders can exit and
enter the auction at will and identifies conditions under which the English
auction with reentry has an efficient equilibrium. These conditions are quite
weak; in particular, they are weaker than the average crossing condition.
Moreover, whenever the standard model of an English auction (in which
dropping out is irrevocable) has an efficient equilibrium, so does the English
auction with reentry.



10
Mechanism Design with
Interdependent Values

In the preceding chapters we considered the relative performance of three
common formats–the first-price, second-price, and English auctions–in a
setting with interdependent values and affiliated signals. Here, as in Chap-
ter 5, we study abstract selling mechanisms with a view to comparing the
performance of the common auction forms to that of the “ideal” method
of selling a single object. Again our search is for both optimal and efficient
mechanisms, but in a more general informational setting. In this setting,
it is convenient to tackle the efficiency question first, so we begin by ascer-
taining circumstances under which an efficient mechanism exists. We then
look for optimal, or revenue maximizing, mechanisms.
As a preliminary observation, note that the revelation principle from

Chapter 5 applies equally well to the setting of interdependent values and
affiliated signals. Proposition 5.1 continues to hold in this general setting
without amendment: Given a mechanism and an equilibrium for that mech-
anism, there exists a direct mechanism in which (i) it is an equilibrium for
each buyer to report his signal truthfully, and (ii) the outcomes are the
same as in the original mechanism. A direct mechanism asks buyers to re-
port their private information–in this case, their signals–and replicates
the equilibrium outcomes of the original mechanism.
As before, denote by Xi the set of signals that buyer i can receive and

let X = ×jXj. Let ∆ denote the set of probability distributions over the
set of buyers N . The revelation principle allows us to restrict attention to
mechanisms of the form (Q,M) consisting of a pair of functionsQ : X →∆
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andM : X → RN , where Qi (x) is the probability that i will get the object
and Mi (x) is the payment that i is asked to make.

10.1 Efficient Mechanisms

With private values, the second-price auction allocates efficiently but as we
have seen, the question is more delicate once values are interdependent. In
particular, with interdependent values none of the common auction forms
is efficient in general. The previous chapter was devoted to deriving a suffi-
cient condition for the English auction to have an efficient equilibrium–the
average crossing condition–but question of whether there exists a mech-
anism that allocates efficiently even when this condition does not hold
remains to be explored.
Recall from the Chapter 9 that the valuations v are said to satisfy the

single crossing condition if for all j and i 6= j,
∂vj
∂xj

(x) >
∂vi
∂xj

(x)

at every x such that vi(x) and vj(x) are equal and maximal over all buyers.
We have already seen that the English auction need not allocate effi-

ciently if the single crossing condition is not satisfied. A simple example
illustrates that the single crossing condition cannot be dispensed with even
if we consider general, abstract mechanisms.

Example 10.1 If the single crossing condition does not hold, then there
may be no mechanism that allocates the object efficiently. Suppose

v1 (x1, x2) = x1

v2 (x1, x2) = (x1)
2

Suppose that buyer 1’s signalX1 lies in [0, 2]. Notice that buyer 2’s signal
does not affect the value of either buyer, so there is no loss in supposing that
it is a constant. The valuations do not satisfy the single crossing condition
since v1 (1, x2) = v2 (1, x2) but

∂v1
∂x1

(1, x2) <
∂v2
∂x1

(1, x2)

Clearly, v1 (x1, x2) > v2 (x1, x2) if and only if x1 < 1, so it is efficient to
allocate the object to buyer 1 when his signal is low and to buyer 2 when
it is high.
Suppose there is a mechanism that is efficient and has the payment rule

M1 : [0, 2]→ R for buyer 1. Since buyer 2 has no private information that
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is relevant, her signal is assumed to be a constant, so buyer 1’s payment
can only depend on his own reported signal.
Now if y1 < 1 < z1, then efficiency and incentive compatibility together

require that when his true signal is z1,

0−M1 (z1) ≥ z1 −M1 (y1)

and likewise, when his true signal is y1,

y1 −M1 (y1) ≥ 0−M1 (z1)

Together these imply that y1 ≥ z1, which is a contradiction. N

In general, suppose that there exists an efficient mechanism with an
ex post equilibrium. Then by a version of the revelation principle there
exists an efficient direct mechanism in which truth-telling is an ex post
equilibrium. We will now argue that the valuation functions must satisfy
the single crossing condition. Consider the signals of all buyers other than
i, x−i. If regardless of his signal xi, buyer i either always wins or always
loses, then the single crossing condition holds vacuously for xi. Otherwise,
we will say that buyer i is pivotal at x−i if there exist signals yi and zi such
that vi (yi,x−i) > maxj 6=i vj (yi,x−i) and vi (zi,x−i) < maxj 6=i vj (zi,x−i) .
In other words, when the others’ signals are x−i, i’s signal is crucial in
determining whether or not it is efficient for him to get the object. Incentive
compatibility requires that when his signal is yi, it is optimal for i to report
yi rather than zi, so that

vi (yi,x−i)−Mi (yi,x−i) ≥ −Mi (zi,x−i)

Likewise, when his signal is zi, it is optimal to report zi rather than yi, so
that

−Mi (zi,x−i) ≥ vi (zi,x−i)−Mi (yi,x−i)

Combining the two conditions results in

vi (yi,x−i) ≥Mi (yi,x−i)−Mi (zi,x−i) ≥ vi (zi,x−i)
so a necessary condition for incentive compatibility is

vi (yi,x−i) ≥ vi (zi,x−i) (10.1)

that is, buyer i’s value when he wins the object must be at least as high
as when he does not. Put another way, keeping others’ signals fixed, an
increase in buyer i’s value that results from a change in his own signal
cannot cause him to lose if he were winning earlier. Thus, ex post incentive
compatibility implies that the mechanism must be monotonic in values.
But by assumption buyer i’s value is an increasing function of his own
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signal, so we conclude that an increase in buyer i’s signal cannot cause him
to lose if he were winning earlier.
Efficiency now this requires that if i has the highest value, and he wins

the object, he should still have the highest value, and win the object, if his
signal increases. This in turn requires that at any xi such that vi (xi,x−i) =
vj (xi,x−i), we must have

∂vi
∂xi

(xi,x−i) >
∂vj
∂xi

(xi,x−i)

Thus, the single crossing condition is necessary for efficiency.
We now show that the single crossing condition is also sufficient to guar-

antee efficiency. If it is satisfied, then a generalization of the Vickrey-Clarke-
Groves (VCG) mechanism, introduced in Chapter 5, to the interdependent
values environment accomplishes the task.

The Generalized VCG Mechanism

Consider the following direct mechanism. Each buyer is asked to report
his or her signal. The object is then awarded efficiently relative to these
reports–it is awarded to the buyer whose value is the highest when eval-
uated at the reported signals. Formally,

Q∗i (x) =
½
1 if vi (x) > maxj 6=i vj (x)
0 if vi (x) < maxj 6=i vj (x)

(10.2)

and if more than one buyer has the highest value, the object is awarded to
each of these buyers with equal probability. The buyer who gets the object
pays an amount

M∗i (x) = vi (yi (x−i) ,x−i) (10.3)

where

yi (x−i) = inf
½
zi : vi (zi,x−i) ≥ max

j 6=i
vj (zi,x−i)

¾
is the smallest signal such that given the reports x−i of the other buyers, it
would still be efficient for buyer i to get the object. A buyer who does not
obtain the object does not pay anything. The workings of the mechanism
are illustrated in Figure 10.1, which depicts the values of buyers i and j
as functions of i’s signal (the reported signals of the others, x−i, are held
fixed). At the signal xi, buyer i has the highest value. In particular, it
exceeds that of buyer j. The signal yi (x−i) < xi is the smallest signal such
that his value is at least as large as that of another buyer, in this case,
buyer j and buyer i is asked to pay an amount p = vi (yi (x−i) ,x−i).
The generalized VCG mechanism adapts the workings of a second-price

auction with private values to the interdependent values setting. Notice
that if the buyer, say i, who obtains the object were asked to pay the
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FIGURE 10.1. The Generalized VCG Mechanism

second-highest value at the reported signals, say vj (xi,x−i), then he would
have the incentive to report a lower signal in order to lower the price paid.
The generalized VCG mechanism restores the incentive to tell the truth by
asking the winning buyer to pay vj (yi (x−i) ,x−i) instead of vj (xi,x−i).
The key point is that, as in a second-price auction with private values, the
reports of a buyer influence whether or not he obtains the object but do
not influence the price paid if indeed he does so.

Proposition 10.1 Suppose that the valuations v satisfy the single cross-
ing condition. Then truth-telling is an efficient ex post equilibrium of the
generalized VCG mechanism (Q∗,M∗).

Proof. Suppose that when all buyers report their signals truthfully, it is
efficient for buyer i to be awarded the object with positive probability. In
other words, buyer i’s value is the highest when evaluated at the reported
signals so that

vi (xi,x−i) ≥ max
j 6=i

vj (xi,x−i)

Buyer i pays an amount vi (yi (x−i) ,x−i) , which is no greater than the
true value of the object, so he makes a nonnegative surplus. If buyer i
reports a zi such that zi > yi (x−i), then by the single crossing condition,
vi (zi,x−i) > maxj 6=i vj (zi,x−i), so he would still obtain the object and pay
the same amount as if he had reported xi. Thus, reporting a zi > yi (x−i)
makes no difference to the outcome. On the other hand, if he reports a
zi ≤ yi (x−i), then again by the single crossing condition his surplus is
zero. Thus, no zi 6= xi can be a profitable deviation in the circumstances
that it is efficient for i to win the object.
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Now suppose that when all buyers report their signals truthfully, it is
efficient for a buyer other than i to win the object; that is

vi (xi,x−i) < max
j 6=i

vj (xi,x−i)

and so buyer i’s payoff is zero. This means that xi < yi (x−i) and for him
to win, the single crossing condition ensures that buyer i would have to
report a zi ≥ yi (x−i) > xi. In that case, he would pay an amount

M∗i (zi,x−i) = vi (yi (x−i) ,x−i) > vi (x)

and so this would not be profitable either.

In the case of private values, the generalized VCG mechanism reduces
to the ordinary second-price auction and in that case, of course, truth-
telling is a dominant strategy. Also, when there are only two buyers the
generalized VCG mechanism is the direct mechanism that corresponds to
the efficient equilibrium of the English auction identified in Proposition 9.1:
The allocations and payments in the two are the same.
Finally, note that when values are interdependent, the generalized VCG

mechanism is not “detail free” in the sense discussed in Chapter 5–it is not
an auction. The mechanism designer is assumed to have knowledge of the
valuation functions vi and the mechanism is then able to elicit information
regarding the signals xi that is privately held by the buyers. Moreover,
buyers with different valuation functions are treated differently so that the
mechanism is not anonymous.

10.2 Optimal Mechanisms

In the independent private values model considered in Chapter 5 we saw
that even in the optimal mechanism each buyer was able to appropriate
positive informational rents. Put another way, the incomplete nature of
the information available to the seller–his knowledge consisted only of the
underlying distributions and not the actual realized values–meant that he
was unable to extract all the surplus from the buyers. Actually, as we will
see in this section, the key feature is not that the values are private but
rather that they are independently distributed. This means that each buyer
has private information that is exclusive in a strong sense. Not only does no
one else know his value, but no one else knows anything that could provide
even statistical information about it. The informational rents accruing to
the buyers come solely from this strong exclusivity of information.
In this section we argue that if buyers’ information is correlated–and

so, statistically dependent–they are unable to garner any informational
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rents whatsoever. The surprising conclusion is that the slightest degree of
correlation in information among the buyers allows the seller extract all
the surplus.
This quite remarkable result is easiest to derive in a context in which each

buyer’s signal is a discrete random variable. This constitutes a departure
from the informational structure used until now–each buyer’s information
was in the form of a continuous random variable distributed over some
interval [0,ωi]–but simplifies the analysis greatly and makes the point
most clearly. Specifically, in this section we assume that each buyer’s signal
Xi is drawn at random from a finite set

Xi = {0,∆, 2∆, . . . , (ti − 1)∆}
with ti possible signals. All other features of the model remain unaltered,
in essence. Specifically, buyers’ values are determined by the joint signal via
the valuation functions vi : X → R+ satisfying vi (0) = 0. Other assump-
tions regarding the valuation functions are translated in a natural manner
into their discrete counterparts. We suppose that the vi are nondecreasing:
vi (xj +∆,x−j) ≥ vi (xj ,x−j) with a strict inequality if i = j. The discrete
version of the single crossing condition is as follows: for all i and j 6= i,
vi (xi,x−i) ≥ vj (xi,x−i)⇒ vi (xi +∆,x−i) ≥ vj (xi +∆,x−i) (10.4)

and if the former is a strict inequality, then so is the latter.

Full Surplus Extraction

In the preceding section we saw that, provided that the single crossing
condition was satisfied, truth-telling was an efficient ex post equilibrium
of the generalized VCG mechanism. Although we derived this result in a
context where signals were continuously distributed, the same is true when
they are discrete variables. Thus, as long as the (discrete) single crossing
condition (10.4) is satisfied, the generalized VCG mechanism is efficient in
the current context as well. Recall also that the efficiency properties of the
generalized VCG mechanism did not depend on the distribution of signals
but only on the valuation functions vi. The optimal, revenue maximiz-
ing, mechanism when values are interdependent and buyers’ information–
their signals–are statistically related is a modification of the generalized
VCG mechanism. It shares many important features with the generalized
VCG mechanism–it also allocates efficiently and truth-telling is an ex post
equilibrium. Unlike the generalized VCG mechanism, however, the optimal
mechanism depends critically on the distribution of signals. This last fea-
ture allows it to extract all the surplus from buyers so that their expected
payoffs are exactly zero. From the perspective of the seller, this is clearly
the best possible outcome as he is able to, in effect, act as a perfectly
price-discriminating monopolist.
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Let Π denote the joint probability distribution of buyers’ signals: Π(x)
is the probability that X = x. (This is just the discrete analog of the joint
density function, f , in the case of continuously distributed signals.)
Let Πi be a matrix with ti rows and ×j 6=itj columns whose elements are

the conditional probabilities π (x−i | xi). Each row of Πi corresponds to a
signal xi of buyer i, whereas each column corresponds to a vector of signals
x−i of the other buyers. The entry π (x−i | xi) then represents the beliefs
of buyer i regarding the signals of the other buyers conditional on his own
information. Hence, we will refer to Πi as the matrix of beliefs of buyer i. If
the signals are independent, buyer i’s own signal provides no information
about the signals of the other buyers. As a result, with independent signals
the rows of Πi are identical and hence Πi is of rank one. When signals are
correlated, i’s signal provides information about the signals of the others
and the rows of Πi are typically different.
The main result of this section is as follows:

Proposition 10.2 Suppose that signals are discrete and the valuations v
satisfy the single crossing condition. If for every i, the matrix of beliefs Πi
is of full rank, then there exists a mechanism in which truth-telling is an
efficient ex post equilibrium in which the expected payoff of every buyer is
exactly zero.

Proof. First, consider the generalized VCGmechanism (Q∗,M∗) defined
in (10.2) and (10.3). Define

U∗i (xi) =
X
x−i

π (x−i | xi) [Q∗i (x) vi (x)−M∗i (x)]

to be the expected payoff of buyer i with signal xi in the truth-telling
equilibrium of the generalized VCG mechanism. Let u∗i denote the ti sized
column vector (U∗i (xi))xi∈Xi .
Since the matrix Πi is of full row rank ti, there exists a column vector

ci=(ci (x−i))x−i∈X−i of size ×j 6=itj such that
Πici= u

∗
i

Equivalently, for all xi,X
x−i

π (x−i | xi) ci (x−i) = U∗i (xi)

Consider the Crémer-McLean (CM) mechanism
¡
Q∗,MC

¢
defined by

MC
i (x) =M

∗
i (x) + ci (x−i)

Now observe that truth-telling is also an ex post equilibrium of the CM
mechanism. This is because the allocation rule Q∗ is the same as in the
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generalized VCG mechanism and the payment rule MC
i for buyer i differs

from M∗i by an amount that does not depend on his own report. In this
equilibrium, the expected payoff of buyer i with signal xi is

UCi (xi) =
X
x−i

π (x−i | xi)
£
Q∗i (x) vi (x)−MC

i (x)
¤
= 0

by construction.

The previous result is quite remarkable in that it shows that with the
slightest degree of correlation among the signals, the seller can prevent
the buyers from sharing any of the surplus resulting from the sale. Some
remarks are in order.
First, if there are private values but these are correlated, then the pay-

ment in an optimal mechanism is a just the payment in a second-price
auction plus the terms ci (x−i). In that case, truth-telling is a dominant
strategy in the optimal auction as well.
Second, the optimal mechanism

¡
Q∗,MC

¢
has two separate components:

the generalized VCG mechanism and the additional payments determined
by the function ci. The latter constitute a “lottery” ci (X−i) that buyer i
faces and the outcomes of this lottery–the amounts he is asked to pay–are
determined by the reports of the other buyers. How buyer i evaluates this
lottery depends on his own signal since, given the statistical dependence
among signals, for different realizations ofXi the expected payment implicit
in the lottery is different. The lottery is, as it were, an entry fee that allows
buyer i to participate in the workings of the generalized VCG mechanism
and in expectation the buyer is just indifferent between entering and not.
Third, for some realizations of all the signals, a buyer’s payoffs may

be negative–he may end up paying something to the seller even if he
does not get the object–and so, unlike the common auction formats, the
mechanism is not ex post individually rational. Of course, by construction,
the mechanism is interim individually rational: For every realization of his
own signal, a buyer’s expected payoff is exactly zero.
Fourth, while the conditions of the result require only that the matrix of

beliefs be of full rank, when buyers’ signals are “almost independent,” the
lottery ci (X−i) may involve, with small probabilities, very large payments.
In this case, it becomes increasingly untenable to maintain the assump-
tion that buyers remain risk-neutral over the range of payoffs they may
encounter while participating in a mechanism.
Finally, we draw attention to the fact that while the results of the pre-

ceding section regarding efficient mechanisms did not depend on the dis-
tribution of signals–all the complications there arose solely from the in-
terdependence of values–the results of this section depend only on the
correlation between the signals of the buyers–they are unaffected by the
interdependence of the values.
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Chapter Notes

The possibility that the seller may be able to extract all the surplus when
signals are correlated was raised by Myerson (1981) in the context of an
example. The developments of this chapter are based, in large part, on
the subsequent work of Crémer and McLean (1985, 1988). The generalized
VCG mechanism and the single crossing condition were introduced there.
The second paper also provides a slightly weaker condition on the matrix
of beliefs Πi that ensures full surplus extraction. More recent work on the
generalized VCG mechanism is contained in Ausubel (2001).
In the context of a pure common value auction, McAfee et al. (1989)

relax the assumption that buyers’ signals are discrete. With continuously
distributed signals, almost all the surplus can be extracted: For any ε > 0,
there exists a mechanism such that no buyer’s surplus exceeds ε. They
also show that this is the best possible result in general–in an example, no
mechanism can leave the buyers with a surplus of exactly zero. McAfee and
Reny (1992) extend this result to other mechanism design settings. In par-
ticular, they show that with correlated signals and interdependent values,
efficient trade between a privately informed seller and a privately informed
buyer is possible. Thus, the impossibility of efficient bilateral trade, derived
in Chapter 5, does not hold once signals are correlated.



11
Bidding Rings

We have looked at an assortment of models with varying features: the auc-
tion format, the valuation structure, the informational structure, and so on.
The one common feature across all these models has been the assumption
that bidders make their decisions independently–that they do not act in a
concerted way. In other words, the bidders were assumed to be engaged in
a noncooperative game. This chapter explores some issues that arise when
a subset, or possibly all, of the bidders act collusively and engage in bid rig-
ging with a view to obtaining lower prices. The resulting arrangement–a
bidding ring–resembles an industrial cartel and many of the issues sur-
rounding cartels resurface in this context. How can the cartel enforce the
agreed upon mode of behavior? How are the gains from collusion to be
shared? How should economic agents on the other side of the market–in
this case, the seller–respond to the operation of the cartel?
While bidding rings are illegal, they appear to be widely prevalent. In-

vestigations of collusion in auctions constitute a significant component of
antitrust activity: over three-quarters of the criminal cases filed in the 1980s
under Section 1 of the Sherman Act–the section pertaining to trusts and
the illegal restraint of trade–concerned auction markets.
Theoretical models of collusion among bidders involve a mix of coopera-

tive and noncooperative game theory. Difficulties of both a conceptual and
technical nature arise, and in order to illustrate the underlying issues in
the simplest context, we return to the independent private values model.
Our setup is the same as in Chapter 5–specifically, we assume that

bidders’ values are private and independently distributed but allow bidders
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to be asymmetric. Specifically, suppose that each bidder’s value is a random
variable Xi which is distributed according to the cumulative distribution
function Fi over some common interval [0,ω]. The assumption of a common
interval is made only for notational convenience and is easily relaxed.
Even if bidders were ex ante symmetric, the presence of a ring would nat-

urally introduce asymmetries between bidders who are members of the ring
and those who are not. As we have seen, equilibrium behavior in asymmetric
first-price auctions does not lend itself to ready analysis. The equilibrium
behavior of bidders in asymmetric second-price auctions, with or without
a ring, is, however, quite transparent and allows us to focus our attention
on a new set of issues surrounding collusion among bidders.

11.1 Collusion in Second-Price Auctions

Let I ⊆ N be the set of bidders in the bidding ring or cartel. Without
loss of generality, we will suppose that I = {1, 2, . . . , I} and denote by
N \ I = {I + 1, I + 2, . . . ,N} the set of bidders outside the ring.
For any set of bidders S ⊆ N , let the random variable Y S1 denote the

highest of the values of the bidders in S.
It is in the interests of the bidding ring to make sure that the object

goes in the hands of the ring member who values it the most, provided,
of course, that it manages to win the object. In other words, in order to
maximize profits the bidding ring must allocate the object efficiently among
its members. But information regarding their values is privately held by the
members and in order to function effectively, a bidding ring needs to gather
this information and then to divide the gains from collusion amongst its
members. How, and whether, both tasks can be accomplished is a key
question. In what follows, however, we temporarily put aside the question
of the internal functioning of a ring–returning to it later–and, assuming
that it functions effectively, seek to identify the resulting gains and losses
to the various parties.

The Gains and Losses from Collusion

The presence of a ring in a second-price auction does not affect the behavior
of bidders who are not members of the ring. It is still a weakly dominant
strategy for a bidder j /∈ I to bid his or her value Xj . It is also weakly
dominant for the ring to submit a bid equal to the highest value among
its members–that is, Y I1 . Equivalently, we may think of the ring as being
represented at the auction by the member with the highest value in the
ring. The other members submit bids of 0, or if there is a reserve price,
they bid at or below this price.
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A bidding ring generates profits for its members, of course, by suppressing
competition. Specifically, instead ofN effective bids, only N−I+1 effective
bids are submitted since only one member of the cartel–the one with the
highest value in the ring–submits a serious bid by bidding according to
his or her value. The rest submit nonserious bids by bidding at or below
the reserve price. The ring’s profits come from the fact that, in certain
circumstances, the price paid by a winning bidder from the ring is lower
than it would be if there were no ring. Specifically, suppose that one of the
ring members i ∈ I has a value Xi that is the highest of all bidders in the
ring or otherwise–that is, Xi = Y N1 . Assuming that Xi > r, in the absence
of a ring, this bidder would pay an amount equal to Pi = max{Y N\i1 , r}
for the object. But if he were part of a functioning ring, then his fellow
members in I would bid at most r, so he would pay onlybPI ≡ max{Y N\I1 , r}
Thus, the expected payments of ring members are lower than they would
be if the ring did not exist.
For a fixed reserve price r, let mi (xi) denote the expected payment of

bidder i with value xi when there is no ring operating and all bidders
behave noncooperatively. Likewise, let bmi(xi) denote i’s expected payment
when there is a ring. As we have argued, for all ring members i ∈ I, and
for all xi > r, bmi(xi) < mi (xi). Then

ti (xi) ≡ mi (xi)− bmi (xi) (11.1)

represents the contribution of bidder i to the ring’s expected profits when
his value is xi. The total ex ante expected profits of the ring–the spoils of
collusion, as it were–amount to

tI ≡
X
i∈I

E [ti (Xi)]

What about bidders who are not members of the ring? In market con-
texts, the presence of a cartel usually exerts a positive externality on firms
who are not part of the cartel. Cartels result in higher prices and these
benefit all sellers. In the present context, however, the bidding ring exerts
no externality whatsoever on bidders who are not part of the ring. First,
the probability that a bidder who is not a member of the ring will win the
object is the same whether or not the ring is functioning; in both cases it
is just the probability that she has the highest value among all bidders.
Furthermore, the price that a bidder j /∈ I would pay in the event that she
wins is

max{Y I1 , Y N\I\j1 , r} = max{Y N\j1 , r}
the same as the price she would pay if there were no ring. Since for all
bidders who are not part of the ring, neither the probability of winning
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nor the price upon winning is affected, the expected payments in the two
situations are the same–that is, for all j /∈ I and xj ,bmj (xj) = mj (xj)

For the same reasons, the profits of these bidders are also unaffected. Since
the profits of bidders outside the cartel are unaffected by its presence, the
gains accruing to the cartel as a whole are equal to the loss suffered by the
seller.
This reasoning also leads to the conclusion that the gains from collusion

increase as the size of the ring increases. Specifically, consider the addition
of another member to the ring I and, without loss of generality, suppose
that the new ring consists of bidders in J = {1, 2, . . . , I, I+1}. To see that
this increases ring profits, first consider a bidder i ∈ I who is a member of
the “original” ring and has a value Xi > r that is the highest of all bidders.
With the larger ring, his fellow members in J would bid at most r and
since bPJ = max{Y N\J1 , r} ≤ max{Y N\I1 , r} = bPI
the price he would pay would be lower than the price paid when the ring
consisted only of bidders in I. Thus, the price paid by any member of the
original ring i ∈ I is lower when a bidder is added to the ring (with positive
probability, the price is strictly lower). For bidder I + 1, certainly, joining
the ring also means that the price she would pay upon winning is lower
than otherwise. Thus, the profits of the ring increase as the membership
increases. Once again, this increase comes solely at the expense of the seller.
For future reference it is useful to summarize the main conclusions reached

so far. These are

• The operation of a bidding ring does not affect the payments or profits
of bidders outside the ring.

• An increase in the membership of the ring increases ring profits, so
the most effective ring is one that includes all bidders.

11.1.1 Efficient Collusion

The arguments made thus far have all assumed that the bidding ring sub-
mitted only one serious bid, and this was the highest of the values of its
members. To do this, however, the ring has to induce its members to
truthfully reveal private information regarding their values. In addition,
cartel profits have to be shared among the members–the spoils have to
be divided–in a way that the members would wish to participate in its
workings. In other words, the bidding ring faces a mechanism design prob-
lem akin to those considered in Chapter 5. Indeed, the mechanism design
perspective offers many insights into the workings of bidding rings.
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Consider a bidding ring I and a ring center, which coordinates the activ-
ities of the ring. The mechanism designer–in this case, the center–must
choose an internal mechanism that allocates the right to represent the car-
tel in the auction to the member with the highest value and determines the
payment that each i ∈ I is asked to make to the center. These payments
may be negative since it may be necessary for the center to make transfers
to members of the ring other than the winner. It is in the interests of the
center, acting on behalf of the ring, to allocate the representation right
efficiently. Temporarily, suppose that the internal mechanism is incentive
compatible so that the ring member with the highest value wins the right
to represent the cartel in the auction. It is natural to call this efficient
collusion.
For any bidder i ∈ N , let Qri (x) denote the probability that bidder

i ∈ N will get the object in a second-price auction with a reserve price of r
if the vector of values of all the bidders is x. Since the cartel is represented
by the ring member with the highest value, this is just the probability

that Xi > max{Y N\i1 , r}, neglecting any ties. But this probability is the
same as it would be if there were no bidding ring and all bidders behaved
noncooperatively. Put another way, if we think of the auction in which a

bidding ring operates efficiently as just another mechanism, say (Qr,cM),
then the resulting allocation rule is the same as in an auction without any
collusion–that is, (Qr,M). But since the two mechanisms have the same
allocation rule, the revenue equivalence principle (Proposition 5.2 on page
66) applies. This means that the expected payments of any bidder in the
two mechanisms–with the operation of the ring and without–differ by at
most a constant. Formally, the revenue equivalence principle implies that
for all i ∈ N there exist constants ti such that for all xi,

mi (xi)− bmi (xi) = ti (11.2)

The difference in the two expected payments ti then represents the gains
from collusion accruing to members of the ring.
We have already argued that bidders who are not members of the ring

are unaffected by its operation, so for all j /∈ I and xj ,
mj (xj)− bmj (xj) = 0

and that for all ring members i ∈ I and xi,
mi (xi)− bmi (xi) = ti ≥ 0

This leads to the following:

Proposition 11.1 In a second-price auction with a reserve price, the ex-
pected gains from efficient collusion obtained by a ring member depend on
the ring member’s identity but not on his or her value. Furthermore, the
operation of the ring does not affect any bidder outside the ring.
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FIGURE 11.1. A Bidding Ring

In a second-price auction the cartel agreement–only the member with
the highest value submits a serious bid; all others bid at or below the reserve
price–is self-enforcing in the following sense. A member of the cartel who
does not have the highest value has no incentive to cheat on the agreement
and bid higher since doing this cannot possibly be profitable. If such a
member were to win the object, it would be at a price that exceeds his own
value. This is because there is going to be at least one bid in the auction
that exceeds his value: that of the cartel representative.

Preauction Knockouts

One method of ensuring efficient collusion is for the ring center itself to
conduct, prior to the actual sale, an auction among members of the ring.
The winner of this auction, called a preauction knockout (PAKT), wins
the right to represent the bidding ring at the main auction. A preauction
knockout is akin to a party primary in the context of a political election;
it selects the ring’s “nominee” for the main auction.
The PAKT is also conducted under second-price rules, and its workings

are as follows. First, each member of the ring is asked to reveal his or her
private value to the center. The member reporting the highest value then
represents the ring at the main auction and, if he wins the auction, pays
the center an amount

τ i = Pi − bPI
which is the difference in the price he would have paid if there were no
ring and the price actually paid. This amount is easily determined if all
ring members report their values truthfully. Figure 11.1 is a schematic
representation of a bidding ring using a PAKT.
The center makes a lump-sum transfer to each ring member i of ti (as

defined in (11.2)). By definition, the center’s budget is balanced in expected
terms. In particular realizations, however, the sum of the transfers made by
the center may exceed or fall short of what it receives. Certainly, there are
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circumstances in which the ring is unable to obtain the object, so there are
no receipts while the lump-sum payments to the ring members have still to
be made. Thus, the workings of a PAKT require that the ring center act
as a banker who can finance the deficits and claim the surpluses.
The PAKT is incentive compatible–no ring member can do better than

to report his true value to the center. Indeed, it is a weakly dominant
strategy for every ring member to report truthfully. This is because the
second-price PAKT requires the winning member, if and when he obtains
the object, to pay the second-highest of all N values. So from each ring
member’s perspective, the situation is the same as in an ordinary second-
price auction.
It is also individually rational–no member of the ring can do better

by not participating since, no matter what the bidder’s value, the gains
from participating are positive. Its major weakness is that it needs an
outside agency to finance its workings. It is not an ex post balanced budget
mechanism.

A Balanced Budget Mechanism

Is efficient collusion feasible without the need for outside financing? To
address this question it is useful to think of the bidding ring as facing an
allocation problem: Who should be awarded the “right to represent” the
cartel at the main auction? We will refer to this right as the ticket, thereby
avoiding confusion with the object being offered for sale at the main auc-
tion. The ticket has a positive imputed value for each ring member–the
expected gain from participating in the main auction. As a starting point,
suppose that the center sells the ticket by means of a genuine second-price
auction in which the winning member actually pays the center the second-
highest imputed value for the ticket. In this case, the ring center would end
up with a surplus for sure. But the second-price auction is the same as a
Vickrey-Clarke-Groves (VCG) mechanism, introduced in Chapter 5, spe-
cialized to an auction context. Thus, if the ticket is allocated using the VCG
mechanism, the center would run a surplus. Now Proposition 5.6 (see page
78) can be directly applied–if the VCG mechanism runs a surplus, there
exists an efficient, incentive compatible, individually rational mechanism
that also balances the budget in an ex post sense. The proof of Proposition
5.6, in fact, provides an explicit construction of such a mechanism.
The balanced budget mechanism from Proposition 5.6 is incentive com-

patible, but truth-telling is not a dominant strategy. In contrast, a PAKT
balances the budget only in expected terms but has the property that
truth-telling is a dominant strategy. In designing a mechanism to facilitate
efficient collusion, the ring center thus faces a trade-off.
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11.1.2 Reserve Prices in the Face of Collusion

Collusion among a subset of bidders reduces the profits of the seller, so it
is natural to ask how she might respond to the presence of a bidding ring.
But what recourse does the seller have? Assuming that the collusion cannot
be detected by the antitrust authorities and that the seller cannot make a
credible case for the presence of a bidding ring, the only instrument left in
her hands with which to counter the actions of the bidding ring is to set a
reserve price. Here we explore the issue of the optimal reserve price when
the seller is aware that a bidding ring consisting of members in the set I
is in operation and likely to act in concert in an upcoming auction.
From the seller’s perspective, the presence of a ring that operates ef-

ficiently is equivalent to a situation with N − I + 1 bidders with values
Y I1 ,XI+1,XI+2, . . . ,XN . This is because with efficient collusion, the mem-
bers of the bidding ring submit only one serious bid of Y I1 , the highest
value among its members; the rest of the N − I bidders bid their values.
The object is sold if and only if the highest of these, which is the same as
Y N1 , is greater than the reserve price r. If, in addition,

ZI ≡ 2nd highest of {Y I1 ,XI+1,XI+2, . . . ,XN} (11.3)

is also greater than r, then the object is sold for ZI ; otherwise, it is sold
at the reserve price. Thus, if Y N1 ≥ r, and the object is sold, the price
obtained by the seller is bP = max{ZI, r}
Let HI denote the distribution function of ZI with the density hI . It is

also convenient to define G to be the distribution of Y N1 , so that

G(y) =
Y
j∈N

Fj (y)

and g to be the corresponding density.
Now the expected selling price that the seller receives can be written as

r
¡
HI(r)−G(r)¢+ Z ω

r

zhI(z) dz

The first term in the expression above comes from the event that the object
is sold at the reserve price. This happens when the highest value from
{Y I1 ,XI+1,XI+2, . . . ,XN}, which is just Y N1 , exceeds r but the second-
highest value, ZI, does not. The second term comes from the event that
the second-highest value, ZI , itself exceeds r, so the object is sold at a
price equal to ZI .
Assuming that there is an interior maximum, the optimal reserve price

r∗ > 0 must satisfy the following first-order condition:

HI(r∗)−G(r∗)− r∗g (r∗) = 0 (11.4)
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The optimal reserve price is thus determined implicitly by (11.4). It may
be verified that when there is no cartel and bidders are symmetric, the
optimal reserve price is the same as that determined in Chapter 2.
Now suppose that the cartel is enlarged with the addition of another

bidder so that it grows in size from I to J = I ∪ {I + 1}. For the same
reasons as noted earlier, the operation of this larger ring is equivalent in
the eyes of the seller, to a second-price auction with N − I bidders whose
values are Y J1 ,XI+2,XI+3, . . . ,XN , respectively. Analogous to (11.3), let

ZJ ≡ 2nd highest of {Y J1 ,XI+2,XI+3, . . . ,XN} (11.5)

and let HJ be the distribution of ZJ with density hJ . The expected selling
price when the reserve price is set at r is now

r
¡
HJ (r)−G(r)¢+ Z ω

r

zhJ (z) dz

Comparing ZJ to ZI, we see that the only circumstances in which the
two are different are when either

(i) ZI = XI+1 > Y
N\J
1 ; or

(ii) ZI = Y I1 < XI+1

In the first case, bidder I + 1 had the second-highest value, but once he
joins the cartel the second-highest value becomes

ZJ = Y N\J1 < XI+1 = Z
I

In the second case, the “value” of the cartel Y I1 was the second-highest
value while bidder I+1 won; once bidder I+1 joins it, the cartel wins and
the new price, the second-highest value, becomes

ZJ = Y N\J1 < Y I1 = Z
I

In all other circumstances, ZJ = ZI.
The fact that ZJ ≤ ZI implies, of course, that the distribution HI

stochastically dominates HJ . The derivative of the expected selling price
with the larger cartel J , evaluated at the reserve price that is optimal for
the smaller cartel I, is

HJ (r∗)−G(r∗)− r∗g (r∗) ≤ 0

using (11.4) and the fact that HI(r∗) ≤ HJ (r∗). Thus, the optimal reserve
price r∗∗ when the seller faces a larger cartel J must be at least as large
as r∗. We state this finding formally as follows:
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Proposition 11.2 The addition of a bidder to a bidding ring causes the
optimal reserve price for the seller to increase. In particular, the optimal
reserve price with a bidding ring is always greater than the optimal reserve
price with no ring.

The increase in the optimal reserve price resulting from a cartel is illus-
trated in the following simple example.

Example 11.1 Suppose that there are two bidders with values that are
uniformly and independently distributed on [0, 1].

We saw in Chapter 2 that without a cartel the optimal reserve price was
r∗ = 1

2 .
Now suppose that both bidders are members of a cartel and suppose that

the seller sets a reserve price of r. The cartel would bid max {X1,X2} and
would purchase the good for r if this bid exceeds r. The seller’s expected
profit is

r × Prob [max {X1,X2} > r] = r
¡
1− r2¢

which is maximized by setting r∗∗ = 1√
3
> 1

2 = r
∗. N

11.2 Collusion in First-Price Auctions

The operation of bidding rings in first-price auctions introduces some new
elements. First, unlike in a second-price auction, the cartel agreement in a
first-price auction is not self-enforcing and, hence, is somewhat fragile. To
see this simply, consider an all-inclusive cartel. Assuming that the highest
value exceeds the reserve price set by the seller, such a cartel will try to
obtain the object at the reserve price by submitting only one bid at this
level and ensuring that no other bid exceeds this amount. But now con-
sider a bidder whose value is greater than the reserve price but is not the
highest. Such a bidder has the incentive to cheat on the cartel agreement
and, by submitting a bid that just exceeds the reserve price, win the ob-
ject. This suggests that second-price auctions are more susceptible to col-
lusive practices–they have a built-in enforcement mechanism–than are
first-price auctions. The analysis of cartels in the context of first-price auc-
tions must postulate some enforcement mechanism that operates outside
the model. Apart from physical coercion–always a possibility, especially
given the criminal nature of the activity–the agreement may be enforced
by repeated play. The same cartel may be involved in many auctions and
cheating in one may be deterred by the threat of expulsion and the conse-
quent loss of a share of the cartel’s future profits.
Second, even if the bidders are ex ante symmetric, the operation of a

cartel naturally introduces asymmetries among bidders. While this did not
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affect bidding behavior in second-price auctions–it was still a dominant
strategy to bid one’s value–it does affect behavior in first-price auctions.
In particular, bidders not in the cartel face a different decision problem if
there is a cartel in operation than if there is not. We have already seen that
the analysis of bidding behavior in asymmetric first-price auctions is more
problematic; as a result, our understanding of bidding rings in this context
is more limited.
In what follows, we suppose that bidders are ex ante symmetric–that

is, their values are drawn independently from the same distribution F . We
also suppose that the cartel is all-inclusive. These two assumptions together
ensure symmetry among bidders.
The behavior of an all-inclusive cartel is clear. It should submit only one

serious bid–at the reserve price. But in order to operate efficiently, it still
needs to determine what the highest valuation is. One option is to employ
a first-price preauction knockout.

A First-Price PAKT

In a first-price PAKT, a bid is an offer to pay all other members of the bid-
ding ring that amount. The winner of the PAKT then represents the cartel
at the main auction, obtaining the good at the reserve price. What does a
symmetric equilibrium of the first-price PAKT look like? The derivation is
somewhat simpler if we suppose that the reserve price r = 0 and can be
easily extended to the general case.

Proposition 11.3 Symmetric equilibrium strategies in a first-price sealed-
bid PAKT among all the bidders are given by

β(x) =
1

N
E
h
Y
(N)
1 | Y (N)1 < x

i
Proof. Suppose all other bidders follow the strategy β and suppose that

bidder 1 with value x reports z. The expected profits from doing this are

Π (z, x) = G (z) [x− (N − 1) β(z)]| {z }
Gain from winning PAKT

+

Z 1

z

β(y)g(y) dy| {z }
Gain from losing PAKT

Differentiating with respect to z

∂Π

∂z
= g(z) [x−Nβ(z)]− (N − 1)G(z)β 0(z)
= (N − 1)F (z)N−2 £f(z)x−Nf(z)β(z)− F (z)β 0(z)¤

But

β(z) =
1

F (z)N

Z z

0

yF (y)N−1f(y) dy
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and differentiating this results in

β 0(z) =
f(z)

F (z)
z −N f(z)

F (z)
β(z)

which can be rearranged as

β 0(z)F (z) +Nβ (z) f(z) = f(z)z

This implies that

∂Π

∂z
= (N − 1)F (z)N−2 £f(z)x−Nf(z)β(z)− F (z)β 0(z)¤
= (N − 1)F (z)N−2f(z) (x− z)

and thus it is optimal to choose z = x.

In the special case of an all-inclusive cartel, the first-price PAKT is an
effective mechanism for eliciting private information while ensuring that
the budget is always balanced.

Chapter Notes

The analysis of collusion in second-price auctions was initiated by Graham
and Marshall (1987) in a symmetric independent private values model.
Their model and results were later extended to accommodate asymmetric
bidders by Mailath and Zemsky (1991). Most of the material in this chapter
is based on these two papers.
Collusion in first-price auctions and the first-price PAKT were analyzed

by McAfee and McMillan (1992). Robinson (1985) discusses the relative
susceptibility of the different auction formats–second-price, first-price, and
English–to collusion.
A general survey of the area, emphasizing many open questions, has

been written by Hendricks and Porter (1989). The statistics on the level of
antitrust activity that relates to bid rigging reported on page 151 are taken
from a U.S. Department of Justice study that is quoted by Hendricks and
Porter (1989).
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12
An Introduction to Multiple Object
Auctions

In this part of the book we turn to the study of situations in which multiple,
related objects are to be sold. The objects may be physically identical, say
multiple cases of the same wine or treasury bills of the same denomination,
or they may be physically distinct but still be good substitutes, say different
apartments in the same building or different paintings by the same artist,
so that the marginal value of acquiring a second item, say, is lower than
the value of the first. Alternatively, the objects may be complements–that
is, the value derived from a particular object may be greater if another has
already been obtained. For instance, a philatelist may value a collection of
stamps more than the sum of the values of the individual stamps. Similarly,
how much an airline values an airport landing slot may increase with the
number of slots it has already acquired.
Not surprisingly, when multiple objects are to be sold, many options are

open to the seller. First, the seller must decide whether to sell the objects
separately in multiple auctions or jointly in a single auction. In the former
case, the objects are sold one at a time in separate auctions–conducted
sequentially, say–in a way that the bids in the auction for one of the
objects do not directly influence the outcome of the auction for another.
In the latter case, the objects are sold at one go in a single auction, but
not necessarily all to the same bidder, and the bids on the various objects
collectively influence the overall allocation.
Second, the seller must choose among a variety of auction formats, and

there is a wide range of possibilities to choose from. For instance, if the
seller decides to sell the objects one at a time in a sequence of single-object
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auctions, there is still the question of the particular auction form–first-
price, second-price, or some other format–to adopt. If the seller decides to
sell the objects at one go in a single auction, there are also many possibili-
ties. We begin by outlining the workings of a few auction forms for the sale
of multiple units of the same good at one go, returning to study multiple
one at a time, sequential, or simultaneous auctions later.

12.1 Sealed-Bid Auctions for Selling Identical
Units

Three sealed-bid auction formats for the sale of K identical objects are of
particular interest. The first two are important on practical grounds–they
are widely used in real-world auctions–and the last, although not widely
used, is of special interest for theoretical reasons. All three are intended to
be used in situations in which the marginal values are declining–that is,
the value of an additional unit decreases with the number of units already
obtained.

D. The discriminatory (or “pay-your-bid”) auction.

U. The uniform-price auction.

V. The Vickrey auction.

In each of these auctions, a bidder is asked to submitK bids bik, satisfying
bi1 ≥ bi2 ≥ . . . ≥ biK , to indicate how much he is willing to pay for each
additional unit. Thus, bi1 is the amount i is willing to pay for one unit,
bi1 + b

i
2 is the amount he is willing to pay for two units, b

i
1 + b

i
2 + b

i
3 is
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FIGURE 12.2. Aggregate Demand and Supply

the amount he is willing to pay for three units, and so on. We will refer to
bi =

¡
bi1, b

i
2, . . . , b

i
K

¢
as a bid vector. 1

A bid vector bi can be usefully thought of as an “inverse demand func-
tion” and can be inverted to obtain i’s demand function di : R+ →
{1, 2, . . . ,K}:

di(p) ≡ max{k : p ≤ bik} (12.1)

In particular, if bik > b
i
k+1, then at any price p lying between b

i
k and b

i
k+1,

bidder i is willing to buy exactly k units. A bidder’s demand is clearly non-
increasing in the price. Since the demand function is just the “inverse” of
the bid vector, and vice versa, submitting the bid vector bi is equivalent to
submitting the demand function di. We will thus use these interchangeably.
In all three of the auction formats considered here, a total of N × K

bids {bik : i = 1, 2, . . . N ; k = 1, 2, . . . ,K} are collected and the K units are
awarded to the K highest of these bids–that is, if bidder i has k ≤ K of
the K highest bids, then i is awarded k units.
As an example, consider a situation in which there are six units (K = 6)

to be sold to three bidders and the submitted bid vectors are

b1 = (50, 47, 40, 32, 15, 5)

b2 = (42, 28, 20, 12, 7, 3)

b3 = (45, 35, 24, 14, 9, 6)

The three bid vectors–equivalently, the three demand functions–are de-
picted in Figure 12.1. In this case, the six highest bids are¡

b11, b
1
2, b

3
1, b

2
1, b

1
3, b

3
2

¢
= (50, 47, 45, 42, 40, 35)

1In this part of the book, superscripts identify bidders and subscripts identify units.
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so that bidder 1 is awarded three units, bidder 2 is awarded one unit, and
bidder 3 is awarded two units.
The allocation rule implicit in all three auctions may be framed in con-

ventional supply and demand terms. First, an aggregate demand function
d is obtained by “horizontally adding” the N individual demand functions,
as depicted. For example, the demand function depicted in Figure 12.2 is
the aggregate of the three individual demand functions in Figure 12.1. As
usual, the aggregate demand function determines how many units are de-
manded in toto at different prices, so that for any p, d(p) =

P
i d

i(p). Since
the number of units to be sold is fixed, the supply function is just a vertical
line. All bids to the left of the intersection of the aggregate demand and
supply functions–the K highest bids–are deemed “winning bids” and the
number of units awarded to a bidder is equal to the number of winning bids
submitted by him. All other bids are deemed “losing bids.” In the figure
each winning bid is labeled with the identity of the bidder who submitted
the bid.
We will refer to an auction in which the K highest bids are deemed

winning and awarded objects as a standard auction. The three auctions
introduced next are all standard but differ in terms of their pricing rules–
how much each bidder is asked to pay for the units he is awarded.

12.1.1 Discriminatory Auctions

In a discriminatory auction, each bidder pays an amount equal to the sum
of his bids that are deemed to be winning–that is, the sum of his bids that
are among the K highest of the N ×K bids submitted in all. Formally, if
exactly ki of the ith bidder’s K bids bik are among the K highest of all bids
received, then i pays

kiX
k=1

bik

This amounts to perfect price discrimination relative to the submitted de-
mand functions; hence the name of the auction.
The discriminatory pricing rule can also be framed in terms of the resid-

ual supply function facing each bidder. At any price p the residual supply
facing bidder i, denoted by s−i (p), is equal to the total supply K less
the sum of the amounts demanded by other bidders, provided that this is
nonnegative. Formally,

s−i (p) ≡ max
(
K −

X
j 6=i
dj(p), 0

)
(12.2)

and this is clearly a nondecreasing function of the price. The discriminatory
auction asks each bidder to pay an amount equal to the area under his own
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FIGURE 12.3. Bidder 1’s Payments under Different Pricing Rules

demand function up to the point where it intersects the residual supply
curve.
Figure 12.3 depicts the residual supply function facing bidder 1 in the

example described above. The shaded area in the first panel of the figure
is the total amount paid by bidder 1 in a discriminatory auction. In the
example bidder 1 wins three units, so the total amount he pays for these is
b11 + b

1
2 + b

1
3 = 50 + 47 + 40 = 137.

At the risk of stating the obvious, we caution the reader not to infer from
Figure 12.3 that the discriminatory auction raises more revenue than do
the others. The reason is that so far nothing has been said about equilib-
rium bidding behavior in the three formats–this is the subject of the next
chapter–and the figure illustrates only what would happen if the same set
of bids were submitted in all three auctions. As we will see, bidding behav-
ior in the three auctions differs substantially and reaching any conclusions
regarding revenue is a delicate matter.
The discriminatory auction is the natural multiunit extension of the first-

price sealed-bid auction. In particular, if there is only a single unit for sale
(K = 1), then the discriminatory auction reduces to a first-price auction.

12.1.2 Uniform-Price Auctions

In a uniform-price auction all K units are sold at a “market-clearing” price
such that the total amount demanded is equal to the total amount supplied.
In the discrete model studied here, there is some leeway in defining the price
that clears the market–any price lying between the highest losing bid and
the lowest winning bid equates demand and supply. We adopt the rule that
the market-clearing price is the same as the highest losing bid.



170 12. An Introduction to Multiple Object Auctions

Denote by c−i the K-vector of competing bids facing bidder i. This is
obtained by rearranging the (N − 1)K bids bjk of bidders j 6= i in decreasing
order and selecting the firstK of these. Thus, c−i1 is the highest of the other
bids, c−i2 is the second-highest, and so on. The number of units that bidder
i wins is just the number of competing bids he defeats. For instance, in
order for i to win exactly one unit it must be the case that bi1 > c−iK
and bi2 < c

−i
K−1; that is, he must defeat the lowest competing bid but not

the second lowest. Similarly, in order to win exactly two units, bidder i
must defeat the two lowest competing bids but not the third lowest. More
generally, bidder i wins exactly ki > 0 units if and only if

biki > c
−i
K−ki+1 and b

i
ki+1 < c

−i
K−ki

Observe that the residual supply function s−i facing bidder i, defined in
(12.2), can also be obtained from the vector of competing bids c−i since

s−i (p) = K −max©k : c−ik ≥ pª (12.3)

The highest losing bid–the market-clearing price–is then just

p = max{biki+1, c−iK−ki+1}

and in a uniform-price auction, if bidder i wins ki units, then he pays ki

times p. The market-clearing price can also be written as

p = max
i

©
biki+1

ª
In the example considered above the vector of competing bids facing

bidder 1 is
c−1 = (45, 42, 35, 28, 24, 20)

whereas his own bid vector is

b1 = (50, 47, 40, 32, 15, 5)

and since b13 > c
−1
4 but b14 < c

−1
3 , bidder 1 wins three units. The market-

clearing price in this case is max
©
b14, c

−1
4

ª
= b14 = 40, so bidder 1 pays a

total of 120. The shaded area in the second panel of Figure 12.3 depicts
the total amount bidder 1 pays in a uniform-price auction.
The uniform-price auction reduces to a second-price sealed-bid auction

when there is only a single unit for sale (K = 1).2 It thus seems that it is
a natural extension of the second-price auction to the multiunit case. As
we will see, however, it does not share many important properties with the
second-price auction, so the analogy is imperfect.

2Recall that the market-clearing price was defined as the highest losing bid.
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12.1.3 Vickrey Auctions

In a Vickrey auction, a bidder who wins ki units pays the ki highest losing
bids of the other bidders–that is, the ki highest losing bids not including
his own. As before, denote by c−i the K-vector of competing bids facing
bidder i, so that c−i1 is the highest of the other bids, c−i2 is the second-
highest, and so on.
To win one unit, bidder i’s highest bid must defeat the lowest competing

bid–that is, bi1 > c
−i
K . To win a second unit, i’s second highest bid must

defeat the second lowest competing bid–that is, bi2 > c−iK−1. To win the
kth unit, i’s kth highest bid must defeat the kth lowest competing bid. The
Vickrey pricing rule is the following. Bidder i is asked to pay c−iK for the
first unit he wins, c−iK−1 for the second unit, c

−i
K−2 for the third unit, and

so on. Thus, if bidder i wins ki units, then the amount he pays is

kiX
k=1

c−iK−ki+k

Continuing with the example, bidder 1’s payment is

c−16 + c−15 + c−14 = b23 + b
3
3 + b

2
2

The Vickrey pricing rule is illustrated in the last panel of Figure 12.3. The
shaded area is the total amount, b23 + b

3
3 + b

2
2 = 20 + 24 + 28 = 72, paid

by bidder 1; as depicted, this is the area lying under the residual supply
function facing bidder 1.
The basic principle underlying the Vickrey auction is the same as the one

underlying the Vickrey-Clarke-Groves mechanism discussed in Chapter 5:
Each bidder is asked to pay an amount equal to the externality he exerts
on other competing bidders. In the example, had bidder 1 been absent, the
three units allocated to him would have gone to the other bidders: two to
bidder 2 and one to bidder 3. According to the demand function submitted
by him, bidder 2 is willing to pay b22 and b

2
3, respectively, for two additional

units. Similarly, bidder 3 is willing to pay b33 for one additional unit. Bidder
1 is asked to pay the sum of these amounts. The amounts that bidders 2
and 3 are asked to pay are determined in similar fashion.
Like the uniform-price auction, the Vickrey auction also reduces to a

second-price sealed-bid auction when there is only a single unit for sale
(K = 1). Unlike the uniform-price auction, however, it shares many impor-
tant properties with the second-price auction and is, as we will argue, the
appropriate extension of the second-price auction to the case of multiple
units.
Other possible pricing rules exist; the range of available options is virtu-

ally unlimited. For example, in one variant of the uniform pricing rule, all
units are sold at a price equal to the average of all the winning bids.
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12.2 Some Open Auctions

Each of the three sealed-bid auction formats introduced here has a corre-
sponding open format.

12.2.1 Dutch Auctions

In the multiunit Dutch (or open descending price) auction, as in its single
unit counterpart, the auctioneer begins by calling out a price high enough
so that no bidder is willing to buy any units at that price. The price is
then gradually lowered until a bidder indicates that he is willing to buy a
unit at the current price. This bidder is then sold an object at that price
and the auction continues–the price is lowered further until another unit
is sold, and so on. This continues until all K units have been sold.
The multiunit Dutch auction is outcome equivalent to the discriminatory

auction in the sense that if each bidder behaves according to a bid vector
bi, indicating his interest in purchasing one unit when the price reaches bi1,
another when the price reaches bi2, and so on, then the outcome is the same
as when each bidder submits the bid vector bi in a discriminatory auction.
Recall from Chapter 1 that when a single object was for sale, the Dutch
descending price auction was also equivalent to a first-price sealed-bid auc-
tion in a stronger sense–it was strategically equivalent and this equivalence
held regardless of the informational environment. The multiunit extension
of the Dutch auction, however, is not strategically equivalent to the multiu-
nit extension of the first-price auction, the discriminatory auction. The rea-
son is that if bidders’ values are interdependent–the information available
to one bidder may affect the valuation of objects by other bidders–then
in the multiunit Dutch auction, once a bidder indicates a willingness to
buy an object, this fact can be used by other bidders to update their own
valuations. In a sealed-bid discriminatory auction, no such information is
available. The two auctions are, however, weakly equivalent in the sense of
Chapter 1–with private values the information acquired from the fact that
one bidder is willing to buy at some price, while available, is irrelevant.

12.2.2 English Auctions

In the multiunit English (or open ascending-price) auction, the auctioneer
begins by calling out a low price and then gradually raises it. Each bid-
der indicates–by using hand signals, by holding up numbered cards, or
electronically–how many units he is willing to buy at that price–in other
words, his demand at that price. As the price rises, bidders naturally re-
duce the number of units they are willing to buy. The auction ends when
the total number of units demanded is exactly K and all units are sold at
the price where the total demand changes from K + 1 to K.
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FIGURE 12.4. Prices in the Vickrey and Ausubel Auctions

The multiunit English auction bears the same relation to the uniform-
price auction as the ordinary English auction does to the second-price
sealed-bid auction–the two are outcome equivalent. The equivalence be-
tween the two multiunit auctions is weak for the same reason that the
equivalence between the single unit auctions was weak–potentially use-
ful information is available in the open auctions that is not available in
the sealed-bid formats. Once again, with private values, this information is
irrelevant.

12.2.3 Ausubel Auctions

The Ausubel auction is an alternative ascending-price format that is out-
come equivalent to the Vickrey auction. As in the English auction, the
auctioneer begins by calling out a low price and then raises it. Each bid-
der indicates his demand di(p) at the current price p and the quantity
demanded is reduced as the price rises. The goods are sold according to
the following procedure.
At every price, the residual supply facing every bidder i, s−i (p) is com-

puted according to (12.2). Of course, when the price is very low, then for
all i, s−i (p) = 0, whereas di(p) > 0. The price is raised until it reaches a
level p0 such that for at least one bidder, s−i(p0) > 0. Now any bidder i for
whom s−i(p0) > 0 is sold s−i(p0) units at a price of p0. The price is raised
again until it reaches a level p00 such that for at least one bidder the resid-
ual supply is greater–that is, s−i(p00) > s−i(p0). Now each such bidder is
sold s−i(p00)− s−i(p0) units at a price of p00. The price is raised again until
the residual supply facing some bidder increases, and so on. Thus, objects
are sold whenever there is a jump in any bidder’s residual supply because
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one or more bidders reduce the amount they demand.3 The pricing rule
implicit here is the same as that in a Vickrey auction–each bidder pays
the area under the residual supply function he faces up until the point that
the residual supply intersects his demand function.
The workings of the auction are illustrated in Figure 12.4. In addition

to the three demand functions from the previous section, the residual sup-
ply functions facing the bidders are depicted. When the price is zero, all
s−i (0) = 0 and remain zero at low prices. When the price reaches 20, there
is a jump in the residual supply facing bidder 1 since s−1 (20) = 1, whereas
s−2 (20) and s−3 (20) are still zero. Bidder 1 is thus sold one unit at a price
of p0 = 20. The price is raised further and no change occurs until it reaches
24, when there is another jump in the residual supply facing bidder 1 since
s−1 (24) = 2. For the other bidders, the residual supply is still 0. Bidder 1
is thus sold another unit at a price of p00 = 24. The next change occurs at
p000 = 28 and now the residual supply facing bidder 1 jumps to s−1 (28) = 3
and that facing bidder 3 jumps to s−3 (28) = 1. Both bidders 1 and 3 are
sold one unit each at a price of p000 = 28. Finally, when the price reaches
32, there are jumps in the residual supply functions facing both bidders 2
and 3: s−2 (32) = 1 and s−3 (32) = 2. Each is sold one unit each at a price
of p0000 = 32. All six units have now been sold, so the auction is over.
Another way to formulate the workings of the Ausubel auction is to think

of each unit of demand as a “claim” on a unit. When the price is low, the
number of units claimed exceeds the total supply, so no units are awarded.
As the price rises, the number of units claimed decreases until the number
of units claimed by other bidders is less than the supply. A bidder is then
said to have “clinched” a unit since, regardless of what happens in the
remainder of the auction, there is at least one unit that is not claimed by
the other bidders.4

Figure 12.5 summarizes the relationships between the three sealed-bid
formats for multiunit auctions and their open counterparts. As noted ear-
lier, all the equivalences are weak–in general, they hold only if values are
private, so the information conveyed in open formats is not useful. The fig-
ure also shows the single-unit antecedents of the multiunit auctions. Despite
appearances, the uniform-price auction is not the appropriate extension of
the single-unit second-price auction–it does not inherit the strategic and
economic properties of the second-price auction. The Vickrey auction does
and is, in fact, the appropriate extension.

3At any price, the residual supply jumps by at most one unit unless more than one
bidder reduces his demand or some bidder reduces his demand by more than one unit.
Both require that there be some ties in the bid vectors.

4Toward the end of the baseball season, a team is said to have “clinched” its division
if its won-lost record is such that regardless of what happens in the remainder of the
season, it will finish first.
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FIGURE 12.5. Extensions and Equivalences of Auction Formats

Outline of Part II

In this chapter we introduced three basic auction formats for the sale of
multiple, identical units. In Chapter 13 we study equilibrium bidding be-
havior in the three auctions in a setting with independent private values.
Bidding strategies cannot be explicitly derived, except in some special cases,
so instead we highlight some basic strategic considerations in each of the
three auctions. The analysis centers on the question of the efficiency of
the different formats. Chapter 14 is then concerned with the question of
revenue. It derives the revenue equivalence principle in the multiple object
context and illustrates its use.
Chapter 15 concerns the sequential sale of multiple, identical units in a

series of first- or second-price auctions, again in a private values setting.
Chapter 16 concerns the sale of non-identical objects with particular em-
phasis on situations where the objects are complements. Chapter 17 then
addresses some issues arising from interdependent values in a multiple ob-
ject context.

Chapter Notes

Government securities are sold all over the world by means of discrimina-
tory auctions. The U.S. Treasury has used discriminatory auctions since
1929 to sell short-term securities–called treasury bills–with maturities of
13, 26 and 52 weeks. Prior to the early 1970s, medium-term securities–
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called treasury notes–with maturities of 2, 3, 5 and 10 years and long-term
securities–called treasury bonds–with a maturities of more than 10 years,
were sold at fixed prices set by the Treasury. Since the early 1970s these
have also been sold by means of auction, typically using discriminatory
pricing rules. In 1992, however, the treasury began to sell 2- and 5-year
notes under uniform-price rules. This was intended as an experiment to
see if, as argued by many economists, uniform-price auctions would reduce
borrowing costs for the government and to ascertain the pros and cons of a
switch to the uniform-price rules for selling all government securities, bills,
notes, and bonds alike. A comparison of the data resulting from the two
formats, however, does not show a clear advantage of one auction method
over the other. A report by the U.S. Department of the Treasury (1998)
summarizes the empirical findings.
In the United Kingdom electricity generators bid to sell their output on

a daily basis. Since 1990 these electricity auctions were conducted using
uniform-price rules, but in early 2000 the format was changed–in a direc-
tion opposite to that contemplated by the U.S. Treasury–to a discrimina-
tory format. Note that electricity auctions are procurement auctions–the
bidders are sellers rather than buyers–but the framework of this chapter
is easily adapted to this setting.
The Vickrey multiunit auction was proposed by Vickrey (1961) as an

antidote to some of the problems associated with the discriminatory and
uniform-price auctions, in particular, the inefficiency of the latter two for-
mats. The next chapter undertakes a detailed examination of these three
auctions with a view to comparing their performance in terms of efficiency.
The Ausubel ascending price auction was proposed by Ausubel (1997).
We have modeled multiunit auctions as the sale of multiple discrete units

of the same good. Alternatively, one may think of a fixed supply of some
good, normalized to, say, one unit, but suppose that it is perfectly divisible.
A bidder’s demand function can then be assumed to be continuous–at any
price it specifies the share of the overall supply that the bidder is willing to
purchase. All of pricing rules defined in this chapter have straightforward
extensions to such a model. The continuous specification does not affect any
essential properties of the various auctions but, for some purposes, proves
to be analytically convenient. Auctions in such a setting have been called
share auctions byWilson (1979), who compares the expected revenues from
the uniform price and discriminatory auctions to the expected revenue from
the sale of the overall supply as one unit.
The auctions introduced in this chapter are all standard–each awards

the K objects to the K highest bids. An example of a nonstandard auction
format is the voucher auction scheme used to privatize industrial enter-
prises in the former Soviet Union, especially Russia. Under this scheme, all
citizens were eligible to receive vouchers with a given face value–10,000
rubles in Russia–and typically about 25% of the shares of an enterprise
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were sold to the public. Vouchers were freely tradable and any person inter-
ested in purchasing shares of a particular enterprise could bid an amount bi
in terms of these vouchers. The auction rules were of the “everybody wins”
variety. If the amounts bid were (b1, b2, . . . , bN) , then bidder i received a
share

θi =
biP
j bj

of the portion of the enterprise for sale. Thus, every bidder received a
positive share equal to the ratio of his bid to the total amount bid for
that enterprise (see Boycko et al., 1996). Thus, there were no “losing”
bidders in the sense defined in this chapter. Indeed, voucher auctions are
equivalent to a lottery in the following sense. Think of bi as the number
of lottery tickets, each sold at a unit of currency, purchased by bidder i. If
the “winner” of the lottery is chosen by picking a ticket at random, then θi
represents the probability that i will have the winning ticket. While voucher
auctions are clearly inefficient, equilibrium behavior in such auctions–and
their equivalent lotteries–has not been fully explored to date.





13
Equilibrium and Efficiency with
Private Values

The previous chapter outlined the workings of some auction formats for
the sale of multiple units of the same good. These formats differed in the
manner in which prices at which the units were sold were determined, and
we now examine how the different pricing rules affect bidding behavior. As
in the case of a single object, we begin by considering the different auctions
in a model where bidders’ values are private and independently distributed,
and again as a first step, we assume that bidders are ex ante symmetric.

13.1 The Basic Model

There are K identical objects for sale and N potential buyers are bidding
for these. Bidder i’s valuation for the objects is given by a private value
vector Xi =

¡
Xi
1,X

i
2, . . . ,X

i
K

¢
, where Xi

k represents the marginal value of
obtaining the kth object. The total value to the bidder of obtaining exactly
k ≤ K objects is then the sum of the first k marginal values:

Pk
l=1X

i
l . It

is assumed that the marginal values are declining in the number of units
obtained so that Xi

1 ≥ Xi
2 ≥ . . . ≥ Xi

K . Bidders are assumed to be risk
neutral.
Bidders are symmetric–each Xi is independently and identically dis-

tributed on the set

X =
n
x ∈ [0,ω]K : ∀k, xk ≥ xk+1

o
(13.1)

according to the density function f .
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In the previous chapter we inverted the vector of bids bi submitted by a
bidder to obtain the demand function di submitted by him (see (12.1)). We
can similarly invert each bidder’s valuation vector xi to obtain his “true”
demand function δ i defined by

δ i(p) ≡ max{k : p ≤ xik} (13.2)

Sometimes it will be useful to think of each bidder as drawing a demand
function at random.
Some special cases of the preceding model–involving restrictions on the

probability distribution that values are drawn from–are of interest.

Limited Demand Model

It may be that even though K units are being sold, each bidder has use for
at most L < K units. In that case, the support of f is the set

X (L) = {x ∈ X : ∀k > L, xk = 0}
so that there is no value derived from obtaining more than L units. Value
vectors are of the form (x1, x2, . . . , xL, 0, 0, . . . , 0) and we then suppose
that each bidder submits a bid bi, which is also an L vector. In an extreme
instance, each bidder has use for only one unit (L = 1), and we will refer to
this case as one of single-unit demand. If bidders value more than one unit
with positive probability, then we will refer to that as the case of multiunit
demand. The single-unit demand model is of interest because equilibrium
behavior there is analogous to equilibrium behavior in auctions where only
a single object is sold and demanded. As we will see, this is not true with
multiunit demand.

Multiuse Model

A second, analytically useful, restriction on the form of the density function
f occurs if the value vector X consists of order statistics of independent
draws from some underlying distribution. Specifically, suppose that each
bidder draws L ≤ K values Z1, Z2, . . . , ZL independently from some distri-
bution F, and it is useful to think of these as the values derived from the
object in different uses. If he obtains only one unit, then it is used in the best
way possible, so his value for the first unit is X1 = max{Z1, Z2, . . . , ZL}.
If he obtains a second unit, it is put to the second-best use possible,
so the marginal value of the second unit, X2, is the second-highest of
{Z1, Z2, . . . , ZL}. The marginal value of the third unit, X3, is the third-
highest of {Z1, Z2, . . . , ZL}, and so on.
We now turn to an examination of equilibrium bidding behavior in the

three sealed-bid auction formats outlined in the previous chapter: the dis-
criminatory, uniform-price, and Vickrey auctions. Since we consider a pri-
vate values environment, it is the case that any equilibrium in the sealed-bid
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environment is outcome equivalent to an equilibrium of the corresponding
open auction. Thus, any equilibrium in the discriminatory auction is equiv-
alent to an equilibrium in the multiunit Dutch auction, any equilibrium in
the uniform-price auction to one in the multiunit English auction, and any
equilibrium in the Vickrey auction to one in the Ausubel auction.
The Vickrey auction is the simplest from a strategic standpoint, so we

begin our analysis there. Next we turn to the uniform-price and discrimi-
natory formats.

13.2 Vickrey Auctions

Recall that in a Vickrey auction each bidder submits a K-vector of bids
bi, and the K highest bids are awarded units. The total amount paid by a
bidder who is awarded ki units is

kiX
k=1

c−iK−ki+k (13.3)

where c−i is the K-vector of competing bids obtained by rearranging in
decreasing order the (N − 1)K bids bjk, of bidders j other than i, and
selecting the firstK of these. Recall that the residual supply function facing
bidder i, denoted by s−i, can be obtained from c−i as in (12.3). It is useful
to think of

pik ≡ c−iK−ki+k
as the price bidder i pays for the kth unit. Notice that, by definition,
pi1 ≤ pi2 ≤ . . . ≤ piki .
Just as it is a weakly dominant strategy to bid one’s value in a second-

price auction of a single object, it is a weakly dominant strategy to “bid
one’s true demand function” in a multiunit Vickrey auction. Figure 13.1
illustrates why, for instance, it does not pay bidder 1 to submit a demand
function d1 that lies below his true demand function δ1. When he reports
truthfully, bidder 1 obtains k1 = 4 units. If he were to report d1, he would
win only three units forgoing some surplus on the fourth unit. More gen-
erally, we have

Proposition 13.1 In a Vickrey auction, it is a weakly dominant strategy
to bid according to βV(x) = x.

Proof. Consider bidder i and the bids b−i submitted by the other bid-
ders. As before, let c−i be a vector consisting of the K highest bids of the
other bidders. Suppose further that when bidder i submits a bid bi = xi,
he is awarded ki units. According to the Vickrey pricing rule, his payment
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FIGURE 13.1. Dominant Strategy Property of Vickrey Auction

is given by (13.3) and it is the case that for all k ≤ ki, xik ≥ c−iK−ki+k = pik,
whereas for all k > ki, xik ≤ c−iK−ki+k = pik.
Now suppose bidder i were to submit a bid vector bi 6= xi such that he

is awarded the same number of units as when he submitted his true value
vector xi; then the prices he pays for these units would be unaffected, as
would his overall surplus–the total value less the sum of the prices paid.
If bidder i were to submit a bi 6= xi such that he is awarded a greater

number of units, say li > ki, than if he were to submit his true value vector
xi, then the prices he would pay for the first ki units would be unchanged
and, therefore, so would the surplus derived from these. For any unit k > ki,
however, the price pik exceeds (or, at best equals) the kth marginal value
xik, so the surplus from these li − ki units would be negative (or at best,
zero). As a result, the overall surplus would be lower (or at best, the same)
than that if he were to bid truthfully.
Finally, if bidder i were to submit a bi 6= xi such that he is awarded

a smaller number of units, say li < ki, as when he submitted his true
value vector xi, then the prices he would pay for the first li units would
be unchanged and therefore so would the surplus derived from these. But
the surplus from any unit any unit k < ki was positive and is now forgone.
Thus, by winning fewer units bidder 1’s overall surplus would be lower than
if he were to bid truthfully.

It is important to observe that nowhere in the proof did we make use of
the assumption that bidders were symmetric–Proposition 13.1 continues
to hold even if bidders are asymmetric. An immediate consequence of the
dominant strategy nature of the Vickrey auction is that the K objects are
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awarded in an efficient manner–they are awarded to the K highest values
xik. For future reference we record this observation as follows:

Proposition 13.2 The Vickrey auction allocates the objects efficiently.

The efficiency property of the Vickrey auction also extends to its open
ascending-price counterpart, the Ausubel auction: It is an equilibrium strat-
egy for a bidder to reduce his demand according to his true demand func-
tion δi, obtained by inverting his value vector xi. The resulting allocation
is always efficient.
In the private value context, Vickrey auctions thus inherit the most im-

portant property of second-price auctions: It is a dominant strategy to bid
truthfully and as a result, the allocations are efficient. While Vickrey auc-
tions are always efficient, in some circumstances the outcome of a Vickrey
auction may be deemed to be unfair. This is seen most easily in the con-
text of a simple example. Suppose that there are two bidders with values
x1 = (10, 6) and x2 = (9, 2). In a Vickrey auction each bidder bids his value
vector so that each wins one unit. But notice that bidder 1 pays only x22 =
2 for the unit he wins, whereas bidder 2 pays x12 = 6. Thus, while bidder
1 attaches higher values to both units than does bidder 2, and indicates
this by bidding truthfully, he ends up paying less than what bidder 2 pays.
More generally, suppose there are two bidders i and j such that xi ≥ xj
and the bids are such that i and j win the same number of units, say k.
The vector of competing bids c−j that j faces is at least as large as the
vector of competing bids c−i that i faces, so the amount that j pays for the
k units that he wins is at least as large as the amount that i pays. Thus, in
a Vickrey auction, if two bidders win the same number of units, then the
one who indicates a willingness to pay more than the other will actually
pay less.
What can be said about equilibrium behavior in the uniform-price and

discriminatory auctions? Before addressing this question, we take a slight
detour to examine the question of efficiency in general.

13.3 Efficiency in Multiunit Auctions

The requirement of efficiency restricts the form that equilibrium strategies
can take. Consider any multiunit auction format in which bidders submit
bid vectors bi and the objects are awarded to the K highest bids–that is,
a standard auction. As we have seen, the discriminatory, uniform-price and
Vickrey auctions fall under this label.
Suppose that all bidders’ value vectors Xi lie in the set X defined in

(13.1) and that the density of Xi, denoted by f , has full support. In any
standard auction, the bidding strategy of a bidder, say i, is a function of
the form β i : X → RK+ satisfying, for all k, β ik(x

i) ≥ β ik+1(x
i).
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Consider an equilibrium of some standard auction (β1,β2, . . . ,βN) and
a particular realization of bidders’ values x1,x2, . . . ,xN . In a standard
auction, the K units will be awarded to the K highest of the N ×K bids
β ik(x

i), whereas efficiency demands that the K units be awarded to the K
highest of the N ×K marginal values xik. For the equilibrium to allocate
efficiently for every realization of the values, the ranking of the N × K
bids β ik

¡
xi
¢
must agree with the ranking of the N ×K values xik. In other

words, efficiency requires that for all i, j and k, l,

xik > x
j
l if and only if β

i
k

¡
xi
¢
> β jl

¡
xj
¢

(13.4)

The requirement in (13.4) has two implications. First, it must be that
bidder i’s bid on the kth object β ik(x

i) cannot depend on the value of, say,
the lth object, xil where l 6= k. Otherwise, with positive probability there
are situations in which β ik(x

i) is the Kth highest of all the bids and some
other bidder, say j, submits a bid β jk0(x

j), which is the K+1st highest bid

and this is just below β ik(x
i). Now there exists a change in xil to x

i
l−ε that

affects i’s bid so that β ik(x
i
−l, x

i
l − ε) < β jk0(x

j) but ε is small enough so
that the efficient allocation is unaffected. For such a change, the equilibrium
allocation would be inefficient. Thus, we have argued that an implication
of efficiency is that bidding strategies must be separable–the bid on the
kth object can only depend on the kth marginal valuation.
A second implication is that the different components of the bidding

strategy must be symmetric across both bidders and objects–that is, for
all i, j and k, l, β ik(·) = β jl (·). Otherwise, with positive probability there are
situations in which the allocation will be inefficient; and this is for much
the same reason why a first-price auction may not allocate a single object
efficiently when there are asymmetries (see Chapter 4). In particular, if
i 6= j, then there will be situations in which xik > xjl , but β ik(xik) < β jl (x

j
l )

and bidder i does not win an object he should have won on grounds of
efficiency.
Together these imply that if an equilibrium is efficient then the bidding

strategies must map values into bids using a single increasing function.
The converse is also true–if values are mapped into bids using a single
increasing function, then from (13.4) the equilibrium must be efficient.
Finally, note that in a Vickrey auction, bids equal values, so values are
mapped into bids using the identity function.
We summarize our findings as follows:

Proposition 13.3 An equilibrium of a standard auction is efficient if and
only if the bidding strategies are separable and symmetric across both bid-
ders and objects–that is, there exists an increasing function β such that
for all i and k,

β ik
¡
xi
¢
= β(xik)
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13.4 Uniform-Price Auctions

We noted in the previous chapter that both the Vickrey and the uniform-
price auctions were multiunit extensions of the single-unit second-price
auction. As we have seen, the Vickrey auction inherits the dominant strat-
egy property from the second-price auction and delivers efficient alloca-
tions. What of the uniform-price auction? This section explores the strate-
gic properties of the uniform-price auction and finds that, in general, the
uniform-price auction does not inherit the dominant strategy property of
the second-price auction. In fact, the conditions required by Proposition
13.3 fail; as a result, the uniform-price auction is generally inefficient.
We begin by noting that in the independent private values setting studied

here the uniform-price auction is known to have a pure strategy equilibrium.
But a closed form expression for the strategies is not available, so we pro-
ceed indirectly. Rather than explicitly calculating equilibrium strategies–a
difficult task even in specific examples–we will instead deduce some struc-
tural features that any equilibrium must have. These will then allow us to
infer some important economic properties of the auction.
Recall that in a uniform price auction, bidder i wins exactly ki > 0 units

if and only if
biki > c

−i
K−ki+1 and b

i
ki+1 < c

−i
K−ki

where c−i is the vector of competing bids facing bidder i. The highest losing
bid–the price at which all units are sold–is then just

p = max
n
biki+1, c

−i
K−ki+1

o
Figure 13.2 illustrates the workings of the uniform-price auction when there
are only two units for sale and bidder 1 submits a bid vector b = (b1, b2)
(superscripts are omitted). If b2 > c1, and this occurs in the small triangular
region to the left, bidder 1 wins both units and the price is c1. If b1 < c2,
and this occurs in the small triangular region to the right, bidder 1 does
not win any units. In the remaining region he wins one unit and the price
paid is max{b2, c2}.
We begin with some simple observations regarding equilibrium bidding

behavior. First, the bids cannot exceed marginal values–that is, for all i
and k, bik ≤ xik. To see this, suppose that some bidder i bids an amount
bik > x

i
k. We claim that this is weakly dominated by the strategy of bidding

bik = x
i
k (and if there is another bid, say b

i
k+1, such that b

i
k ≥ bik+1 > xik,

then this is also reduced to xik). If b
i
k = p, the price at which the units are

sold, then bidder i is winning exactly k−1 units and reducing his bid to xik
can only improve his profits by possibly decreasing the price. If bik < p, then
reducing this bid to xik makes no difference. If b

i
k > p > x

i
k, then bidder i

is making a loss on at least one unit and decreasing bik to x
i
k will reduce

his loss–he will no longer win the units for which the price exceeded the
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FIGURE 13.2. Outcomes in a Uniform-Price Auction with Two Units for Sale

marginal value. If bik > x
i
k > p, then reducing his bid to x

i
k again makes no

difference since he would still win the kth unit at the same price.
Second, the bid on the first unit must be the same as its value. Precisely,

any strategy that calls upon a bidder to submit a bid bi1 < xi1 is weakly
dominated by a strategy in which bi1 = x

i
1. To see this, suppose that b

i
1 < x

i
1.

If p ≥ xi1 > bi1, then bidder i is not winning any objects–all his bids are
below the market-clearing price–and this would not change if he were to
raise bi1 to x

i
1. If x

i
1 > p ≥ bi1, then again bidder i is not winning any

objects, but if he were to raise bi1 to x
i
1, then he may win a unit and at a

price that would be profitable. Finally, if xi1 > b
i
1 > p, then raising his bid

to xi1 makes no difference. Thus, we have argued that in a uniform-price
auction it is a weakly dominant strategy for a bidder to bid truthfully for
the first unit. Put another way, bidders do not have any incentive to shade
their bids bi1 for the first unit.
Bidders do have the incentive to shade their bids bi2, b

i
3, . . . , b

i
K for ad-

ditional units, however, and this feature distinguishes the uniform-price
auction from the Vickrey auction; in the latter, there is no incentive to
shade bids for any of the units. Submitting a vector bi ≤ xi, bi 6= xi is
equivalent to submitting a demand function di such that for some prices
p the amount demanded di(p) is lower than the true demand δ i(p) (see
(12.1) and (13.2)). Bid shading is thus sometimes referred to as demand
reduction.
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13.4.1 Demand Reduction

Let us look more closely at the case when there are only two units for
sale–that is, K = 2. Further, suppose that the density of values f has full
support on the set X defined in (13.1). Fix a symmetric equilibrium of the
uniform-price auction β = (β1,β2) that satisfies β (0) = 0. Suppose that
all bidders other than bidder 1, say, follow β. Suppose further that the
marginal values bidder 1 assigns to the two units are given by x = (x1, x2)
and bidder 1 bids b = (b1, b2). (Bidder indices are omitted so that we write
bk instead of b1k, and so on.) Let c = (c1, c2) be the competing bids facing
bidder 1 and suppose that the distribution of the random variable C has
a density on the set X given by h (·). Bidder 1’s expected payoff is then
given by

Π (b,x) =

Z
{c:c1<b2}

(x1 + x2 − 2c1)h(c)dc

+

Z
{c:c2<b1 and c1>b2}

(x1 −max{b2, c2})h(c)dc

The first term is bidder 1’s payoff when he wins both units and the second
term is his payoff when he wins only one unit. (See Figure 13.2.)
Let H1 denote the marginal distribution of the higher competing bid

C1 and H2 that of the lower competing bid C2 with densities h1 and h2,
respectively. Thus, H1 (b2) = Prob [C1 < b2] is the probability that bidder
1 will defeat both competing bids and win two units. Similarly, H2 (b1) =
Prob [C2 < b1] is the probability that he will defeat the lower competing
bid, so win at least one unit. The probability that he will win exactly
one unit is then the difference H2 (b1)−H1 (b2). Also, H2 (b2)−H1 (b2) =
Prob [C2 < b2 < C1] is the probability that the highest losing bid–the price
at which the units are sold–is b2. Using these facts, bidder 1’s expected
payoff can be rewritten as

Π (b,x) = H1 (b2) (x1 + x2)− 2
Z b2

0

c1h1 (c1) dc1

+[H2 (b1)−H1 (b2)]x1
− [H2 (b2)−H1 (b2)] b2 −

Z b1

b2

c2h2 (c2) dc2

(Again, it may help to refer to Figure 13.2.)
Differentiating with respect to b2 results in

∂Π

∂b2
= h1 (b2) (x2 − b2)− [H2 (b2)−H1 (b2)] (13.5)

and when b2 = x2, we determine that

∂Π

∂b2

¯̄̄̄
b2=x2

= − [H2 (x2)−H1 (x2)] < 0
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since H1 stochastically dominates H2.
We have thus argued that a bidder can increase his payoff by shading

his bid for the second unit–that is, the equilibrium bid for the second unit
must be such that b2 < x2.
It is instructive to scrutinize the incentive to shade the bid for the second

unit more closely. An increase in b2 has two effects on a bidder’s payoff.
First, it increases the likelihood that the bidder will win the second object.
To do this, b2 must exceed the highest competing bid, c1, and a small
increase in b2 raises the likelihood by h1(b2). The gain from winning the
second unit is just (x2 − b2), so the first term in (13.5) represents the gain
in expected payoff from raising the bid on the second unit slightly. The
second effect is that an increase in b2 raises the expected payment on the
first unit (even though it does not affect the chances of winning it). This is
because, with probability H2 (b2)−H1 (b2), the amount bid on the second
unit is the highest losing bid and hence determines the price paid for the
first unit. The second term in (13.5) represents the resulting loss. When b2
is close to x2, the second effect dominates, so the bidder has an incentive
to shade his bid.
In a uniform price auction, the shading of bids for units other than the

first–demand reduction–results from the fact that, with positive proba-
bility, every bid other than that for the first unit may determine the price
paid on all units. In other words, a bidder’s own bids influence the price he
pays. By contrast, in a Vickrey auction, a bidder’s own bids determine how
many units he wins but have no influence on the prices paid–each unit is
purchased at a competing bid.
This situation occurs in the example presented in the previous chapter

and is depicted in the middle panel of Figure 12.3 on page 169. The highest
losing bid, and hence the market-clearing price, is bidder 1’s bid for the
fourth unit, b14, and thus his own bid determines the amount he pays for
the three units that he wins.
Two aspects of our analysis were special. First, we examined only the case

when the number of units was two. The argument for demand reduction is
quite general–considering more units only adds notational complexity–
and applies no matter how many units are sold. Thus, no matter what K
is, β i1(x

i
1) = x

i
1 and for all k > 1, β

i
k(x

i
k) < x

i
k. Figure 13.3 is a schematic

portrayal of demand reduction when the number of units for sale is greater
than two. Second, we assumed that the distribution of the competing bids
facing a bidder admitted a density h(c), so the distribution of bids did not
have any mass points. This is not entirely innocuous since it rules out the
possibility that for some open set of value vectors, the bids on some unit
are constant. It turns out, however, that the demand reduction occurs even
if the bidding strategies have mass points.
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FIGURE 13.3. Demand Reduction in a Uniform-Price Auction

Proposition 13.4 Every undominated equilibrium of the uniform-price
auction has the property that the bid on the first unit is equal to the value
of the first unit. Bids on other units are lower than the respective marginal
values.

Since the bidding strategies associated with different units are different–
there is no shading on the first unit but there is on other units–by applying
Proposition 13.3 we obtain the following:

Proposition 13.5 Every undominated equilibrium of the uniform price
auction is inefficient.

Demand reduction (or bid shading) can be severe when the number of
bidders is small relative to the number of units for sale. An extreme case
of this phenomenon occurs in the following example.

Example 13.1 There are two units for sale and two bidders with value
vectors X that are identically and independently distributed according to
the density function f(x) = 2 on X = {x ∈ [0, 1]2 : x1 ≥ x2}.
With this distribution of values, a symmetric equilibrium of the uniform-

price auction is β1(x1, x2) = x1 and β2(x1, x2) = 0. In every realization,
each bidder wins one unit and the price is zero!
To see this, suppose that bidder 2 is following the strategy β as specified

and bidder 1 with value vector x submits a bid vector b = (b1, b2)À 0. As
usual, let c denote the competing bids facing bidder 1–in this case, these
are just the bids submitted by bidder 2–and we know that c = (y1, 0)
where y is bidder 2’s value vector. Since c2 = 0, bidder 1 is sure to win at
least one unit. He wins only one unit if his low bid is a losing bid–that is,
if y1 > b2 and in that case he pays b2. He wins both units if his low bid of
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b2 exceeds the high bid of bidder 2, that is, if y1 < b2, and in that case the
price he pays for each unit is y1.
Let F1 be the marginal distribution of X1 with corresponding density f1.

Since f(x) = 2 on X , we know that F1 (x1) = (x1)2 and f1(x1) = 2x1 on
the interval [0, 1].
Bidder 1’s expected payoff from bidding b when his values are x is simply

Π (b,x) = F1 (b2) (x1 + x2)− 2
Z b2

0

y1f1 (y1) dy1

+(1− F1 (b2)) (x1 − b2)
where the first term is the payoff from winning both units and the second
from winning only one unit.
Differentiating with respect to b2 we obtain

∂Π

∂b2
= f1 (b2) (x2 − b2)− 1 + F1 (b2)
= 2b2 (x2 − b2)− 1 + (b2)2
= − (x2 − b2)2
≤ 0

and this is strictly negative whenever b2 < x2. So it is optimal to set b2 = 0
whatever the value of x2.
In the example, demand reduction is so extreme that the equilibrium

price is always zero and the two units are always split between the two
bidders regardless of their values. The resulting inefficiency is clear. Finally,
note that low revenue equilibria of this sort cannot arise if the number of
bidders exceeds the number of units for sale. N

13.4.2 Single-Unit Demand

The inefficiency of the uniform-price auction does not result from the fact
that multiple units are sold per se but rather from the fact that multiple
units are demanded. Consider a situation in which K > 1 units are up for
sale but each bidder has use for at most one unit–the case of single-unit
demand. This is equivalent to supposing that the value vectors are drawn
from the set

X (1) = {x ∈ [0,ω]K : ∀k > 1, xk = 0}
Thus, f no longer has full support on X . We already know that in a uniform-
price auction it is weakly dominant to bid b1 = x1, and since the value of
all additional units is zero, each bidder is bidding truthfully. Put another
way, if all bidders have unit demand, there is no possibility that a winning
bidder will influence the price paid, and hence there is no incentive for
demand reduction. The upshot of this is that with single-unit demand the
uniform-price auction is efficient.
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13.5 Discriminatory Auctions

Recall that in a discriminatory or “pay-your-bid” auction, a bidder who is
awarded ki ≤ K units pays the sum of his first ki bids, bi1 + b

i
2 + . . .+ b

i
ki .

Once again we note that pure strategy equilibria are known to exist in
a discriminatory auction when bidders have independent private values.
When bidders are symmetric, as assumed in this chapter, a symmetric
equilibrium is known to exist. No explicit characterization of the strategies
is available, however, so, as in the previous section, we proceed indirectly
by deducing properties that any equilibrium must satisfy.
It is obvious that there will be demand reduction in a discriminatory

auction–to bid bik = xik would ensure only that there is no gain from
winning the kth object. To further understand the nature of equilibrium
bids, let us look more closely at the two unit and two bidder case. Fix a
symmetric equilibrium (β1,β2) of the discriminatory auction. First, notice
that if the highest amount ever bid on the second unit is b = maxβ2 (x),
then it makes no sense for a bidder to bid more than b on the first unit.
This is because any bid b1 on the first unit that is greater than b will win
with probability 1 and the bidder could do better by reducing it slightly.
Thus, we have that in equilibrium

max
x

β1 (x) = b = maxx
β2 (x) (13.6)

Second, consider a particular bidder and let the random variable C =
(C1, C2) denote the competing bids–that is, the bids of the other bidder.
Let H1 denote the marginal distribution of a bidder’s high bid C1 and let
H2 denote the marginal distribution of the other bidder’s low bid C2. Thus,

Hk (c) = Prob [βk (X) ≤ c]

Since, for all x, β1 (x) ≥ β2 (x), it is clear that the distribution H1 stochas-
tically dominates the distribution H2. As usual, let h1 and h2 denote the
corresponding densities.
Suppose a bidder has values (x1, x2) and bids (b1, b2). He wins both units

if C1 < b2 and the probability of this event is H1 (b2). He wins exactly
one unit if C2 < b1 and C1 > b2 and the probability of this event is
H2 (b1)−H1 (b2). Thus, the expected payoff is

Π (b,x) = H1 (b2) (x1 + x2 − b1 − b2)
+ [H2 (b1)−H1 (b2)] (x1 − b1)

= H2 (b1) (x1 − b1) +H1 (b2) (x2 − b2) (13.7)

The bidder’s optimization problem is choose b to maximize Π (b,x) subject
to the constraint that b1 ≥ b2.
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When the constraint b1 ≥ b2 does not bind at the optimum, so that
b1 > b2, the first-order conditions for an optimum are

h2 (b1) (x1 − b1) = H2 (b1) (13.8)

h1 (b2) (x2 − b2) = H1 (b2) (13.9)

Thus, we deduce that whenever b1 > b2, the bids are completely separable
in the values–that is, β1 does not depend on x2 and β2 does not depend
on x1.
When the constraint b1 ≥ b2 binds at the optimum, so that b1 = b2 ≡ b,

the first-order condition is

h2(b) (x1 − b) + h1(b) (x2 − b) = H2(b) +H1(b) (13.10)

In this case, the bidder submits a “flat demand” function–bidding the
same amount for the each of the two units. An examination of (13.7) reveals
that if it is optimal to submit the flat demand bid b for the value vector
x = (x1, x2) and also for the value vector z = (z1, z2), then it is optimal
to submit the same flat demand bid b for any convex combination of the
values λx+(1− λ) z, where 0 ≤ λ ≤ 1.

13.5.1 Structure of Equilibria

Once again, we deduce some structural properties of equilibrium strategies
without deriving the strategies explicitly. Indeed, unlike in the case of a
single object, even if bidders are symmetric no closed form expression for
the bidding strategies is available. This is because even symmetric bidders
value different units of the same object differently. For example, when there
are two units for sale to two bidders, bids on the first unit compete with
rival bids on the second unit. Since the marginal distributions of the values
are different, the gains and losses from, say, bidding higher on the first unit
are different from those from bidding higher on the second unit.
Indeed, when the constraint b1 ≥ b2 is not binding, the relevant first-

order conditions, (13.8) and (13.9), that determine bidding strategies in a
symmetric multiunit auction are the same as those that determine bidding
strategies in an asymmetric single-object auction (see Chapter 4, especially
(4.17) on page 47). The only difference is notational–the subscripts now
index units–reflecting the fact that asymmetries across bidders have been
replaced by asymmetries across different units of the same good. The two
problems are not isomorphic, however. In the discriminatory auction, the
constraint b1 ≥ b2 binds some of the time–bidders submit flat demands
with positive probability.
To see why, suppose for the moment that F1 dominates F2 in terms of

the reverse hazard rate–that is, for all x,

f1 (x)

F1 (x)
>
f2 (x)

F2 (x)
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FIGURE 13.4. Illustration of the Necessity of Flat Demands

Suppose that (β1,β2) is a solution to the differential equations resulting
from (13.8) and (13.9), that is, if we neglect the constraint that b1 ≥ b2.
Then we can deduce that for all x ∈ (0,ω), β2(x) > β1(x), as shown in
Figure 13.4. This is because Proposition 4.4 on page 48 applies to this
situation unchanged–only the meaning of the subscripts is different–so
the bids on the second unit will be more aggressive than bids on the first
unit. But now for every x1 ∈ (0,ω), if x2 > y2 ≡ φ2(β1(x1)), where φ2
is the inverse of β2, the constraint b1 ≥ b2 surely binds and bidders must
submit flat demands when that happens. Thus, we conclude that bidders
submit flat demands with positive probability.
The assumption that F1 dominates F2 in terms of the reverse hazard rate

is satisfied in the multi-use model outlined earlier. Suppose that each bidder
first draws two values Z1 and Z2 independently from some distribution
F–the values of the object in two different uses. If he obtains only one
unit, then he uses it in the best way possible, so his value for the first
unit is X1 = max{Z1, Z2}. The marginal value of the second unit is then
X2 = min{Z1, Z2}. With this specification, F1 and F2 are just distributions
of the highest and second-highest order statistics, respectively, and it is
routine to verify that F1 dominates F2 in terms of the reverse hazard rate.
At the same time, it cannot be optimal for bidders to always submit flat

demands. In particular, when the values (x1, x2) are close to (ω, 0), then the
only possible flat demand bid (b, b) is close to (0, 0). But an examination of
(13.10) reveals that this is impossible, so that we must have that b1 > b2,
that is, the submitted demand function is “downward sloping.” Thus, we
also conclude that bidders submit downward sloping demands with positive
probability.
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FIGURE 13.5. Equilibrium Bids in a Discriminatory Auction

Proposition 13.6 Suppose that F1 dominates F2 in terms of the reverse
hazard rate. In any equilibrium of the two-bidder, two-unit discriminatory
auction, bidders submit flat demands if the difference in marginal values is
small and submit downward sloping demands if the difference is large.

Figure 13.5 illustrates Proposition 13.6 by delineating the set of values
for which bidders submit flat demands (the region lying between the curve
and the 45◦ line) and the set of values for which bidders submit downward
sloping demands (the region lying below the curve). Points lying on the
kinked solid lines are value pairs such that the bid on the first unit is a
constant, and points on the kinked dotted lines are value pairs such that the
bid on the second unit is a constant. Below the curve, the bids on the two
units are separable, so the “iso-bid” curves for the first unit are vertical
lines and for the second unit are horizontal lines. Above the curve, the
same amount b is bid for both units, so the “iso-bid” curves are common,
downward sloping lines and, as indicated by (13.10), have slope

−h1(b)
h2(b)
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The iso-bid lines when flat demands are submitted are thus are not parallel
and typically get flatter as the amount bid b increases. Given a value x1
of the first unit, the bid on the first unit b exceeds the amount bid on the
second unit as long as x2 ≤ y2 (compare with Figure 13.4). Once x2 > y2
the constraint b1 ≥ b2 binds and flat demands are submitted.
Given the features of equilibrium behavior highlighted above it is not

surprising that the discriminatory auction is, in general, inefficient. The
presence of flat demands and the fact that when downward sloping bidding
on the second unit is more aggressive than on the first unit implies that the
two units are not treated in symmetric fashion. Proposition 13.3 implies
the following:

Proposition 13.7 Every equilibrium of the discriminatory auction is in-
efficient.

13.5.2 Single-Unit Demand

As in the case of the uniform-price auction, the general inefficiency of the
discriminatory auction stems not from the multiplicity of units for sale
but rather from the fact that bidders demand multiple units. Unlike the
uniform-price auction, however, the discriminatory auction is efficient with
single-unit demand only in the case where bidders are symmetric. This is
not surprising since the single-unit first-price auction is also efficient only
under the assumption of symmetry.
Suppose that there are N symmetric bidders, each of whom draws a

single value independently from the same distribution F . A symmetric
equilibrium of a discriminatory auction in which K < N units are sold
entails that each bidder follow the strategy

β(x) = E
h
Y
(N−1)
K | Y (N−1)K < x

i
where Y

(N−1)
K denotes the Kth-highest order statistic of N − 1 draws from

the distribution F .
The argument that this constitutes an equilibrium is the same as in

Chapter 2, where K = 1. Since all bidders follow the same strategy, the K
highest bids come from bidders with the K highest values; so with single-
unit demand, the auction is efficient.

This chapter has focused on the efficiency of the various multiunit auc-
tions. In the next chapter we turn to our other major concern–the revenue
from the different auctions.

Chapter Notes

Vickrey (1961) first studied multiunit auctions and recognized that the
discriminatory and uniform-pricing rules were inefficient. In fact, it is safe
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to say that this is the reason he proposed an entirely new pricing rule–
which we now know by his name–that was efficient. He also recognized
that the root cause of the inefficiency of the discriminatory and uniform-
price auctions was not the multiplicity of units for sale but that bidders
had multiunit demand.
There has been a lively debate regarding the merits of the various for-

mats, mainly in the context of the auction of Treasury bills. The Treasury
has traditionally used the discriminatory auction, but since the 1960s nu-
merous economists have advocated a switch to the uniform-price format.
The arguments in favor of the uniform-price auction have been made on
many grounds–revenue, efficiency, strategic simplicity and susceptibility
to collusion. Back and Zender (1993) summarize the debate and highlight
the fact that many of the arguments that have been made are based on
extrapolating properties of the two auctions from situations where bidders
have single-unit demand to more general situations. As we have seen, and
as Vickrey (1961) himself realized, the properties of these auctions in the
context of single-unit demand do not extend to situations with multiunit
demand. As a case in point, the strategic simplicity of the uniform-price
auction with single-unit demand–it is a dominant strategy to bid one’s
value–does not extend to situations with multiunit demand–it is now
advantageous to engage in demand reduction. The policy debate has con-
cerned the relative merits of the discriminatory and uniform-price auctions;
the attractive properties of the Vickrey auction seem to have been largely
overlooked. We hasten to add, however, that these properties hold in a
model with private values and such a specification does not seem the most
natural in the context of Treasury bills.
The derivation of equilibrium bidding behavior in private value uniform-

price auctions follows the work of Noussair (1995) and Englebrecht-Wiggans
and Kahn (1998a). The example of low revenue equilibria in the uniform-
price auction is taken from the latter paper. The analysis of equilibrium
strategies in the discriminatory auction is, to a large extent, based on
Englebrecht-Wiggans and Kahn (1998b). The issue of demand reduction
has been studied in more detail by Ausubel and Cramton (1996).
In an important paper, Reny (1999) has shown that with independent

private values, the discriminatory auction has a pure strategy equilibrium.
In symmetric situations, there is a symmetric pure strategy equilibrium.
Bresky (2000) extends Reny’s work to show that a whole class of auctions–
which includes both the uniform-price and discriminatory formats–has
pure strategy equilibria, again in an independent private values setting
that is possibly asymmetric.
We have argued that the discriminatory and uniform-price auctions are

generally inefficient. Swinkels (1999) shows, however, that as the number of
bidders gets arbitrarily large, the inefficiency in the discriminatory auction
goes to zero. Essentially, in any equilibrium, once there are enough bidders,
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bidding behavior begins to resemble “price taking.” Thus, the discrimina-
tory auction is asymptotically efficient in the sense that the ratio of social
surplus in equilibrium to the attainable social surplus approaches one. The
rate at which the inefficiency goes to zero as the number of bidders in-
creases may be slow, however, so the inefficiency may remain large even
for a relatively large number of bidders. In a second paper, Swinkels (2001)
studies a model in which the total supply is uncertain and derives results
on the asymptotic efficiency of both the discriminatory and uniform-price
auctions.





14
Some Revenue Considerations

The previous chapter focused on some properties of the equilibria of multiu-
nit auctions and the consequences for the efficiency of the various formats.
This chapter concerns the issue of revenue.
The revenue equivalence principle formed the cornerstone of the analy-

sis of single object auctions in the independent private values setting. Its
message was that if two auction formats resulted in the same equilibrium
allocation, then the two auctions must result in the same expected payoffs
and revenues. In its simplest form it ensured that if bidders are symmet-
ric, then all standard single object auctions–in particular, the first- and
second-price formats–resulted in the same expected revenue. This was be-
cause all of the standard auctions were efficient in the symmetric context.
Indeed, we were able to use the revenue equivalence principle to derive equi-
librium strategies in some unusual auction formats, for instance, third-price
and all-pay auctions.
In this chapter we show that the revenue equivalence principle extends

in a relatively straightforward manner to the multiple object environment.
But we have already seen that even in symmetric settings, the standard
multiunit auctions need not allocate in the same way and are not revenue
equivalent. For instance, in Example 13.1, the revenue from a uniform-price
auction was zero, whereas the revenue from the discriminatory or Vickrey
auctions was positive. In some cases, however, it is possible to argue on a
priori grounds that two multiunit auctions will allocate in the same way.
The revenue equivalence principle then becomes a powerful tool–it can be
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used to derive equilibrium strategies–and in this chapter we illustrate its
use in this manner.

14.1 Revenue Equivalence in Multiunit Auctions

Our basic setup is the same as in the previous chapter. Specifically, there
are K identical objects for sale and N potential buyers are bidding for
these. Bidder i’s valuation for the objects is given by a K-vector Xi =¡
Xi
1,X

i
2, . . . ,X

i
K

¢
, where Xi

K represents the marginal value of obtaining
the kth object and these are declining. We do allow for asymmetries among
bidders. Thus, bidders’ value vectors, while drawn independently from

X =
n
x ∈ [0,ω]K : ∀k, xk+1 ≥ xk

o
need not be identically distributed. Let bidder i’s value vector Xi be dis-
tributed on X according to the density function fi.
Fix an auction form A for allocating multiple units and fix an equilibrium

β = (β1,β2, . . . ,βN) of A. Consider a particular bidder, say i, and suppose
that other bidders j 6= i follow the equilibrium strategies β j . Suppose that
bidder i’s value vector is xi but he reports that it is zi–that is, he bids
β i(zi) instead of β i(xi). Let qi1(z

i) denote the probability that bidder i
will win the first unit when he bids β i(zi), let qi2(z

i) denote the probability
that he will win a second unit, and so on. In general, qik(z

i) denotes the
probability that he will win the kth unit.1 If his value vector is xi, a bidder’s
gain from reporting that it is zi can be written as

KX
k=1

qik
¡
zi
¢
xik = q

i(zi) · xi

where qi(zi) is the K-vector of probabilities qik(z
i).

Consider two different auction forms and fix equilibrium strategies in
each. We will say that the two auction forms have the same allocation rule
if the resulting probabilities qik(z

i) in equilibrium are the same.
Let mi(zi) be the equilibrium expected payment in auction A by bidder

i when he reports that his value vector is zi. Suppose that the auction is
such that in equilibrium mi(0) = 0. Bidder i’s expected payoff is

qi(zi) · xi −mi(zi)

In equilibrium it is optimal to bid β i
¡
xi
¢
, so for all zi,

qi(xi) · xi −mi(xi) ≥ qi(zi) · xi −mi(zi) (14.1)

1For k < K, qik − qik+1 is the probability that bidder i will win exactly k units; qiK is
the probability that bidder i will win all K units.
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Now define
U i
¡
xi
¢ ≡ max

zi

©
qi(zi) · xi −mi(zi)

ª
(14.2)

to be the maximized payoff function and since U i is the maximum of a
family of affine functions–one for each zi–it is convex.
Notice that (14.1) can be rewritten as follows: for all xi and zi,

U i
¡
zi
¢ ≥ U i¡xi¢+ qi ¡xi¢ · ¡zi − xi¢ (14.3)

The inequality in (14.3), a consequence of equilibrium play, implies for all
xi, the probability vector qi(xi) is a subgradient of the payoff function
U i, which is convex, at the point xi. In other words, the vector qi(xi) is
perpendicular to the hyperplane that supports the function U i at xi–the
graph of the function U i lies above the hyperplane.
So far we argued in a manner that is parallel to that presented in Chapter

5 (see, for instance, (5.5)), the only difference being that we now have multi-
dimensional values–that is, value vectors. In the one-dimensional problem
we were able to integrate qi, the probability of winning the object, to obtain
Ui. We wish to carry out a similar exercise here, and our next step serves
to reduce the multidimensional problem to a single dimension.
Fix an arbitrary point xi and define a function V i : [0, 1]→ R by

V i(t) = U i
¡
txi
¢

so that V i(0) = U i(0) and V i(1) = U i
¡
xi
¢
. Since U i : X → R is convex

and continuous, V i : [0, 1]→ R is also convex and continuous. The function
V i is just a restriction of U i to the line joining 0 to xi, so, while also convex,
V i is a function of only one variable.
A convex function of one variable is absolutely continuous and thus it is

differentiable almost everywhere in the interior of its domain. Furthermore,
every absolutely continuous function is the integral of its derivative, so we
have

V i(1) = V i(0) +

Z 1

0

dV i(t)

dt
dt (14.4)

Now suppose t ∈ (0, 1) is such that V i is differentiable at t. From (14.3),
V i(t+∆)− V i(t) = U i

¡
(t+∆)xi

¢− U i¡txi¢
≥ qi

¡
txi
¢ ·∆xi

If ∆ > 0, then we get

V i(t+∆)− V i(t)
∆

≥ qi¡txi¢ · xi
and taking the limit as ∆ ↓ 0 we obtain that

dV i(t)

dt
≥ qi¡txi¢ · xi
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On the other hand, if ∆ < 0, then taking the limit as ∆ ↑ 0 we get the
opposite inequality. Thus, if V i is differentiable at t ∈ (0, 1) ,

dV i(t)

dt
= qi

¡
txi
¢ · xi

Now substituting in (14.4) we obtain that for all xi ∈ X :

U i
¡
xi
¢
= U i(0) +

Z 1

0

qi
¡
txi
¢ · xi dt (14.5)

Thus, at any point xi, the payoff U i is determined by the probabilities qi

up to an additive constant.
Since

mi
¡
xi
¢
= qi

¡
xi
¢ · xi − U i¡xi¢

the expected payments in any two auctions with the same allocation rule are
also the same. We have thus shown that the revenue equivalence principle
holds for multiunit auctions as well.

Proposition 14.1 The equilibrium payoff (and payment) functions of any
bidder in any two multiunit auctions that have the same allocation rule
differ at most by an additive constant.

When each bidder, has use for at most one unit–the case of single-unit
demand–the discriminatory and uniform-price auctions allocate efficiently.
In this case, the revenue equivalence principle derived above can be applied,
so the two auctions are revenue equivalent to the Vickrey auction.
With multiunit demands, only the Vickrey auction is generally efficient.

In this case, the revenue equivalence principle provides little insight in de-
termining the revenue from the discriminatory and uniform-price auctions
relative to that from the Vickrey auction. Indeed, it is known that no gen-
eral ranking of the revenues can be obtained–depending on the distribution
of values one or the other auction may be superior. In specific instances,
however, it is possible to argue on a priori grounds that all three auctions
are efficient and in these instances the power of the revenue equivalence
principle can be brought to bear. We now present such an example.

14.2 Revenue Equivalence with Multiunit Demand:
An Example

Suppose that there are three units for sale (K = 3) and two bidders,
each of whom wants at most two units (L = 2). Bidders’ value vectors
X = (X1,X2) are two-dimensional and are identically and independently
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distributed according to the density function f with support {x ∈ [0, 1]2 :
x1 ≥ x2}.
Notice that the environment specified here has the feature that in any

standard auction each bidder is assured of winning at least one unit. The
Vickrey auction is, of course, efficient. In what follows, we will first argue,
on a priori grounds, that the uniform-price auction also has an efficient
equilibrium and we will then use the revenue equivalence principle to ex-
plicitly derive the equilibrium bidding strategies. We will analyze the dis-
criminatory auction in the same way. The special structure given above is
interesting because it represents one of the few known instances in which
the equilibrium bidding strategies in the three multiunit auctions can be
derived explicitly.
Let F1 and F2 denote the marginal distributions of X1 and X2, respec-

tively, and let f1 and f2 be the corresponding marginal densities.

Vickrey Auction

In a Vickrey auction it is a dominant strategy for each bidder to bid
truthfully–that is, to submit a bid vector bi = xi. The vector of com-
peting bids that bidder i faces is

c−i = (xj1, x
j
2, 0)

where j 6= i. He is sure to win at least one unit, so he pays the third highest
competing bid c−i3 = 0 for this unit. He wins another unit if his value for
the second unit exceeds bidder j’s value for the second unit–that is, if
xi2 > x

j
2 and in that case pays the second-highest competing bid, c

−i
2 = xj2,

for this unit.
A bidder’s expected payment when his value vector is x = (x1, x2) is

therefore

mV(x) = Prob [X2 < x2]E [X2 | X2 < x2]
=

Z x2

0

yf2 (y) dy (14.6)

and notice that this is independent of x1.

Example 14.1 Suppose that X1 and X2 are the highest and second-highest
order statistics, respectively, of two independent draws from a uniform dis-
tribution on [0, 1].

In a Vickrey auction, the expected revenue of the seller is

E
£
RV
¤
= E

h
Y
(4)
4

i
=
1

5

where Y
(4)
4 is the lowest of four independent draws from the uniform dis-

tribution on [0, 1]. N
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Uniform-Price Auction

Recall that in a uniform price auction it is weakly dominant for each bidder
to bid the value on the first unit. Thus, in any undominated equilibrium,
bi1 = x

i
1. It remains to determine the equilibrium bids on the second unit.

Suppose that the bids on the second unit are determined by the increasing
function β2 : [0, 1]→ R+ and in the interest of notational simplicity let us
write β ≡ β2. (Here we are postulating that the bids on the second unit are
independent of the value of the first unit, and as we will see, this is indeed
the case.) Now notice that if such an equilibrium exists, it will allocate
efficiently. The reason is that once again each bidder is guaranteed to win
at least one unit. A bidder will win a second unit only if β(xi2) > β(xj2)

and since β is increasing, xi2 > x
j
2, so it is efficient for him to do so.

We can now use the revenue equivalence principle to deduce that in any
such equilibrium of the uniform-price auction the expected payment of a
bidder with value vector x is the same as in a Vickrey auction, so using
(14.6) we obtain

mU(x) = mV(x)

=

Z x2

0

yf2 (y) dy (14.7)

On the other hand, it is easy to see that the equilibrium expected pay-
ment of bidder 1 when his value vector is x = (x1, x2) is

mU(x) =

Z x2

0

2β(y)f2 (y) dy + (1− F2 (x2))β (x2) (14.8)

The first term is the expected payment in the event that bidder i wins
both units so that the highest losing bid, and hence the price, is β(xj2).
The second term derives from the event that bidder i wins only one unit,
so the highest losing bid is his own bid for the second unit–that is, β(x2).
The revenue equivalence principle implies that if β is the equilibrium

bidding strategy for the second unit, then it must satisfy: for all z ∈ [0,ω],Z z

0

yf2 (y) dy =

Z z

0

2β(y)f2 (y) dy + (1− F2 (z))β(z)

Differentiating with respect to z, we deduce that β must satisfy the differ-
ential equation

zf2 (z) = β(z)f2 (z) + (1− F2 (z))β 0(z)

together with the initial condition β (0) = 0. This can be rearranged as

β 0(z) = (z − β(z))λ2 (z) (14.9)
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where

λ2 (z) ≡ f2 (z)

1− F2 (z)
is the hazard rate function associated with F2. The solution to the differ-
ential equation (14.9) is

β(z) =

Z z

0

yλ2 (y) dL(y | z) (14.10)

where

L(y | z) = exp
µ
−
Z z

y

λ2 (t) dt

¶
is the relevant integrating factor. (The reader may wish to refer to Propo-
sition 6.3 on page 93.) The strategy β is increasing and the argument that
this constitutes an equilibrium is straightforward.
We have thus shown that a symmetric equilibrium bidding strategy in

the uniform-price auction is

βU(x1, x2) = (x1,β (x2))

where β is defined in (14.10).

Example 14.1 (continued)X1 and X2 are the highest and second-highest
order statistics from a uniform distribution on [0, 1].

It may be verified that β(z) = z2. The selling price is the lowest of the
four bids submitted in total. Since three units are for sale, the expected
revenue is

E
£
RU
¤
= 3E

h
β
³
Y
(4)
4

´i
= 3E

·³
Y
(4)
4

´2¸
=

1

5

where Y
(4)
4 is the lowest of four independent draws from the uniform dis-

tribution on [0, 1]. N

Discriminatory Auction

Once again, each bidder is assured of winning at least one unit. Now sup-
pose that a bidder bids (b1, b2) such that b1 > b2. Reducing the bid on
the first unit to b1 − ε > b2 does not affect a bidder’s chances of winning
the first unit–he wins it regardless of his bid–but increases his payoff
since he pays less for this unit. Thus, it cannot be optimal to bid in a way
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that b1 > b2 and in equilibrium we must have b1 = b2. In other words, in
any equilibrium of the discriminatory auction bidders always submit flat
demand functions. Moreover, the amount bid is determined solely by the
marginal value of the second unit, x2.
Suppose that the bids on the second unit are determined by the increasing

function β2 : [0, 1]→ R+ and in the interest of notational simplicity let us
once again write β ≡ β2. Now notice that in this example, any equilibrium
of the discriminatory auction with an increasing β is efficient. Suppose
bidder i follows the equilibrium strategy of bidding the flat demand function
(β(xi2),β(x

i
2)). He wins one unit for sure and wins a second unit if β(x

i
2) >

β(xj2). Since β is increasing, x
i
2 > x

j
2, so it is efficient for i to win a second

unit.
Since the equilibrium is efficient we can invoke the revenue equivalence

principle to deduce that the expected payment of a bidder with value vector
x in a discriminatory auction is the same as in a Vickrey auction. Using
(14.6) we obtain

mD(x) = mV(x)

=

Z x2

0

yf2 (y) dy (14.11)

On the other hand, we know that the expected payment in a discrimi-
natory auction is

mD(x) = β (x2) + F2 (x2) β (x2) (14.12)

The first term is the sure payment that the bidder will make for the first
unit. The second term is the expected payment for the second unit, which
he wins only if his value for the second unit x2 exceeds the other bidder’s
value for the second unit. Since bidders submit flat demands, the amount
paid for each unit is the same. From (14.11) and (14.12) we determine that

β (x2) =
1

1 + F2 (x2)

Z x2

0

yf2 (y) dy (14.13)

The function β is increasing and the argument that this constitutes as
equilibrium is straightforward.
Thus, we have shown that a symmetric equilibrium in the discriminatory

auction is

βD(x1, x2) = (β (x2) ,β (x2))

where β is defined in (14.13).

Example 14.1 (continued)X1 and X2 are the highest and second-highest
order statistics from a uniform distribution on [0, 1].
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The bidding strategy in the discriminatory auction is given by

β(z) =
z2 − 2

3z
3

1 + 2z − z2
The expected payment of a bidder with value x2 for the second unit is

mD(x) = (x2)
2 − 2

3
(x2)

3

and the ex ante expected payment of a bidder is

mD =

Z 1

0

mD(x) dx2 =
1

10

Since there are two bidders, the expected revenue of the seller in a discrim-
inatory auction is twice the ex ante payment of each bidder and equals, as
it must, 15 . N

Chapter Notes

The multidimensional revenue equivalence principle in Proposition 14.1 is
due to Krishna and Perry (1998). It calculates the payoff U i

¡
xi
¢
by inte-

grating the function qi along the ray from 0 to xi (as in (14.5)). It turns out,
however, that the calculation does not depend on the particular path along
which the integral is evaluated–it is path independent (see Krishna and
Maenner, 2001). Specifically, for any smooth (continuously differentiable)
path α : [0, 1]→ X such that α (0) = 0 and α (1) = xi,

U i(xi) = U i(0) +

Z 1

0

qi (α (t)) ·Dα (t) dt

Krishna and Maenner (2001) also show that the integral of a convex func-
tion does not depend on the particular selection from its subgradient map-
ping: The value of the integral would be the same if some selection other
than qi were used.





15
Sequential Sales

In all of the multiunit auctions considered thus far–the discriminatory,
uniform-price, and Vickrey formats–all the units are sold at-one-go. In
this chapter we examine situations in which the units are sold one-at-a-
time in separate auctions that are conducted sequentially.

15.1 Sequential First-Price Auctions

Consider a situation in which the K identical items are sold to N > K
bidders using a series of first-price sealed-bid auctions. Specifically, one of
the items is auctioned using the first-price format, and the price at which
it is sold–the winning bid–is announced. The second item is then sold
and again the price at which it is sold–the winning bid in the second
auction–is announced. The third item is then sold, and so on.
We restrict attention to situations in which each bidder has use for at

most one unit–the case of single-unit demand. We also suppose that bid-
ders have private values and that each bidder’s value Xi is drawn indepen-
dently from the same distribution F on [0,ω]. It is then natural to look for
a symmetric equilibrium.
A bidding strategy for a bidder consists of K functions β I1,β

I
2, . . . ,β

I
K

where β Ik (x, p1, p2, . . . , pk−1) denotes the bid in the kth auction given that
the bidder’s value is x and the prices in the k − 1 previous auctions were
p1, p2, . . . , pk−1, respectively. All this assumes, of course, that the particular
bidder has not already won an object and so is still active in the kth auction.
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(From now on, if there is no ambiguity, the superscript “I” identifying the
first-price format will be omitted.)
Notice that if the equilibrium strategies βk are increasing functions of

the value x, then the items will be sold in order of decreasing values. The
first item will go to the bidder with the highest value, the second to the
bidder with the second-highest value, and so on. In that case the K units
will be allocated efficiently.
In what follows it will be convenient to think of the auctions as being

held in different periods. Moreover, the auctions are assumed to be held in
a short enough time–say, the same day–so that bidders do not discount
payoffs from later periods.

15.1.1 Two Units

We begin by looking at a situation in which only two units are sold (K = 2),
so a symmetric equilibrium consists of two functions (β1,β2), denoting the
bidding strategies in the first and second periods, respectively. We conjec-
ture that these are increasing and differentiable. The first-period bidding
strategy is a function β1 : [0,ω] → R+ that depends only on the bidder’s
value. The bid in the second period may depend on both the bidder’s value

and the price paid in the first auction, p1. As usual, denote by Y1 ≡ Y (N−1)1

the highest of N−1 values, by Y2 ≡ Y (N−1)2 the second-highest, and so on.
Let F1 and F2 be the distributions of Y1 and Y2, respectively, and let f1
and f2 be the corresponding densities.
Since the first-period strategy β1 is assumed to be invertible, the value

of the winning bidder in the first period is commonly known; it is just
y1 = β−11 (p1). Thus, the second-period strategy can be thought of as a
function β2 : [0,ω] × [0,ω] → R+ so that a bidder with value x bids an
amount β2(x, y1) if Y1 = y1.
We are interested in equilibria that are sequentially rational–that is,

equilibria with the property that following any outcome of the first-period
auction, the strategies in the second period form an equilibrium. We begin
with the second period.

Second-Period Strategy

Consider the second-period auction and the decision problem facing a par-
ticular bidder, say 1, whose value is x. Suppose all other bidders follow
the equilibrium strategy β2 (·, y1) and bidder 1 bids β2 (z, y1) in the second
auction. Since the bidders competing against bidder 1 in the second auction
have values Y2, Y3, . . . , YN−1 and in equilibrium Y2 < y1, it makes no sense
for bidder 1 to bid an amount greater than β2 (y1, y1). His expected payoff
in the second auction if he bids β2 (z, y1) for some z ≤ y1 is

Π (z, x; y1) = F2 (z | Y1 = y1)× [x− β2 (z, y1)]
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Differentiating Π (z, x; y1) with respect to z we obtain the first-order
condition that in equilibrium, for all x,

f2 (x | Y1 = y1) [x− β2 (x, y1)]− F2 (x | Y1 = y1)β 02 (x, y1) = 0
where β 02 is the derivative of β2 with respect to its first argument. Rear-
ranging this results in the differential equation

β 02 (x, y1) =
f2 (x | Y1 = y1)
F2 (x | Y1 = y1) [x− β2 (x, y1)] (15.2)

together with the boundary condition β2 (0, y1) = 0.
The probability that bidder 1 will win the second auction is the proba-

bility that Y2, the second-highest of N−1 values, is less than z, conditional
on the event that Y1, the highest of N − 1 values, equals y1. But because
the different values are drawn independently, this is the same as the prob-

ability that Y
(N−2)
1 , the highest of N − 2 values, is less than z, conditional

on the event that Y
(N−2)
1 < y1. (See (C.6) in Appendix C for a formal

demonstration.) This implies that the probability that bidder 1 will win
the second auction is

F2 (z | Y1 = y1) = F
(N−2)
1

³
z | Y (N−2)1 < y1

´
=

F (z)N−2

F (y1)
N−2 (15.3)

Now using (15.3) the differential equation (15.2) can be written as

β 02 (x, y1) =
(N − 2) f(x)

F (x)
[x− β2 (x, y1)]

or equivalently,

∂

∂x

¡
F (x)N−2β2 (x, y1)

¢
= (N − 2)F (x)N−3f(x)x

Notice that the right-hand side of the preceding equation is independent
of y1 and hence of the price announcement. This means that β2 is, in fact,
independent of y1; in other words, the price announcements have no effect
on the equilibrium bids in the second period. The solution to the differential
equation is

β2 (x) =
1

F (x)N−2

Z x

0

yd
¡
F (y)N−2

¢
= E

h
Y
(N−2)
1 | Y (N−2)1 < x

i
= E [Y2 | Y2 < x < Y1] (15.4)
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where the last equality follows from (15.3). Thus, the complete bidding
strategy for the second period is to bid β2 (x) if x ≤ y1 and to bid β2 (y1) if
x > y1. The latter may occur if bidder 1 himself underbid in the first auc-
tion, say by mistake, causing someone else, with a lower value, to win. Even
though this represents “off-equilibrium” behavior on the part of bidder 1
himself, recall that a strategy must prescribe actions in all contingencies.
The derivation of the strategy above is virtually the same as the deriva-

tion of the equilibrium bidding strategy in a first-price auction with sym-
metric private values (see Proposition 2.2 on page 17) and has been carried
out using the necessary first-order conditions. Verifying the optimality of
β2 (x), and hence that β2 constitutes a symmetric equilibrium in the sec-
ond auction, is almost the same as in the case of a single-object first-price
auction.

First-Period Strategy

In the first-period auction the decision problem facing a bidder is slightly
more complex. Again let us take the perspective of bidder 1 with value x
and suppose that all other bidders are following the first-period strategy
β1. Further, suppose that all bidders, including bidder 1, will follow β2 in
the second period, regardless of what happens in the first period.
The equilibrium calls on bidder 1 to bid β1 (x) in the first stage, but

consider what happens if he decides to bid β1 (z) instead. If z ≥ x, his
payoff is

Π (z, x) = F1 (z) [x− β1 (z)]

+ (N − 1) (1− F (z))F (x)N−2 [x− β2 (x)]

where the first term results from the event Y1 < z, so that he wins the
first auction with a bid of β1 (z). The second term results from the event
Y2 < x ≤ z ≤ Y1, so that he loses the first auction but wins the second. On
the other hand, if z < x, his payoff is

Π (z, x) = F1 (z) [x− β1 (z)] + [F2 (x)− F1 (x)] [x− β2 (x)]

+

Z x

z

[x− β2 (y1)] f1 (y1) dy1

where the first term again results from the event Y1 < z. The second term
results from the event Y2 < x < Y1, so that he loses the first auction but
wins the second with a bid of β2 (x). The third term results from the event
z < Y1 < x so that he loses the first auction but wins the second with a
bid of β2 (Y1).
The first-order conditions in the two cases are

0 = f1 (z) [x− β1 (z)]− F1 (z)β 01 (z)
− (N − 1) f(z)F (x)N−2 [x− β2 (x)]
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and

0 = f1 (z) [x− β1 (z)]− F1 (z)β 01 (z)
−f1 (z) [x− β2 (z)]

respectively. In equilibrium it is optimal to bid β1 (x) and setting z = x in
either first-order condition results in the differential equation

β 01 (x) =
f1 (x)

F1 (x)
[β2 (x)− β1 (x)] (15.5)

together with the boundary condition β1 (0) = 0. This can be rearranged
so that

d

dx
[F1 (x)β1 (x)] = f1 (x)β2 (x)

which has a solution

β1 (x) =
1

F1 (x)

Z x

0

β2 (y) f1 (y) dy

= E [β2 (Y1) | Y1 < x]
= E [E [Y2 | Y2 < Y1] | Y1 < x]
= E [Y2 | Y1 < x] (15.6)

using (15.4).
Thus, we obtain the following:

Proposition 15.1 Suppose bidders have single-unit demand and two units
are sold by means of sequential first-price auctions. Symmetric equilibrium
strategies are

β I1(x) = E[Y2 | Y1 < x]
β I2(x) = E [Y2 | Y2 < x < Y1]

where Y1 ≡ Y (N−1)1 is the highest, and Y2 ≡ Y (N−1)2 is the second highest,
of N − 1 independently drawn values.

15.1.2 More than Two Units

The construction underlying the equilibrium strategies in the two-unit case
readily generalizes. So suppose that K units are sold in a sequence of K
first-price auctions. The prices p1, p2, . . . , pk−1 in the first k − 1 auctions
are commonly known to the bidders in auction k > 1. In what follows,

Yk ≡ Y
(N−1)
k denotes the kth highest of N − 1 values, Fk denotes the

distribution of Yk, and fk denotes the corresponding density.
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As in the previous subsection, we will derive symmetric bidding strate-
gies (β1,β2, . . . ,βK) by working backward from the last auction. So first
consider the Kth auction–conducted in the last period. Following exactly
the same reasoning as in the derivation of (15.4) leads to the conclusion
that the bidding strategy in the last period is

βK (x) = E [YK | YK < x < YK−1] (15.7)

Once again, the strategy in the last period does not depend on the price
announcements.
Now consider the kth auction for some k < K. Given the detailed analysis

of the two-unit case, we proceed somewhat heuristically.
Again let us take the perspective of bidder 1 with value x and sup-

pose that all other bidders are following the kth period strategy βk. Fur-
ther, suppose that all bidders, including bidder 1, will follow the strategies
βk+1,βk+2, . . . ,βK in the subsequent auctions.
The equilibrium calls on bidder 1 to bid βk(x) in the kth stage but

consider what happens if he decides to bid slightly higher, say βk(x+∆).
Now if Yk < x, he would have won with his equilibrium bid βk(x) anyway,
so the only consequence of his bidding higher is that he pays more than he
would have. His expected payment increases by

Fk (x | Yk−1 = yk−1)× [βk (x+∆)− βk (x)] (15.8)

The expression in (15.8) thus represents the expected loss from bidding
βk (x+∆) as opposed to βk (x). On the other hand, if x < Yk < x+∆, he
would have lost the kth auction with his equilibrium bid, whereas bidding
higher results in his winning. Now there are two subcases. In the event that
Yk+1 < x < Yk < x+∆, he would have lost the kth auction but won the
k + 1st. In the event that x < Yk+1 < Yk < x + ∆, however, he would
have lost both the kth and the k + 1st auctions, and possibly won a later
auction, say the lth for some l > k + 1. When ∆ is small, however, the
probability that x < Yk+1 < Yk < x+∆ is very small–it is of second order
in magnitude. Thus, the contribution to the expected gain from all events
in which the bidder loses both the kth and the k + 1st auctions can be
safely neglected when ∆ is small. The overall expected gain from bidding
βk (x+∆) is approximately

[Fk (x+∆ | Yk−1 = yk−1)− Fk (x | Yk−1 = yk−1)]
× £(x− βk (x))−

¡
x− βk+1 (x)

¢¤
(15.9)

that is, it is the probability that x < Yk < x+∆ times the difference in the
equilibrium price paid tomorrow and the price paid today. Equating (15.8)
and (15.9), dividing by ∆, and taking the limit as ∆ → 0, we obtain the
differential equation

β 0k (x) =
fk (x | Yk−1 = yk−1)
Fk (x | Yk−1 = yk−1)

£
βk+1 (x)− βk (x)

¤
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together with the boundary condition βk (0) = 0. Now notice that as in
(15.3),

Fk (x | Yk−1 = yk−1) = F
(N−k)
1

³
x | Y (N−k)1 < yk−1

´
=

F (z)N−k

F (yk−1)
N−k

As before, the solution is independent of yk−1 and hence of the price an-
nouncements. The solution is

βk (x) =
1

F (x)N−k

Z x

0

βk+1 (y) d
¡
F (y)N−k

¢
= E

h
βk+1

³
Y
(N−k)
1

´
| Y (N−k)1 < x

i
= E

£
βk+1 (Yk) | Yk < x < Yk−1

¤
(15.10)

An explicit solution to (15.10) can be obtained by working backward
from the last period. Using (15.7), we deduce that

βK−1 (x) = E [βK (YK−1) | YK−1 < x < YK−2]
= E [E [YK | YK < YK−1] | YK−1 < x < YK−2]
= E [YK | YK−1 < x < YK−2]

and proceeding inductively in this fashion results in the solution for all k,

βk (x) = E
£
βk+1 (Yk) | Yk < x < Yk−1

¤
= E [E [YK | Yk+1 < Yk] | Yk < x < Yk−1]
= E [YK | Yk < x < Yk−1] (15.11)

Thus, we obtain the following generalization of Proposition 15.1.

Proposition 15.2 Suppose bidders have single-unit demand and K units
are sold by means of sequential first-price auctions. Symmetric equilibrium
strategies are given by

β Ik (x) = E[YK | Yk < x < Yk−1]

where β Ik denotes the bidding strategy in the kth auction and Yk ≡ Y (N−1)k

is the kth highest of N − 1 independently drawn values.
Example 15.1 Values are uniformly distributed on [0, 1].

In the last period, the equilibrium bidding strategy is

βK (x) =
N −K

N −K + 1
x
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FIGURE 15.1. Equilibrium of Sequential First-Price Auction

Proceeding inductively, it may be verified that the bidding strategy in the
kth first-price auction is

βk (x) =
N −K
N − k + 1x

Figure 15.1 depicts the bidding strategies for the case of three objects
(K = 3) and five bidders (N = 5). N

15.1.3 Equilibrium Bids and Prices

Some features of the equilibrium strategies are worth noting. First, for all
k, βk+1 (x) > βk (x), that is, a bidder with value x who is active in the kth
auction and fails to win, bids higher in the k+1st auction. Informally, this
is due to the deterioration of available supply relative to current demand.
The higher bids from those who did not win in the previous period is,
however, mitigated by the fact that there is one fewer bidder in this period.
Indeed, the remaining bidders have smaller values than the winner of the
previous round. Remarkably, the equilibrium is such that the two effects
exactly offset each other and the prices in successive auctions show no
trend. Precisely, the equilibrium price path is a martingale–at the end of
the kth auction, the expected price in the k + 1st auction is the same as
the realized price in the kth auction.
To see this, suppose that in equilibrium, bidder 1 with value x wins the

kth auction. Then, absent any ties, it must be that

YK−1 < . . . < Yk < x < Yk−1 < . . . < Y1
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Now let the random variables Pk and Pk+1 denote the prices in periods
k and k + 1, respectively. We know that the realized price in period k,
pk = βk (x). Moreover, the price in the k+1st period is the random variable
Pk+1 = βk+1 (Yk) and

E [Pk+1 | Pk = pk] = E
£
βk+1 (Yk) | Yk < x < Yk−1

¤
= βk (x)

= pk

from (15.10). This establishes that the price path is a martingale. An impli-
cation of this property of the price path is that there are no opportunities
for intertemporal arbitrage. For instance, if E [Pk+1 | Pk = pk] < pk, then
it would benefit bidders to decrease their bids on the current item with a
view to waiting for the next item.

15.2 Sequential Second-Price Auctions

In this section we amend the model of the previous section so that the K
items are sold using a series of second-price sealed-bid auctions. In all other
respects, the model is the same. In particular, we suppose that, prior to
bidding in a particular auction, the prices in all previous auctions are an-
nounced to all. And once again, we are interested in symmetric equilibrium
strategies that are increasing. Instead of finding the equilibrium strategies
directly, however, we will make use of the revenue equivalence principle.

15.2.1 Revenue Equivalence

If β II1 ,β
II
2 , . . . ,β

II
K is a symmetric increasing equilibrium, then, as in the case

of sequential first-price auctions, the K units will be allocated efficiently.
Indeed, the first unit will go to the bidder with the highest value, the second
to the bidder with the second-highest value, and so on. This means that
the two mechanisms–the sequential first- and second-price formats–are
revenue equivalent (see Proposition 14.1 on page 202). Specifically, if mI(x)
and mII(x) denote the expected payment by a bidder with value x in K
sequential first- and second-price formats, respectively, then for all x,

mI(x) =mII(x)

Now define mI
k(x) to be the expected payment made in the kth auction by

a bidder with value x when the items are sold by means of K first-price
auctions. DefinemII

k (x) in analogous fashion for the sequential second-price
format. Clearly,

mI(x) =
KX
k=1

mI
k(x) and m

II(x) =
KX
k=1

mII
k (x)



218 15. Sequential Sales

While the revenue equivalence principle as such only guarantees that the
overall expected payments in the two formats are the same, we claim that,
in fact, for all k,

mI
k(x) = m

II
k (x)

that is, the expected payment in the kth first-price auction is the same
as the expected payment in the kth second-price auction. In other words,
we claim that the two auctions are payment equivalent period by period.
We argue by induction, starting with the Kth auction. Prior to the last
auction, the information available to the remaining N −K + 1 bidders in
either format is the same. For instance, bidder 1 knows his own value x, that
his competitors have values YK+1, YK+2, . . . , YN , and that YK = yK . The
revenue equivalence principle implies that mI

K(x) = m
II
K(x). Now consider

the start of auction K − 1 and think of the remaining two formats as
mechanisms for allocating two units. Once again the information available
to the remaining N − K + 2 bidders is the same. For instance, bidder 1
knows his own value x, that his competitor have values YK , YK , . . . , YN and
that YK−1 = yK−1. Once again, the revenue equivalence principle implies
that

mI
K−1(x) +m

I
K(x) = m

II
K−1(x) +m

II
K(x)

and since mI
K(x) = mII

K(x), we have m
I
K−1(x) = mII

K−1(x). Proceeding
inductively in this way establishes that for all k, mI

k(x) = m
II
k (x).

15.2.2 Equilibrium Bids

With the equality of the per-period expected payments in the sequential
first- and second-price auctions in hand, we are ready to find the equilibrium
bidding strategies in the latter. Clearly, in the last period it is a dominant
strategy to bid one’s value–that is,

β IIK (x) = x

and this is for the same reason that it is a dominant strategy in a single-
unit second-price auction. Now notice that for any k < K, if bidder 1 with
value x wins the kth auction, then it must be that

YK−1 < . . . < Yk < x < Yk−1 < . . . < Y1

and the price he pays–the highest competing bid–is β IIk (Yk). Thus,

mII
k (x) = Prob [Yk < x < Yk−1]×E

h
β IIk (Yk) | Yk < x < Yk−1

i
On the other hand, in the first-price format a winning bidder pays his own
bid, so

mI
k(x) = Prob [Yk < x < Yk−1]× β Ik(x)
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But since β Ik(x) = E
h
β Ik+1 (Yk) | Yk < x < Yk−1

i
, from (15.11), the fact

that the kth period expected payments are equal implies that

Prob [Yk < x < Yk−1]×E
h
β IIk (Yk) | Yk < x < Yk−1

i
= Prob [Yk < x < Yk−1]×E

h
β Ik+1 (Yk) | Yk < x < Yk−1

i
Differentiating both sides of the equality with respect to x results in the
identity

β IIk (x) = β Ik+1(x) (15.12)

We have thus used the revenue equivalence principle to establish the
following:

Proposition 15.3 Suppose bidders have single-unit demand and K units
are sold by means of sequential second-price auctions. Symmetric equilib-
rium strategies are given by

β IIK (x) = x

and for all k < K,
β IIk (x) = β Ik+1(x)

where β Ik+1 is the k+1st period equilibrium bidding strategy in the sequential
first-price auction format, derived in Proposition 15.2.

Example 15.2 Values are uniformly distributed on [0, 1].

In the last period of a sequential second-price auction, it is a weakly
dominant strategy to bid one’s value, so

βK (x) = x

Bidding strategies in earlier periods can be found using the strategies for
the sequential first-price auction derived in Example 15.1 and applying the
characterization obtained in Proposition 15.3. This results in

βk (x) =
N −K
N − k x

The bidding strategies are portrayed in Figure 15.2 for the case of three
objects (K = 3) and five bidders (N = 5) and should be compared with
the strategies for the sequential first-price auction in Figure 15.1. N

Again, some properties of the equilibrium bidding strategies are worth
noting. First, for all k, β IIk (x) > β Ik (x), that is, every bidder bids more in a
second-price sequential auction than in its first-price counterpart. Second,
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FIGURE 15.2. Equilibrium of Sequential Second-Price Auction

while it is a dominant strategy to bid one’s value in the last period, this is
not the case in earlier periods. This is because in any period k < K, there
is an “option value” associated with not winning the current auction–
the expected payoff arising from the possibility of winning an auction in
some later period. In contrast to the case of a single-object, the strategies
in a sequential second-price auction are optimal only if other bidders also
adopt them. Third, the equilibrium price process in a sequential second-
price auction is also a martingale. Suppose bidder 1 with value x wins in
period K− 1. Then YK−1 < x < YK−2 and the price in period K−1 is the
realization of the random variable PK−1 = β IIK−1(YK−1). Let the realized
price be pK−1 = β IIK−1(yK−1), where yK−1 is the realized value of YK−1. In
the last period the bidder with value YK−1 = yK−1 will win and the price
in the last period will be PK = β IIK(YK) ≡ YK since it is weakly dominant
to bid one’s value in the last auction. Now

E [PK | PK−1 = pK ] = E [YK | YK < yK−1]
= β IIK−1(yK−1)
= pK−1

In earlier periods, the martingale property of prices in a sequential second-
price auction is a consequence of the corresponding property in a sequential
first-price auction and the relationship between the two equilibrium strate-
gies in Proposition 15.3.
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Chapter Notes

Equilibria of sequential auctions were first derived by Milgrom and Weber
(2000) in a paper written in 1982, but published only recently. The mar-
tingale property of prices with symmetric independent private values was
derived there. They also studied sequential auctions in the interdependent
value model with affiliated signals, extending their work in the single-object
case (see Chapter 6). With the latter specifications, the price process is
no longer a martingale. Prices have a tendency to drift upward–that is,
E [Pk+1 | Pk = pk] > pk–and the reason is that now price announcement
carry valuable information. These results have also been reported by Weber
(1983).
There is some evidence that in real-world sequential auctions–art and

wine auctions, in particular–the prices tend to drift downward (Ashenfel-
ter, 1989). Because the theoretical models predict either a (stochastically)
constant or increasing price path, this fact has been dubbed the “declining
price anomaly.” McAfee and Vincent (1993) explore the theoretical im-
plications of risk aversion on the part of bidders in sequential first- and
second-price auctions. They find that symmetric equilibria exist and prices
decline over time, but only if bidders’ risk aversion increases with wealth.
Increasing risk aversion leads to declining prices because the bidder who
wins in the first period, say, has a higher value than those of the remaining
bidders, so this bidder is more risk averse. Even though prices are expected
to decline in the future, his greater aversion to risk offsets the incentive to
wait for a random future price, which is lower on average. But since we
typically expect risk aversion to decrease with wealth, this does not seem
like a particularly compelling explanation of declining prices in sequential
auctions.
Jeitschko (1999) offers a somewhat different explanation. He considers

situations in which the number of units to be sold is not known to the
bidders beforehand. For instance, suppose that the number of units to be
sold is at most two but at the time of the first auction bidders are unsure
whether or not a second unit will be sold at all. This means that the
expected profits from the now uncertain second auction are lower than they
would be if a second item were to be sold for sure. Arbitrage now drives
up the price in the first auction, so prices decline. But this explanation,
while interesting, is only partial at best. Declining prices are observed even
when the number of units to be sold is announced beforehand, so there is
no uncertainty in this regard. See, for example, the account of the auction
for 24 satellite transponder leases reported in Weber (1983).
The results of this chapter were all derived under the restrictive assump-

tion that all buyers have single-unit demand. A full treatment of sequential
auctions with multiunit demands is problematic for reasons that are by now
familiar–once a particular bidder has won the first unit his behavior and
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interests are different from those of the other bidders. In other words, even
if bidders are symmetric ex ante multiunit demands introduce asymmetries
in later auctions. There is one tractable case, however, as pointed out by
Katzman (1999). Suppose only two units are for sale and these are sold by
means of two second-price auctions. In the first stage, bidders are symmet-
ric. In the second and last stage, even though they are no longer symmetric,
each bidder has a dominant strategy to bid his or her value since no consid-
erations regarding the future are necessary. Katzman (1999) is thus able to
find a symmetric equilibrium of the two-stage second-price auction when
bidders have multi- (that is, two-) unit demand.



16
Nonidentical Objects

In considering multiple object auctions we have thus far restricted attention
to situations in which the objects are identical. Furthermore, we supposed
that the marginal value of an additional unit declined with the number of
units in hand. We now turn to the case where the objects, while related,
are not identical.

16.1 The Model

Let K be a set of K distinct objects for sale and, as usual, let N be the
set of buyers. Each buyer i ∈ N is assumed to assign a value xi (S) to each
subset S ⊆ K. Subsets of K are called packages or combinations. Since
there are K objects, the number of possible packages is 2K . We can then
think of a buyer’s value as a 2K-vector

xi =
¡
xi (S)¢S⊆K

We will suppose that xi (∅) = 0 and if S ⊂ T , then xi (S) ≤ xi (T ). The set
of possible value vectors for i, X i, is assumed to be a closed and convex
subset of the nonnegative orthant and 0 ∈ X i. Notice that this is still a
setting with private values.
Observe that the interpretation of the value vector is now somewhat dif-

ferent from that in the case of identical objects. With identical objects, the
different components of xi represented the marginal value of an additional
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unit. In the current specification, the component xi (S) represents the total
value derived from a package S of the objects.
An allocation

­S1,S2, . . . ,SN® is an ordered collection of N packages,
which forms a partition–that is, ∪i∈NSi = K and for all i 6= j, Si∩Sj = ∅.
The interpretation is, of course, that buyer i is allocated package Si, so the
requirement that an allocation be a partition amounts to saying that (i)
every object must be allocated to some buyer, and (ii) no object can be
allocated to more than one buyer. Let K denote the set of all allocations.
We adopt a mechanism design perspective and define an allocation rule

S : X → K as a function that assigns an allocation

S (x) =
­S1 (x) ,S2 (x) , . . . ,SN (x)®

to each N -tuple of value vectors x =
¡
x1,x2, . . . ,xN

¢
. As usual, a direct

mechanism (S,M) consists of an allocation rule together with a payment
rule.1

Given an allocation rule S, let qi
¡S,zi¢ denote the probability that buyer

i will be allocated the set of objects S when he reports his value vector as
zi. Let

qi
¡
zi
¢
=
¡
qi
¡S, zi¢¢S⊆K

be the 2K-vector of allocation probabilities. Define mi
¡
zi
¢
to be buyer i’s

expected payment when reporting zi. His expected payoff from reporting
zi when his true value vector is xi can then be written in the usual fashion
as

qi
¡
zi
¢ · xi −mi

¡
zi
¢

As in Chapter 5, a direct mechanism is said to be incentive compatible if
truth-telling is an equilibrium–that is,

U i
¡
xi
¢ ≡ qi¡xi¢ · xi −mi

¡
xi
¢ ≥ qi¡zi¢ · xi −mi

¡
zi
¢

The following “revenue equivalence” result then follows immediately.

Proposition 16.1 The expected payoff (and payment) functions of a buyer
in any two incentive compatible mechanisms with the same allocation rule
differ by at most an additive constant.

Proof. The proof is identical to that of Proposition 14.1. The only dif-
ference is that all the vectors are of size 2K instead of size K. In particular,
(14.5) holds–that is, for all xi ∈ X i,

1Notice that we are restricting attention to deterministic allocation rules. Given the
concerns of this chapter, allowing for randomized rules would not affect what follows.
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U i(xi) = U i(0) +

Z 1

0

qi
¡
txi
¢ · xi dt (16.1)

and the conclusion of the proposition follows immediately.

A mechanism (S,M) is said to be individually rational if for all i and xi,
the expected payoff of buyer i is nonnegative–that is, if U i

¡
xi
¢ ≥ 0.

16.2 Efficient Allocations

Our first concern is with the possibility of achieving efficient allocations
via an incentive compatible mechanism. The Vickrey-Clarke-Groves (VCG)
mechanism, a natural extension of the Vickrey multiunit auction and al-
ready familiar from Chapter 5, provides a ready means of achieving effi-
ciency. It is worthwhile to review its operation in the current context.
An allocation rule S is efficient if for every x ∈ X , the allocation S(x)

maximizes social welfare–that is, the sum of buyers’ values–over all allo-
cations, so that

S(x) ∈ arg max
hT 1,T 2,...,T Ni

X
i∈N

xi
¡T i¢

Define
W (x) =

X
i∈N

xi
¡Si(x)¢ (16.2)

to be the social welfare from an efficient allocation S(x) when the values
are x, and define

W−i(x) =
X
j 6=i

xj
¡Sj(x)¢ (16.3)

to be the social welfare of individuals other than i from an efficient alloca-
tion S(x) when the values are x.
The VCG mechanism is an efficient mechanism defined by the payment

rule:

M i (x) =
X
j 6=i

xj
¡Sj(0,x−i)¢−X

j 6=i
xj
¡Sj(x)¢

= W−i
¡
0,x−i

¢−W−i (x) (16.4)

where, for all j, Sj(0,x−i) is the jth component of an efficient allocation
S(0,x−i) that would result if i were to report xi = 0 (or equivalently, in
many settings, if i were not present). Recall from Chapter 5 that the amount
M i (x) buyer i pays in the VCG mechanism represents the externality that
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i exerts on the other N − 1 agents by his presence in society. It is the
difference between the welfare of the others “without him” and the welfare
of the others “with him.”
Fix some x−i, the values of agents other than i. In the VCG mechanism,

the ex post payoff to i with value xi when he reports that it is zi is

xi
¡Si ¡zi,x−i¢¢−M i

¡
zi,x−i

¢
=W

¡
zi,x−i

¢−W¡0,x−i¢ (16.5)

The second term is independent of the reported value zi, and by defini-
tion, the first term just represents the social welfare, so it is maximized
by choosing zi = xi. Thus, “truth-telling” is a weakly dominant strategy
in the VCG mechanism. A fortiori, the VCG mechanism is incentive com-
patible. Using (16.5) agent i’s payoff in equilibrium (when zi = xi) is just
W (x)−W (0,x−i)–that is, the difference in social welfare when i reports
xi versus when he reports 0. Moreover, (16.5) implies that the payoff to
a buyer with value vector 0, is 0 and for any xi the expected payoff in
the VCG mechanism is nonnegative. Thus, the VCG mechanism is also
individually rational.
Now suppose that the value vectors xi are independently distributed.

The following result is a generalization of Proposition 5.5 on page 77 to the
case of multiple objects. Its proof is identical to that of Proposition 5.5.

Proposition 16.2 Among all mechanisms for allocating multiple objects
that are efficient, incentive compatible and individually rational, the VCG
mechanism maximizes the expected payment of each agent.

The VCG mechanism not only achieves efficiency, but from the perspec-
tive of the seller, it does so in the most advantageous way. It raises the
highest revenue among all efficient mechanisms. In the remainder of this
chapter we turn to some practical matters.

16.3 Substitutes and Complements

We have said little about the nature of the objects being sold other than
to say that they are not necessarily identical. Indeed, the results of the
preceding section do not rely on any specific relationship among the set of
objects.
In previous chapters we considered multiple object auctions in which the

objects were different units of the same good. Different units of the same
good are, of course, perfect substitutes and we assumed that the marginal
value of a unit to a buyer declined with the number of units already in
hand. Generalizing this property to the case of non-identical objects, we
will say that the objects being sold are substitutes if the marginal value
of obtaining a particular object A is smaller if the set of objects already
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in hand is “larger.” Formally, buyer i considers the objects in K to be
substitutes if for all A ∈ K and packages S and T not containing A, such
that S ⊂ T ,

xi (S ∪ {A})− xi (S) ≥ xi (T ∪ {A})− xi (T ) (16.6)

It can be shown that (16.6) is equivalent to requiring that for all packages
S and T ,

xi (S) + xi (T ) ≥ xi (S ∪ T ) + xi (S ∩ T )
In particular, if S ∩ T = ∅, then, since xi (∅) = 0, the inequality reduces to

xi (S) + xi (T ) ≥ xi (S ∪ T )

so the substitute property implies that xi (·) is a subadditive function over
the set of packages. When we say that the objects in K are substitutes, we
mean that all buyers consider them as such.
In analogous fashion, we will say that the objects are complements if the

marginal value of obtaining a particular object A is larger if the set of ob-
jects already in hand is “larger.” Formally, buyer i considers the objects in
K to be complements if for all A ∈ K and packages S and T not containing
A, such that S ⊂ T ,

xi (S ∪ {A})− xi (S) ≤ xi (T ∪ {A})− xi (T ) (16.7)

This is equivalent to requiring that for all packages S and T ,

xi (S) + xi (T ) ≤ xi (S ∪ T ) + xi (S ∩ T ) (16.8)

In particular, if S ∩ T = ∅, then we have

xi (S) + xi (T ) ≤ xi (S ∪ T )

implying that xi (·) is a superadditive function. Again, when we say that
the objects in K are complements we mean that all buyers consider them
as such.2

If both (16.6) and (16.7) hold, then the values are additive–that is, the
value of any package S is simply the sum of the values of the individual
objects in that package. In this case, it is useful to think of the different
objects as being completely unrelated since the value derived from a par-
ticular object A does not depend on whether another object B is obtained
or not.

2Functions satisfying (16.8) are said to be supermodular. In come contexts–in the
theory of cooperative games–they are also called convex.
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16.4 Bundling

In some circumstances it may be in the interests of the seller to bundle
some or all the goods together–that is, to sell some objects only as part of
a specific larger package. Specifically, the seller may partition the K objects
in K into L ≤ K bundles B1,B2, . . . ,BL. The objects in any Bl must be
sold to the same buyer. In effect, bundling forces the buyers to treat each
Bl as a single object.
Once the seller has decided to bundle the objects, the only possible sub-

sets that the buyers can obtain are those of the form ∪Bl and consequently
only the values for these subsets are relevant. The VCG mechanism can
then be used to allocate the bundles and given any partition of K into bun-
dles it will allocate the bundles efficiently. Of course, full efficiency will not
be achieved in general because social welfare may increase if some of the
goods in a particular bundle are allocated to separate buyers. The VCG
mechanism would, nevertheless, be constrained efficient–that is, welfare
maximizing subject to the bundling constraint.
Is bundling advantageous for the seller? A striking example illustrating

its benefits occurs when there are only two buyers.

Proposition 16.3 Suppose there are two buyers (N = 2). In the VCG
mechanism, the revenue to the seller from selling all the objects as a single
bundle exceeds the revenue derived from bundling them in any other way.

Proof. Let B1,B2, . . . ,BL be a partition of K into L bundles. Suppose
that in the VCG mechanism with the bundles it is constrained efficient to
allocate set S1 to buyer 1 and S2 = K \ S1 to buyer 2 where each Si is a
union of some bundles. Then, in particular we have

x1
¡S1¢+ x2¡S2¢ ≥ max©x1 (K) , x2 (K)ª (16.9)

In the VCG mechanism buyer 1 would pay the externality he exerts on
buyer 2–that is, x2 (K) − x2 ¡S2¢. Similarly, buyer 2 would pay x1 (K)−
x1
¡S1¢. The revenue accruing to the seller is

x1 (K) + x2 (K)− x1¡S1¢− x2¡S2¢
Now if the seller were to require that all the objects be sold as a single

bundle–in this case, the VCG mechanism is equivalent to a second-price
auction–then the revenue would be min

©
x1 (K) , x2 (K)ª. But

min
©
x1 (K) , x2 (K)ª ≥ x1 (K) + x2 (K)− x1¡S1¢− x2¡S2¢

because of (16.9). Thus, the revenue from bundling all the objects as one is
greater than the revenue from any other form of bundling. In particular, it
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is greater than the revenue from not bundling at all and selling the objects
individually–that is, in the case of L = K.
As long as it is not efficient to allocate all the objects to one of the

buyers–that is, the inequality in (16.9) is strict–selling the objects as a
single bundle is strictly better for the seller.

We have shown that with only two buyers, it is always better to sell the
objects as a single bundle. Remarkably, this holds regardless of whether
the objects are substitutes or complements.
One may reasonably conjecture that when there are more than three

buyers it may not be advantageous to bundle if the objects are substitutes.
An example shows that bundling may not be advantageous even when the
objects are complements.

Example 16.1 With three or more buyers, bundling may not be optimal.

Suppose that there are two objects, A and B, and three buyers with
values given in the following table.

x1 x2 x3

A 8 4 7
B 4 7 1
AB 14 12 10

Notice that A and B are complements since for each buyer xi (AB) >
xi (A) + xi (B).3

Without bundling, the efficient allocation is to give A to buyer 1 and B to
buyer 2. The welfare from this allocation is 15 and this exceeds the welfare
from any other allocation. If buyer 1 were not present, or equivalently if he
reported xi = 0, then it would be efficient to give A to buyer 3 and B to
buyer 2 for a total welfare W−1(0,x−1) = 14, so in the VCG mechanism
buyer 1 would pay W−1(0,x−1)−W−1(x1,x−1) = 7. If buyer 2 were not
present, then it would be efficient to give both objects to buyer 1, so buyer
2 would pay W−2(0,x−2)−W−2(x2,x−2) = 14− 8 = 6. The total revenue
in the VCG mechanism would be 13.
If A and B were sold as a single bundle, then it would go to buyer 1 and

he would pay 12.
Thus, in this example it is better for the seller to sell the objects sepa-

rately even though all buyers consider them to be complements. N

The distinguishing feature of the two-buyer case is that if one of the
buyers is not present, the K objects must necessarily be awarded to the
other buyer. As is apparent in the preceding example, this is not true once

3We write xi(AB) to denote xi({A,B}).
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there are three or more buyers. A second feature of the two-buyer case is
that bundling is advantageous for every realization of buyers’ values, so
this advantage holds no matter what the distribution of values. This is also
special to the two-buyer situation. In general, whether or not bundling is
advantageous depends on how buyers’ values are distributed.

16.5 Some Computational Issues

The VCG mechanism is an effective means of achieving efficiency but it
imposes a substantial computational burden on the buyers and the seller.
First, each buyer is asked to submit a value for each subset S of K and thus
the vector xi that is submitted is of size 2K . Second, the seller is asked to
determine (i) an efficient allocation based on the submitted value vectors
and (ii) each buyer’s payment.
To find an efficient allocation the seller needs to solve the following inte-

ger programming problem: for all i and S choose variables θi (S) ∈ {0, 1}
to maximize X

i∈N

X
S⊆K

xi (S) θi (S) (16.10)

subject to the constraints

∀i,
X
S⊆K

θi (S) ≤ 1 (16.11)

∀A,
X
S3A

X
i∈N

θi (S) ≤ 1 (16.12)

where S 3 A denotes that the sum is taken over all subsets S ⊆ K that
contain the object A. If the variable θi (S) = 1, then package S is allocated
to buyer i. The objective function of the integer program is just the total
value–the social welfare–derived from the allocation and its maximized
value is just W (x). The N constraints (16.11) ensure that each buyer is
allocated at most one package. The K constraints (16.12) ensure that each
object is allocated to at most one buyer. The total number of variables
θi (S) is N × 2K . We will refer to this as the allocation problem.
Determining each buyer’s payments in the VCG mechanism requires, in

addition, that a similar allocation problem be solved once the buyer in
question has been removed from the picture. If each buyer receives at least
one object, then this means that N additional allocation problems, similar
to the one above, need to be solved.
Since K is a finite set one could, in principle, list all possible allocations to

find one that is optimal. As a practical method, however, this would be too
cumbersome since even when relatively few objects are sold the number of
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possible allocations grows exponentially with the number of objects. While
other, more efficient, algorithms can be used in specific circumstances, it is
not known whether there is a general polynomial time algorithm–one in
which the number of steps required to reach a solution grows as a polyno-
mial function of the size of the problem. The allocation problem belongs
to a class of problems computer scientists call NP-hard.
Of course, these theoretical measures of the underlying computational

complexity are based on a general “worst-case” analysis. While it may not
be possible to rule out that in some problems the number of steps grows
exponentially, it may well be that in “typical” problems the number of
steps is not prohibitively large. Conversely, even knowing that there is a
polynomial algorithm does not ensure that it is practical; it may well be
that the number of steps grows as a polynomial of high degree.
In many situations, there may be some natural structure that limits

the set of packages that bidders consider valuable, thereby simplifying the
allocation problem. Let us examine a few examples.
As a first step, notice that the allocation problem is simple in two extreme

cases. First, if all the objects are identical so that as in Chapter 12 each
buyer cares only about the number of objects he receives, then efficient
allocations are relatively simple to determine. Second, if the objects are
completely unrelated so that the value of a package is just the sum of
the values of the objects in that package–the case of additive values–
once again the allocation problem is relatively simple: each object can be
efficiently allocated independently of how other objects are allocated.
A more interesting special case is the following. Suppose that the K

objects can be linearly ordered as

A1, A2, A3, . . . , Ak, Ak+1, . . . , AK

and it is the case that these are complements but that for all buyers the
values are strictly superadditive only among “adjacent” objects. Thus, for
example, while the possibility that xi (A1A2A3) > xi (A1A2) + x

i (A3) is
allowed, it is required that xi (A1A2A4) = x

i (A1A2) + x
i (A4). In this case

the allocation problems are computationally manageable. The reason is
that the integer program specified above can be safely solved as a linear
program. In other words, we can neglect the requirement that each θi (S) is
either 0 or 1. The solution to the resulting linear program will automatically
be such that the θi (S) will satisfy this requirement. Linear programming
problems, unlike their integer programming counterparts, can of course be
efficiently solved.
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16.6 Budget Constraints

We saw in Chapter 4 that when bidders are subject to budget constraints,
the first- and second-price auctions need not yield the same expected rev-
enue. Here we briefly look at the effects of budget constraints on bidding
behavior in multiple object auctions. Unlike in Chapter 4, however, we
suppose that there is complete information regarding values and budgets.
Thus, what follows is only meant to indicate some novel issues that arise
in the multiple object context.
Suppose that there are two objects, A and B, and these are sold sequen-

tially by means of two English auctions. Specifically, A is brought up for
sale in the first auction, whose results are announced in public. After that,
B is sold in a second auction. There are two buyers with values given in
the following table.

x1 x2

A 14 8
B 3 4
AB 16 12

Suppose further that these values are commonly known–there is no in-
complete information regarding values.
In the first auction, since x1 (A) > x2 (A), bidder 1 wins object A at a

price of 8. In the second auction, bidder 2 attaches a greater value to object
B than does bidder 1, so bidder 2 wins B at a price of 3. The total revenue
accruing to the seller is 11.
Now suppose that bidder 1 has a budget of w1 = 13 and bidder 2 has a

budget of w2 = 11. These budgets are inflexible–neither bidder can pay
more than his budget–and suppose that these are also commonly known.
Once again suppose that A and B are sold, in that order, by means of two
separate English auctions. What constitutes equilibrium bidding behavior
once budgets come into play?
First, consider the second auction, in which B is offered for sale. Bidding

behavior in this auction is clear. Let bwi be the amount of money bidder i
has left over after the first auction is over and call this i’s residual budget.
The residual budget is just the original budget wi less the amount, if any,
that i spent in the first auction. It is clear that in the second auction, bidder
i should stay in until the price reaches pi (B) ≡ min©bwi, xi (B)ª.
Now consider the first auction–that is, the one in which A is sold. The

price cannot exceed 11 since that is bidder 2’s budget. Moreover, as long
as the current price p ≤ 11, it is not in bidder 1’s interest to drop out. This
is because the largest profit he can make in the second auction is 3, and if
p ≤ 11, the profit from buying A at p exceeds this amount. Thus, bidder
1 is not the first to drop out. How high is bidder 2 willing to go? Bidder
2 values object A at x2 (A) = 8, but if he drops out at 8, this will leave
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bidder 1 with a residual budget of bw1 = 13−8 = 5, so bidder 2 will end up
paying min

©bw1, x1 (B)ª = 3 for B. But bidder 2 can reduce the price he
pays in the second auction by staying in after the price in the first auction
reaches 10. The longer he stays in, the more he depletes bidder 1’s budget,
thereby reducing the amount bidder 1 is able to bid in the second auction.
Thus, it is in bidder 2’s interest to stay in as long as possible–that is, until
the price reaches 11. Moreover, bidder 2 is confident that bidder 1 will not
drop out before then. By running up the price in this manner, bidder 2 is
able to reduce bidder 1’s residual budget to 13 − 11 = 2, and this is the
price bidder 2 would pay for B in the second auction. Thus, in equilibrium,
bidder 1 would win A at a price of 11 and bidder 2 would then win B for
2. The total revenue of the seller is now 13.
An interesting aspect of equilibrium behavior in this situation is that it

is rational to for bidder 2 to stay in the first auction past the point that
the price exceeds his value, so he is no longer interested in winning A. The
motive for doing this is to weaken bidder 1 for the second auction. Such
overbidding can, of course, be rational only in multiple object auctions.
This overbidding results in a higher revenue to the seller than if there were
no budget constraints–the seller’s revenue is 13 rather than 11. An increase
in revenue resulting from the presence of budget constraints can also only
arise in a multiple object setting.

Chapter Notes

Most of the material in this chapter is well known. Proposition 16.2 is just
an extension of Proposition 5.5 from Chapter 5 and is due to Krishna and
Perry (1998).
Circumstances in which bundling is advantageous for a monopolist have

been the subject of extensive study in the literature on industrial orga-
nization. Proposition 16.3, showing that bundling is always advantageous
when there are only two bidders, generalizes previous results on multiunit
auctions obtained by Palfrey (1983), concerning additive values, and K.
Krishna and Tranæs (2001), concerning more general valuations. Whether
or not it is profitable to bundle has also been studied in the context of
procurement. In that context, the issue is whether or not the buyer should
award the contract to a single supplier–as a bundle–or conduct a “split-
award auction,” in which more than one supplier is used. Anton and Yao
(1992) have studied circumstances in which it is optimal for the buyer to
split the award between two suppliers. In their model the buyer does not
commit beforehand to a particular course of action; rather the decision
of whether or not to split the award is made once the bids are received.
Chakaraborty (1999) studies a two-object model with additive values that
are independently and identically distributed. He finds sufficient conditions
so that it is profitable to bundle if and only if the number of buyers is less
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than some threshold N∗. To some extent, his results support the general
intuition that bundling is profitable when there is a small number of buyers.
Armstrong (2000) and Avery and Hendershott (2000) show the advan-

tages of bundling in a setting in which two objects are for sale and there
are two-point values for each object. These papers show that the optimal
auction in this setting displays bundling like features–the probability that
a particular bidder will be allocated an object is larger if he has already
been allocated the other one than if he has not. Unlike in the situation
considered in this chapter, however, the seller need not commit to sell the
objects as a bundle.
Issues surrounding the computational complexity of finding efficient al-

locations have been surveyed very nicely by de Vries and Vohra (2001).
The computationally manageable example of linearly ordered objects with
complementarities only among adjacent items is due to Rothkopf et al.
(1998).
The question of how budget constraints affect equilibrium behavior in

sequential multiple object auctions was first studied by Pitchik and Schot-
ter (1988). The example showing that budget constraints may actually
increase the seller’s revenue is taken from a paper by Benôıt and Krishna
(2001). Both of these papers consider the issue in the context of models
with complete information.



17
Multiple Objects and Interdependent
Values

Our treatment of multiple object auctions has been confined to the case
of private values. Even in this relatively simple setting, we saw that the
question of efficiency was a delicate one. On the other hand, we also saw
that the question of efficiency in single-object auctions with interdependent
values was delicate as well. In this chapter we study multiple object auctions
when buyers have interdependent values. As we will see, a combination of
these two features only makes the attendant difficulties more acute, even
insurmountable. In some sense we have reached the limits of what auction-
like mechanisms can accomplish in terms of allocating efficiently, at least at
a general level. It is perhaps fitting, therefore, that this is the last chapter.
It turns out that the problems associated with interdependence arise not

from the multiplicity of the objects per se but rather from the multiplicity
of signals that each buyer receives–that is, on the dimensionality of the
available information. We begin by looking at situations in which there are
multiple objects for sale but each buyer receives only a one-dimensional
signal. We then look at the case of multidimensional information.

17.1 One-Dimensional Signals

Our basic setup is the same as in Chapter 10. Specifically, there areK iden-
tical objects for sale and N potential buyers. Prior to the sale, each buyer
receives a one-dimensional signal xi ∈ X i ≡ £0,ωi¤. Buyer i’s valuations
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for the objects depend on the signals x =
¡
x1, x2, . . . , xN

¢
received by all

the buyers and the marginal value of obtaining the kth unit is determined
by the function

vik(x) = v
i
k

¡
x1, x2, . . . , xN

¢
We suppose that the marginal values for successive units decline so that
for all k < K,

vik(x) ≥ vik+1(x)
and that a buyer’s valuations respond nonnegatively to all signals–that is,
for all i, j and k,

∂vik
∂xj

(x) ≥ 0 (17.1)

and positively to his own signal–that is, (17.1) holds with a strict inequal-
ity whenever i = j. We will write vi(x) =

¡
vi1(x), v

i
2(x), . . . , v

i
K(x)

¢
to

denote the vector of marginal valuations of buyer i when the signals are x.
The vector valuations v1,v2, . . . ,vN are said to satisfy the multiunit

single crossing condition if for all j, for all i 6= j, and for all k and l,

∂vjk
∂xj

(x) >
∂vil
∂xj

(x) (17.2)

at every x such that vjk(x) and v
i
l(x) are equal and among the K highest

of the N ×K marginal values at x.
We are interested in determining circumstances in which efficient alloca-

tions may be achieved. In this regard the importance of the single crossing
condition has already been pointed out in the single object context.

17.1.1 An Efficient Direct Mechanism

Consider the following direct mechanism, obtained by combining elements
from the generalized Vickrey-Clarke-Groves (VCG) mechanism for a single
unit that was introduced in Chapter 10 and the Vickrey multiunit auction
that was introduced in Chapter 12. Each buyer is asked to report his signal
xi. The K objects are then awarded efficiently relative to these reports–
they are awarded to the K highest marginal values, when evaluated at the
reported signals. Formally, given the signals x, the N ×K values {vik(x) :
i = 1, 2, . . . N ; k = 1, 2, . . . ,K} are computed and the K units are awarded
to the K highest of these values–that is, if buyer i has ki ≤ K of the K
highest values, then i is awarded ki units.
Fix the signals x−i of the other buyers. For any signal zi of buyer i

define c−i(zi,x−i) to be the vector of competing bids facing buyer i. This
is obtained by rearranging the (N − 1)K values vjk(z

i,x−i) of buyers j 6= i
in decreasing order and selecting the first K of these. Thus, c−i1 (z

i,x−i)
is the highest of the others’ values, c−i2 (z

i,x−i) is the second-highest, and
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so on. Notice that the single-crossing condition (17.2) implies that for all
i and k, l the function vik

¡·,x−i¢ crosses any c−il ¡·,x−i¢ at most once and
when it does, the former has a greater slope than does the latter.
Suppose that when buyer i reports his signal as xi and the others report

x−i, he wins ki ≤ K units. For any k ≤ ki, define

yik(x
−i) = inf

©
zi : vik

¡
zi,x−i

¢ ≥ c−iK−k+1 ¡zi,x−i¢ª
to be the smallest signal for i that would result in his winning k units. By
definition if l < k, then

yil(x
−i) ≤ yik(x−i)

Also, if buyer i wins ki units when he reports his true signal xi, then

xi ≤ yiki+1(x−i)

Now define
pik = c

−i
K−k+1

¡
yik(x

−i),x−i
¢

In the generalized VCG mechanism, i is asked to pay an amount

kiX
k=1

pik =
kiX
k=1

c−iK−k+1
¡
yik(x

−i),x−i
¢

where as defined above, yik(x
−i) is the smallest signal for i that would result

in his winning k units. A buyer who does not win any units does not pay
anything.
As an illustration, consider the situation in Figure 17.1 in which buyer

i’s valuations for the first and second unit are depicted as functions of
his own signal. The competing bids c−iK and c−iK−1 are also depicted, again
as functions of i’s signal. The signals of other buyers are fixed at some
x−i. Suppose that buyer i wins two units when he reports his signal as xi.
Thus, vi2(x

i,x−i) > c−iK−1(x
i,x−i), but vi3(xi,x−i) < c

−i
K−2(x

i,x−i), so that
he defeats two competing bids but not the third. To determine how much
he should pay for the two units, first suppose his signal is 0. In that case,
he would not win any units. Now raise i’s signal until it reaches a level
yi1 such that he would just win a unit–that is, when v

i
1 = c

−i
K . The price

buyer i is asked to pay for the first unit is pi1 = c
−i
1 (y

i
1,x
−i). Now raise his

signal further until it reaches a level yi2 such that he would just win two
units–that is, when vi2 = c

−i
K−1 and this occurs when i’s signal is y

i
2. The

price that buyer i is asked to pay for the second unit that he wins is pi2
= c−iK−1(y

i
2,x
−i).

Figure 17.2 portrays the same situation from a different perspective
by emphasizing the relationship of the generalized VCG mechanism to
the Vickrey multiunit auction. The left-hand panel shows buyer i’s value
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FIGURE 17.1. The Generalized VCG Mechanism for Multiple Units

vector–or equivalently, his true demand function–together with the vec-
tor of competing bids–or equivalently, the residual supply function facing
buyer i. The demand function depends on i’s signal but because values
are interdependent, so does the residual supply function. As shown in the
left-hand panel, buyer i wins two units. The price paid for the first unit
is determined by finding the lowest signal such that his highest value vi1
equals the lowest competing bid c−iK . As depicted in the middle panel of
Figure 17.2, this occurs when zi = yi1 and the buyer is asked to pay the
amount pi1 = c−iK (y

i
1,x
−i) for the first unit. Now zi is raised some more

until it reaches a level such that he would win exactly two units. As de-
picted in the right-hand panel of the figure, this occurs when zi = yi2 > y

i
1

since we then have vi2(y
i
2,x
−i) = c−iK−1(y

i
2,x
−i) and, by the single crossing

condition, vi1(y
i
2,x
−i) > c−iK (y

i
2,x
−i). The buyer is asked to pay an amount

pi2 = c
−i
K−1(y

i
2,x
−i) for the second unit. Since yi1 < yi2 < xi, at these prices,

the buyer makes a positive surplus on each unit that he wins.
As in the Vickrey multiunit auction, the number of units that buyer i

wins when he reports a signal zi and the others report x−i is equal to the
number of competing bids that he defeats. Likewise, the prices that buyer
i pays are determined by the competing bids he defeats. But the manner in
which prices are determined needs to be amended in order to account for
the fact that values are now interdependent. The original Vickrey pricing
rule of asking buyers to pay the competing bids c−il (x

i,x−i) that they
defeat would, however, give them the incentive to report lower signals in
an attempt to lower the prices they would have to pay. The incentives for
truth-telling are restored by making the prices paid by a buyer independent
of his own reported signal. This reasoning leads to the following result.
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FIGURE 17.2. Prices in the Generalized VCG Mechanism

Proposition 17.1 Suppose that signals are one-dimensional and the val-
uations v satisfy the multiunit single crossing condition. Then truth-telling
is an efficient ex post equilibrium of the generalized VCG mechanism.

Proof. Suppose that when all buyers report their signals x truthfully,
it is efficient for buyer i to be awarded ki objects. In other words, when
evaluated at x, exactly ki of his values vik (x) are among the K highest of
all values.
By reporting his signal truthfully, buyer i pays for each of the ki units

an amount which is no greater than its true value, so makes a nonnegative
profit. If he were to report a zi > xi, then he would win at least as many
units as before. The prices for the first ki units would remain the same as if
he had reported zi = xi. For any additional units, however, the price paid
would be too high, since for k > ki,

yik(x
−i) > xi

and the price paid would be

pik = v
i
k

¡
yik(x

−i),x−i
¢
> vik

¡
xi,x−i

¢
thus resulting in a loss. On the other hand, if he reports a zi < xi, then
the number of units that he would win is at most what he would win by
reporting zi = xi. For any of the units won the prices would be the same
as before but he would forgo some surplus for units, say the kith unit, that
he did not win.

In the case of private values, the generalized VCG mechanism reduces
to the Vickrey multiunit auction and, as we have seen, in that case it is a
dominant strategy to report truthfully.
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17.1.2 Efficiency via Open Auctions

When values are interdependent, information necessary to determine the
values is dispersed among the bidders. To achieve efficiency, this informa-
tion must emerge during an auction. In the context of a single object auc-
tion we saw that the English auction was quite remarkable in this regard–
under relatively weak conditions the relevant information emerged in a way
that resulted in efficiency. Specifically, in Chapter 9 we found that

1. With two bidders, the English auction had an efficient ex post equilib-
rium provided the single crossing condition was satisfied (see Propo-
sition 9.1 on page 127).

2. With more than two bidders, the single crossing condition by itself
was not enough. Stronger conditions–for instance, the average cross-
ing condition–had to be invoked in order to guarantee that the En-
glish auction had an efficient ex post equilibrium (see Proposition 9.2
on page 131).

Here we explore the extent to which open ascending price auctions have
analogous properties in the multiunit context.

Two Bidders

We first consider situations in which there are only two bidders. As noted
above, when there was a single object for sale, the two-bidder English
auction was efficient as long as the single crossing condition was satisfied
(Proposition 9.1). In addition, with two bidders, the English auction was
strategically equivalent to the sealed-bid second-price auction, so the latter
was efficient as well. Now, with private values the multiunit analogues of the
second-price and English auctions are the Vickrey and Ausubel auctions,
respectively. The multiunit formats inherited all the relevant properties of
their single unit counterparts and we wish to explore the extent to which
the analogy can be pushed in the interdependent values environment.
It is instructive to begin by studying the sealed-bid Vickrey auction.

When there are only two bidders, the K-unit Vickrey auction can be de-
composed into K separate second-price auctions. This is because bidder 1
wins one unit if and only if his first bid, b11, defeats the Kth bid of bidder
2, b2K . He wins a second unit if and only if his second bid, b

1
2, defeats the

K − 1st bid of bidder 2, b2K−1. In general, bidder 1 wins a kth unit if and
only if his kth bid, b1k, defeats the K − k + 1st bid of bidder 2, b2K−k+1.
Moreover, the price bidder 1 pays for the first unit is just the defeated bid
b2K , the price for the second unit is the defeated bid b

2
K−1, and so on. In

particular, bidder 2’s bids on units other than the K − k+1st unit do not
affect the price that bidder 1 would pay were he to win a kth unit. A sym-
metric argument applies for bidder 2. Thus, we can think of the two-bidder
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Vickrey auction as K separate second-price auctions: in the kth auction,
bidder 1 with value v1k competes with bidder 2 with value v

2
K−k+1. This

insight leads to the following generalization of Proposition 9.1.

Proposition 17.2 Suppose that there are two bidders and the valuations
v satisfy the multiunit single crossing condition. Then there exists an ex
post equilibrium of the Vickrey multiunit auction that is efficient.

Proof. Fix a k ≤ K and define l = K−k+1. As in Chapter 9, the mul-
tiunit single crossing condition guarantees that there exist continuous and
increasing functions φ1k and φ2l such that for all p ≤ min{φ1k(ω1),φ2l (ω2)},
they solve the following pair of equations

v1k
¡
φ1k(p),φ

2
l (p)

¢
= p

v2l
¡
φ1k(p),φ

2
l (p)

¢
= p (17.3)

Define β1k :
£
0,ω1

¤ → R+ by β1k =
¡
φ1k
¢−1

and β2l :
£
0,ω2

¤ → R+ by

β2l =
¡
φ2l
¢−1

. Notice that since for all k, v1k+1 ≤ v1k and v
2
l−1 ≥ v2l , the

solutions satisfy the inequality β1k+1 ≤ β1k and β2l−1 ≥ β2l .
We claim that it is an equilibrium for bidder 1 to bid a vector

β1(x1) =
¡
β11(x

1),β12(x
1), . . . ,β1K(x

1)
¢

when his signal is x1 and for bidder 2 to bid a vector

β2(x2) =
¡
β21(x

2),β22(x
2), . . . ,β2K(x

2)
¢

when her signal is x2.
Suppose that with these bids, bidder 1 wins k1 units and bidder 2 wins

K − k1 units. Consider a k ≤ k1 and notice that we must have p1 ≡
β1k(x

1) > β2K−k+1(x2) ≡ p2, that is, bidder 1’s kth bid must have defeated
bidder 2’s K−k+1st bid, and by the rules of the Vickrey auction, he pays
p2 for the kth unit. Now (17.3) implies that

v1k
¡
φ1k(p

2),φ2l (p
2)
¢
= p2

where as usual, l = K−k+1. Since x1 = φ1k(p
1) > φ1k(p

2) and φ2l (p
2) = x2,

v1k(x
1, x2) > p2

This implies that bidder 1 makes an ex post profit on the kth unit that he
wins and since he cannot affect the price he pays, he cannot do better.
In addition, (17.3) also implies that

v2l
¡
φ1k(p

1),φ2l (p
1)
¢
= p1
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and since φ2l (p
1) > φ2l (p

2) = x2 and φ1k(p
1) = x1,

v2l (x
1, x2) < p1

This implies that bidder 2 does not want to win the lth unit since the price
would be too high. Thus, there exists an ex post equilibrium.
The equilibrium constructed here is efficient because from (17.3)

v1k
¡
φ1k(p

2),φ2l (p
2)
¢
= v2l

¡
φ1k(p

2),φ2l (p
2)
¢

and again since x1 = φ1k(p
1) > φ1k(p

2) and φ2l (p
2) = x2,

v1k(x
1, x2) > v2l (x

1, x2)

because of single crossing. This means that the unit in question–which is,
simultaneously, the kth unit for bidder 1 and the lth unit for bidder 2–is
indeed awarded to the bidder who values it more.

The reasoning in Proposition 17.2 applies to the Ausubel open ascending
price auction as well. Recall that in the Ausubel auction the price rises and
bidders indicate how many units they are willing to buy at the current
price. A bidder is allocated a unit every time the residual supply from the
other bidders increases. To find an equilibrium of the auction, let β1 and
β2 be determined as above and consider the following pair of strategies.
Both bidders’ demands are K at a price of zero. For all k ≤ K, bidder i
reduces his demand from k to k−1 at the price pik = β ik

¡
xi
¢
. It is routine to

verify that this constitutes an efficient ex post equilibrium of the Ausubel
auction.
With two bidders, it appears that the single-unit results of Chapter 9

extend to the multiunit context in a relatively straightforward manner.
The same is not true when the number of bidders is greater than two.

Three or More Bidders

There is no multiunit analog of Proposition 9.2. Once the number of bidders
exceeds two, the Ausubel auction need not have an efficient equilibrium.
Stringent restrictions on the valuation functions do not rectify the problem.

Example 17.1 When there are three or more bidders and values are in-
terdependent, the Ausubel open ascending price auction need not allocate
efficiently. This may happen even if bidders have unit demands.

Suppose that there are two units for sale (K = 2) and three bidders
(N = 3), each of whom wants at most one unit of the good–this is the
case of unit demand. The valuations are

v1(x1, x2, x3) = x1 + αx2

v2(x1, x2, x3) = x2

v3(x1, x2, x3) = x3
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and the signals Xi all lie in [0, 1] and α ∈ (0, 1) is a parameter. Clearly, the
single crossing condition is satisfied.
Consider an open ascending price auction. Since each bidder wants at

most one unit of the good, the workings of the Ausubel auction are the
same as the workings of the multiunit English auction. In other words, the
price rises until one of the bidders drops out. At that stage, the total supply
is equal to the total demand, so the auction is over. Thus, the two units
are sold to the two remaining bidders at the price at which the first bidder
drops out.
Each bidder need only decide when to drop out. Bidder 2 has private

values, so it is weakly dominant for him to drop out when the price reaches
his private value. The same is true for bidder 3. Suppose that there is an
equilibrium in which bidder 1 follows an increasing and continuous strategy
β1, so he drops out when the price reaches β1

¡
x1
¢
.

First, suppose β1(0) = 0. Now if the signals are such that αx2 > x3, then
it is efficient for bidders 1 and 2 to get one unit each. But if x1 is close to
zero, the continuity of β1 implies that bidder 1 will drop out first, thereby
leading to an inefficient outcome. Second, suppose β1(0) > 0. Now if the
signals are such that x2 < x3 and x1 is small, it is efficient for bidders 2
and 3 to get one unit each. But if x2 < β1(0), then bidder 2 will drop out
first, again leading to an inefficient outcome. N

In a single-unit English auction the object is not awarded until all but
one of the bidders have dropped out. This means that the winning bidder
knows the signals of all bidders and hence his own value. This is not true
in the multiunit analogue of the English auction. Some units are awarded
before all the information has been revealed and it is this feature that leads
to inefficiency. Thus, it seems that, except for the case of two bidders, the
common auction formats are ill equipped to handle interdependent values
in the multiunit context. All this is still under the somewhat uncomfort-
able assumption that while bidders have multiunit demands, their signals
are one-dimensional. The state of affairs is even worse, however, if buyers’
signals are multidimensional.

17.2 Multidimensional Signals

Now suppose that each buyer’s information consists of an L-dimensional
signal xi =

¡
xi1, x

i
2, . . . , x

i
L

¢
and that buyer i’s valuations for the K objects

depend on the L×N signals x =
¡
x1,x2, . . . ,xN

¢
received by all the buyers.

For the moment we make no assumptions on L and K. The marginal value
of obtaining the kth unit is determined by the function

vik (x) = v
i
k

¡
x1,x2, . . . ,xN

¢
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All signals are assumed to have a nonnegative effect on all values–that is,
for all i, j and k, l,

∂vik
∂xjl
≥ 0

17.2.1 Single Object

Although we are concerned with multiple object auctions, the problems
resulting from multidimensional signals are already apparent when only a
single object is for sale. Thus, while buyers receive L dimensional signals
xi, there is only a single object for sale whose value to i can be written as
vi (x) = vi

¡
x1,x2, . . . ,xN

¢
. The following example illustrates the funda-

mental nature of the difficulty in the simplest possible setting.

Example 17.2 Suppose there is a single object for sale to one of two buy-
ers. Buyer 1 receives a two-dimensional signal x1 =

¡
x11, x

1
2

¢
, whereas buyer

2 is completely uninformed. Buyer 1’s first signal determines his own value
for the object, whereas his second signal determines buyer 2’s value. Thus,

v1(x1) = x11
v2(x1) = x12

Clearly, efficiency requires that the object go to buyer 1 only if x11 ≥ x12.
We claim that there does not exist an incentive compatible mechanism that
is efficient. The revelation principle ensures that it is enough to consider
direct mechanisms.
Consider an efficient mechanism whose payment rule asks buyer 1 to

make the payment M1
¡
z1
¢
when he reports z1 =

¡
z12 , z

1
2

¢
(buyer 2 is

completely uninformed). First, notice that M1 must be constant for all z1

such that z11 > z12 . Otherwise, then buyer 1 will report a signal z
1 that

minimizes his payment M1
¡
z1
¢
over all z1 such that z11 > z

1
2 . In the same

wayM1 must be constant for all z1 such that z11 < z
1
2 . If not, then buyer 1

will report a signal z1 that minimizes his paymentM1
¡
z1
¢
over all z1 such

that z11 < z
1
2 . Thus, we conclude that there exist two payments m

0 and m00

(these could be positive or negative) such that

M1
¡
z1
¢
=

(
m0 if z11 > z

1
2

m00 if z11 < z
1
2

Suppose buyer 1’s signal is x1. If he reports z11 > z
1
2 , he gets the object

and pays m0 so that his payoff is x11−m0. On the other hand, if he reports
z11 < z

1
2, he does not obtain the object, so his payoff is −m00. It is better to

report z11 > z
1
2 if and only if

x11 ≥ m0 −m00
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But this means that buyer 1’s incentives to report z11 > z
1
2 versus z

1
1 < z

1
2 do

not depend on the signal x12. But efficiency hinges precisely on a comparison
of x11 and x

1
2, so it is impossible to achieve. N

The reader may wonder–quite legitimately–whether the impossibility
of achieving efficiency in the preceding example is not due to the failure of
some sort of single crossing condition. In situations in which signals were
one-dimensional, the single crossing condition–requiring that a buyer’s
signal have a greater impact on his own value than on others’ values–
was vital to the question of efficiency. In Example 17.2, however, buyer 1’s
second signal, x12, has a greater impact on buyer 2’s value than on his own.
Consider the following, only slightly more complicated, example.
Suppose that both buyers receive two-dimensional signals xi =

¡
xi1, x

i
2

¢
and that their respective values are

v1(x1) = x11 + x
1
2

v2(x1) = x21 + αx12

where α ∈ (0, 1) is a parameter. Now each buyer’s signals have a greater
impact on his own value than on the value of the other buyer. But virtually
the same argument as above shows that efficiency is impossible to achieve.
Buyer 1 cares only about the sum of his own signals x11 + x

1
2, so he cannot

be induced to reveal more than that. Buyer 2’s value, however, depends
on buyer 1’s second signal, x12, alone. To determine who should win the
object it is necessary to extract information regarding x12 separately from
that regarding the sum x11+x

1
2. Buyer 1, however, cannot be provided with

the incentives to reveal x12 separately from x11 + x
1
2. As a result, efficiency

cannot be attained.
More generally, consider a direct mechanism with a payment rule M

in which truth-telling is an ex post equilibrium. Consider the signals x−i

of all buyers other than i. As in Chapter 10, we will say that buyer i is
pivotal at x−i if there exist signal vectorsyi and zi such that vi(yi,x−i) >
maxj 6=i vj(yi,x−i) and vi(zi,x−i) < maxj 6=i vj(zi,x−i). In other words,
when the others’ signals are x−i, i’s signal determines whether or not it
is efficient for him to get the object. Incentive compatibility requires that
when his signal is yi, it is optimal for i to report yi rather than zi, so that

vi(yi,x−i)−M i(yi,x−i) ≥ −M i(zi,x−i)

Likewise, when his signal is zi, it is optimal to report zi rather than yi, so
that

−M i(zi,x−i) ≥ vi(zi,x−i)−M i(yi,x−i)

Combining the two conditions results in

vi(yi,x−i) ≥M i(yi,x−i)−M i(zi,x−i) ≥ vi(zi,x−i)
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FIGURE 17.3. Efficiency with Multidimensional Signals

and so a necessary condition for incentive compatibility is

vi(yi,x−i) ≥ vi(zi,x−i)
that is, buyer i’s value when he wins the object must be at least as high
as when he does not. Put another way, keeping others’ signals fixed, an
increase in buyer i’s value that results from a change in his own signal
cannot cause him to lose if he were winning earlier. Once again we see that
ex post incentive compatible mechanisms must be monotonic in values–an
increase in the value resulting from a change in his own signal must increase
the chances that a buyer wins. In Chapter 10, we saw that when signals
were one-dimensional this monotonicity (see (10.1)), together with the re-
quirement of efficiency, led to the single crossing condition. When signals
are multidimensional, however, monotonicity in values can be reconciled
with efficiency only in very exceptional circumstances. Let us see why.
Suppose that there exists an xi such that for some buyer j, vi(xi,x−i) =

vj(xi,x−i) ≡ p, say, and these values are the highest among all buyers.
Consider, as in Figure 17.3, the level curves of vi and vj in the space of i’s
signals. If these intersect, and the slopes of the level curves at the point of
intersection are different, then as depicted, we can find two signals yi and
zi such that

p > vi(yi,x−i) > vj(yi,x−i)

but
vj(zi,x−i) > vi(zi,x−i) > p

Efficiency requires that i win when the signal is yi and lose when the sig-
nal is zi. But since vi(zi,x−i) > vi(yi,x−i), it is the case that buyer i
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wins when his value is vi(yi,x−i) but loses when his value increases to
vi(zi,x−i), thereby violating the monotonicity property of incentive com-
patible mechanisms. Thus, we have argued that as long as the level curves
vi = p and vj = p intersect, efficiency is impossible. The following result
summarizes our findings.

Proposition 17.3 Suppose there exists an efficient direct mechanism in
which truth-telling is an ex post equilibrium. If buyers’ signals are multi-
dimensional, then at any xi such that vi(xi,x−i) = vj(xi,x−i) and these
are maximal, it must be that

∇vi(xi,x−i) = ∇vj(xi,x−i)

where ∇vi and ∇vj denote the L-vectors of partial derivatives of vi and vj
with respect to i’s signals (the gradients of vi and vj with respect to xi).

The necessary condition in the preceding proposition–the equality of
the gradients–is a very strong requirement that is almost never satisfied;
it is nongeneric in the sense that a slight perturbation in the valuation
functions will cause it to be violated. The essential difficulty is that a
buyer’s payment–a one-dimensional instrument–can only be used to ex-
tract one-dimensional information from the buyer. The information that
can be extracted concerns the value of the buyer, rather than his signal
and information concerning i’s value alone is, in general, insufficient to
decide the efficiency question when values are interdependent. The one ex-
ception occurs when buyer i’s signals affect all buyers’ values in the same
manner so that the relevant information can effectively be reduced to a
one-dimensional variable. Otherwise, such a reduction is impossible, and
as a result, so is efficiency.
Another way to understand Proposition 17.3 is to note that in the present

context monotonicity requires that the following multidimensional version
of single crossing hold. Suppose vi(xi,x−i) = vj(xi,x−i) and ti 6= 0 is such
that the directional derivative of vi with respect to xi in the direction ti is
positive–that is,

∇vi(xi,x−i) · ti > 0
In other words, i’s utility increases if his signal xi increases in the direction
ti. Monotonicity now requires that for any such ti,

∇vi(xi,x−i) · ti > ∇vj(xi,x−i) · ti (17.4)

that is, the change in i’s value must be greater than the change in j’s
value. But as is clear from Figure 17.3, this cannot hold if the level curves
of vi and vj intersect: if we let ti = zi − xi, then (17.4) is violated. In
this sense, the appropriate single crossing condition cannot be generically
satisfied once signals are multidimensional.
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17.2.2 Multiple Objects

It is not surprising that the impossibility result from the previous sec-
tion extends to the multiple object setting. But there is an important
exception–the case of additively and informationally separable valuations.

Separability and Efficiency

Suppose that K distinct objects, labeled A,B,C, . . . , and so on, from a set
K are for sale. Each buyer receives a K-dimensional signal

xi =
¡
xiA
¢
A∈K

with the interpretation that xiA is the one-dimensional information received
by buyer i that pertains to object A. Buyers’ valuations for the different
objects are informationally separable–that is, the value of an object A ∈ K
to buyer i is of the form

viA(x
1
A, x

2
A, . . . , x

N
A )

In other words, the value to i of obtaining object A depends on the signals
of all buyers that pertain only to object A, and not on signals xjB, say.
We also need that for each A ∈ K, the valuations v1A, v2A, . . . , vNA satisfy

the single crossing condition.
Suppose further that there are no complementarities and that the valua-

tions are additively separable–the value derived from obtaining particular
bundle of objects is simply the sum of the values of the individual objects
in that bundle. Thus, for instance, the value of the bundle {A,B} to buyer
i is simply

viA(x
1
A, x

2
A, . . . , x

N
A ) + v

i
B(x

1
B, x

2
B , . . . , x

N
B )

The separable model, albeit special, may be quite natural in some set-
tings. Suppose that the objects being sold are the rights to conduct business
in different regions of a country. For instance, object A may be a license
awarding exclusive rights to supply local telephone services in area A. Each
buyer may have some information xiA concerning demand conditions in area
A. In that case, as a first approximation, it is not unnatural to suppose that
a buyer’s value for license A depends only on information concerning de-
mand conditions in region A and not on demand conditions in another
region, say B.
The virtue of the separable specification is that the problem of allocating

the objects efficiently neatly decomposes into K separate problems: the
objects can be efficiently allocated one at a time. Object A should be
allocated to the buyer who derives the largest benefit from it–that is, to
the buyer with the largest value of v1A, v

2
A, . . . , v

N
A–and this allocation does

not depend in any way on other values viB. Similarly, object B should be



17.2 Multidimensional Signals 249

allocated to the buyer with the largest value of v1B, v
2
B, . . . , v

N
B regardless of

the values viA. This in turn means that the allocation of object A depends
only on the signals xiA that pertain to A, the allocation of object B depends
only on the signals xiB that pertain to B, and so on.
The separable specification also implies that the mechanism design prob-

lem can likewise be decomposed into K separate problems, each with one-
dimensional signals. We can then use K generalized VCG mechanisms for
allocating single objects as in Chapter 10. In particular, each buyer is asked
to report his signal xi. Object A is awarded to the buyer with the highest
value viA for A when evaluated at the reported signals x1A, x

2
A, . . . , x

N
A of

all buyers that pertain to A. If buyer i is awarded object A, then he pays
viA(y

i
A(x

−i
A ),x

−i
A ) where y

i
A(x

−i
A ) is defined by

yiA(x
−i
A = inf

½
ziA : v

i
A(z

i
A,x

−i
A ) ≥ maxj 6=i

vjA(z
i
A,x

−i
A )

¾
Truth-telling is an ex post equilibrium in each mechanism in isolation and
the separable specification guarantees that no buyer can gain from simulta-
neously misreporting more than one signal. Thus, in the separable model an
efficient allocation of multiple objects can be attained via the generalized
VCG mechanism.

Proposition 17.4 Suppose buyers’ valuations for K different objects are
additively and informationally separable. Then truth-telling is an efficient
ex post equilibrium of the generalized VCG mechanism.

In the separable model theK objects would also be efficiently allocated in
a sequence of English auctions. This assumes, of course, that the valuations
for each object A are such that an efficient equilibrium exists. This would
be satisfied, for instance, if for each A, the valuations satisfied the average
crossing condition introduced in Chapter 9.
In general, the valuations need not be separable and buyers’ valuations

for object A, say, may depend on both xiA and x
i
B. In that case, the ar-

guments leading up to Proposition 17.3 imply that efficiency cannot be
attained.

Chapter Notes

Much of the material in this chapter originates in the paper by Maskin
(1992) who recognized that the possibility of attaining efficiency hinged on
the dimensionality of buyers’ signals. Maskin (2001) is a more up-to-date
survey of the area.
Proposition 17.2, demonstrating the efficiency of the Vickrey auction

when there are only two bidders with one-dimensional signals, was derived
by Perry and Reny (2001). They also observed that this result does not hold
once there are three or more bidders with multiunit demand. Example 17.1,
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showing that with three or more bidders open auctions are inefficient even
with single-unit demand, is due to Morgan (2001, private communication).
Maskin (1992) was the first to show the impossibility of allocating ef-

ficiently if buyers have multidimensional information. Proposition 17.3 is
based on an impossibility result in Dasgupta and Maskin (2000). Jehiel
and Moldovanu (2001) have extended these results in many directions. The
interpretation of the impossibility result as a necessary failure of single
crossing is due to Reny (2001, private communication).
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Appendix A
Continuous Distributions

Given a random variable X, which takes on values in [0,ω], we define its
cumulative distribution function F : [0,ω]→ [0, 1] by1

F (x) = Prob [X ≤ x] (A.1)

the probability that X takes on a value not exceeding x. By definition,
the function F is nondecreasing and satisfies F (0) = 0 and F (ω) = 1 (if
ω =∞, then limx→∞F (x) = 1). In this book we always suppose that F is
increasing and continuously differentiable.
The derivative of F is called the associated probability density function

and is usually denoted by the corresponding lowercase letter f ≡ F 0. By
assumption, f is continuous and we will suppose, in addition, that for all
x ∈ (0,ω), f(x) is positive. The interval [0,ω] is called the support of the
distribution. When (A.1) holds we will say that X is distributed according
to the distribution F or, equivalently, according to the density f .
If X is distributed according to F , then the expectation of X is

E [X] =

Z ω

0

xf(x) dx

1We will allow for the possibility that X can take on any nonnegative real value. In
that case, with a slight abuse of notation, we will write ω =∞.
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FIGURE A.1. Conditional Expectation

and if γ : [0,ω] → R is some arbitrary function, then the expectation of
γ (X) is analogously defined as

E [γ (X)] =

Z ω

0

γ (x) f(x) dx

Sometimes the expectation of γ (X) is also written as

E [γ (X)] =

Z ω

0

γ (x) dF (x)

The conditional expectation of X given that X < x is

E [X | X < x] =
1

F (x)

Z x

0

tf(t) dt

and so

F (x)E [X | X < x] =

Z x

0

tf(t) dt

= xF (x)−
Z x

0

F (t) dt (A.2)

which is obtained by integrating the right-hand side of the first equality by
parts. The formula in (A.2) shows that F (x)E [X | X < x] is the shaded
area lying above the curve F in Figure A.1.
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Hazard Rates

Let F be a distribution function with support [0,ω]. The hazard rate of F
is the function λ : [0,ω)→ R+ defined by

λ (x) ≡ f(x)

1− F (x)
If F represents the probability that some event will happen before time x,
then the hazard rate at x represents the instantaneous probability that the
event will happen at x, given that it has not happened until time x. The
event may be the failure of some component–a lightbulb, for instance–
and hence it is sometimes also known as the “failure rate.” Notice that as
x→ ω, λ(x)→∞.
Since

−λ (x) = d

dx
ln (1− F (x))

if we write

F (x) = 1− exp
µ
−
Z x

0

λ(t) dt

¶
(A.3)

then this shows that any arbitrary function λ : [0,ω) → R+ such that for
all x < ω, Z x

0

λ(t) dt <∞
and

lim
x→ω

Z x

0

λ(t) dt =∞ (A.4)

is the hazard rate of some distribution; in particular, that defined by (A.3).
The fact that λ (x) ≥ 0 ensures that F is nondecreasing and (A.4) ensures
that F (ω) = 1.
If for all x ≥ 0, λ (x) is a constant, say λ (x) ≡ λ > 0, then (A.3) results

in the exponential distribution

F (x) = 1− exp (−λx)
whose expectation E [X] = 1/λ.
Closely related to the hazard rate is the function σ : (0,ω]→ R+ defined

by

σ (x) ≡ f(x)

F (x)

sometimes known as the reverse hazard rate.2 Since

σ (x) =
d

dx
lnF (x)

2In some applications this is also referred to as the inverse of the Mills’ ratio.
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if we write

F (x) = exp

µ
−
Z ω

x

σ(t) dt

¶
(A.5)

then this shows that any arbitrary function σ : (0,ω) → R+ such that for
all x > 0, Z ω

x

σ(t) dt <∞

and

lim
x→0

Z ω

x

σ(t) dt =∞ (A.6)

is the reverse hazard rate of some distribution; in particular, that defined
by (A.5). The fact that σ (x) ≥ 0 ensures that F is nondecreasing and (A.6)
ensures that F (0) = 0.

Jointly Distributed Random Variables

Let X and Y be two random variables taking on values in [0,ωX ] and
[0,ωY ], respectively. We will say that X and Y have the joint density f :
[0,ωX ]× [0,ωY ]→ R+ if for all x0 < x00 and y0 < y00

Prob [x0 ≤ X ≤ x00 and y0 ≤ Y ≤ y00] =
Z y00

y0

Z x00

x0
f(x, y) dxdy

We will then say that X and Y are jointly distributed according to f . We
will assume that f is continuous and positive on (0,ωX)× (0,ωY ).
The marginal density of X is

fX (x) =

Z ωY

0

f(x, y) dy

and the marginal density of Y is similarly defined. The random variables
X and Y are independent if and only if

f(x, y) = fX (x)× fY (y)

For any x > 0, the conditional density of Y given that X = x is

fY (y | X = x) =
f(x, y)

fX (x)

and for any x > 0, the conditional expectation of Y given that X = x is
defined as

E [Y | X = x] =

Z ωY

0

yfY (y | X = x) dy
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Let us denote by E [Y | X] : [0,ωX ]→ R+ the function of X whose value at
X = x is E [Y | X = x]. The function E [Y | X] is then also a random vari-
able and it is meaningful to speak of its expectation. Using the preceding
definitions, it can be verified that

EX [EY [Y | X]] = EY [Y ]
This identity is sometimes known as the “law of iterated expectation.”
Extensions to an arbitrary finite number of random variables are straight-

forward.

Notes on Appendix A

The material on continuous random variables is quite standard and can
be found in any reasonable book on probability theory. Ross (1989) has
presented a concise treatment of the relevant concepts and results.





Appendix B
Stochastic Orders

There are numerous senses in which one distribution F may “dominate” or
may be “greater than” another distribution G and each induces a partial
order over the space of all distributions.1 In this appendix we discuss some
of these notions, called stochastic orders, that play an important role in
auction theory.
For the sake of convenience, we assume that all distributions being com-

pared have the same support, say [0,ω]. As usual, we allow for the possi-
bility that the support is the nonnegative portion of the real line.

First-Order Stochastic Dominance

Given two distribution functions F and G, we say that F (first-order)
stochastically dominates G if for all z ∈ [0,ω],

F (z) ≤ G(z) (B.1)

If the random variables X and Y are distributed according to F and G,
respectively, and (B.1) holds, then we will also say the X stochastically
dominates Y .
Now suppose γ : [0,ω] → R is an increasing and differentiable function.

If X stochastically dominates Y , and these have distribution functions F

1A partial order is reflexive and transitive. It need not be complete.
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and G, respectively, then

E [γ (X)]−E [γ (Y )] =
Z ω

0

γ (z) [f(z)− g (z)] dz

and integrating by parts, we obtain

E [γ (X)]−E [γ (Y )] = −
Z ω

0

γ 0 (z) [F (z)−G (z)] dz ≥ 0

since γ 0 > 0 and F ≤ G. In particular, E [X] ≥ E [Y ].

Hazard Rate Dominance

Suppose that F and G are two distributions with hazard rates λF and λG,
respectively. If for all x, λF (x) ≤ λG (x), then we say that F dominates G
in terms of the hazard rate. This order is also referred in short as hazard
rate dominance.
If F dominates G in terms of the hazard rate, then (A.3) immediately

implies that

F (x) = 1− exp
µ
−
Z x

0

λF (t) dt

¶
≤ 1− exp

µ
−
Z x

0

λG(t) dt

¶
= G (x)

and hence F stochastically dominates G. Thus, hazard rate dominance
implies first-order stochastic dominance.

Reverse Hazard Rate Dominance

Suppose that F and G are two distributions with reverse hazard rates σF
and σG, respectively. If for all x, σF (x) ≥ σG (x), then we say that F
dominates G in terms of the reverse hazard rate. This order is also referred
to as reverse hazard rate dominance, in short.
If F dominates G in terms of the reverse hazard rate, then (A.5) imme-

diately implies that

F (x) = exp

µ
−
Z ω

x

σF (t) dt

¶
≤ exp

µ
−
Z ω

x

σG(t) dt

¶
= G (x)

and hence, again, F stochastically dominates G. Thus, reverse hazard rate
dominance also implies first-order stochastic dominance.

Likelihood Ratio Dominance

The distribution function F dominates G in terms of the likelihood ratio if
for all x < y,

f(x)

g(x)
≤ f(y)
g(y)

(B.2)
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FIGURE B.1. Likelihood Ratio Dominance

or equivalently, if the ratio f/g is nondecreasing in x. We will refer to this
order as likelihood ratio dominance. See Figure B.1 for an illustration. As
shown, if F dominates G in terms of the likelihood ratio, then f and g can
“cross” only once.
Likelihood ratio dominance is, of course, equivalent to the following: for

all x < y,
f(y)

f(x)
≥ g(y)
g(x)

This implies that for all x,Z ω

x

f(y)

f(x)
dy ≥

Z ω

x

g(y)

g(x)
dy

so that
1− F (x)
f(x)

≥ 1−G(x)
g(x)

which is the same as
λF (x) ≤ λG(x)

Thus, likelihood ratio dominance implies hazard rate dominance.
Similarly, by writing (B.2) as follows: for all x < y,

f(x)

f(y)
≤ g(x)
g(y)

and integrating, we obtainZ y

0

f(x)

f(y)
dx ≤

Z y

0

g(x)

g(y)
dx
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FIGURE B.2. Different Notions of Stochastic Ordering

so that for all y,
F (y)

f(y)
≤ G(y)
g(y)

which is the same as: for all y,

σF (y) ≥ σG(y)

Thus, likelihood ratio dominance also implies reverse hazard rate domi-
nance.
We have already shown that hazard rate dominance and reverse hazard

rate dominance both imply first-order stochastic dominance. Figure B.2
summarizes the relationships among the four notions of stochastic orders
considered so far.

Mean-Preserving Spreads

A fifth notion of stochastic order is useful in comparing distributions with
the same mean.
Suppose X is a random variable with distribution function F . Let Z be

a random variable whose distribution conditional on X = x, H (· | X = x)
is such that for all x, E [Z | X = x] = 0. Suppose Y = X+Z is the random
variable obtained from first drawingX from F and then for each realization
X = x, drawing a Z from the conditional distribution H (· | X = x) and
adding it to X. Let G be the distribution of Y so defined. We will then say
that G is a mean-preserving spread of F .
As the name suggests, while the random variables X and Y have the

same mean–that is, E [X] = E [Y ]–the variable Y is “more spread-out”
than X since it is obtained by adding a “noise” variable Z to X.
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Now suppose U : [0,ω]→ R is a concave function. Then we have

EY [U(Y )] = EX [EZ [U(X + Z) | X = x]]

≤ EX [U(EZ [X + Z | X = x])]

= EX [U(X)]

where the inequality follows from the assumption that U is concave.
This fact is used to define another notion of order between distributions

with the same mean. Given two distributions F and G with the same mean,
we say that F second-order stochastically dominates G if for all concave
functions U : [0,ω]→ R,Z ω

0

U(x)f(x) dx ≥
Z ω

0

U(y)g(y) dy

We have shown that if G is a mean-preserving spread of F , then F second-
order stochastically dominates G. The converse is also true–although we
omit a proof of this fact here–and so the two notions are equivalent.
Second-order stochastic dominance is also equivalent to the statement

that for all x, Z x

0

G(y) dy ≥
Z x

0

F (x) dx

with an equality when x = ω. Again, we omit a proof of this fact.

Notes on Appendix B

A comprehensive discussion of the various notions of stochastic orders and
their relationships can be found in Shaked and Shanthikumar (1994). This
book contains a very useful collection of results that had hitherto been
scattered about in the literature and, as a result, had been somewhat in-
accessible.
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Order Statistics

Let X1,X2, . . . ,Xn be n independent draws from a distribution F with as-

sociated density f . Let Y
(n)
1 , Y

(n)
2 , . . . , Y

(n)
n be a rearrangement of these so

that Y
(n)
1 ≥ Y (n)2 ≥ . . . ≥ Y (n)n . The random variables Y

(n)
k , k = 1, 2, . . . , n

are referred to as order statistics.
Let F

(n)
k denote the distribution of Y

(n)
k , with corresponding probability

density function f
(n)
k .

When the “sample size” n is fixed and there is no ambiguity, we will

economize on notation and write Yk instead of Y
(n)
k , Fk instead of F

(n)
k

and fk instead of f
(n)
k .

We will typically be interested in properties of the highest and second-
highest order statistics, Y1 and Y2.

Highest Order Statistic

The distribution of the highest order statistic Y1 is easy to derive. The
event that Y1 ≤ y is the same as the event: for all k, Xk ≤ y. Since each
Xk is an independent draw from the same distribution F, we have that1

F1 (y) = F (y)
n (C.1)

1We write F (y)n to denote (F (y))n.
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The associated probability density function is

f1 (y) = nF (y)
n−1f(y)

Observe that if F stochastically dominates G (for all x, F (x) ≤ G(x))
and F1 and G1 are the distributions of the highest order statistics of n
draws from F and G, respectively, then F1 stochastically dominates G1.

Second-Highest Order Statistic

The distribution the second-highest order statistic Y2 can also be easily
derived. The event that Y2 is less than or equal to y is the union of the
following disjoint events: (i) all Xk’s are less than or equal to y, and (ii)
n − 1 of the Xk’s are less than or equal to y and one is greater than y.
There are n different ways in which (ii) can occur, so we have that

F2 (y) = F (y)n| {z }
(i)

+ nF (y)n−1 (1− F (y))| {z }
(ii)

= nF (y)n−1 − (n− 1)F (y)n (C.2)

The associated probability density function is

f2 (y) = n (n− 1) (1− F (y))F (y)n−2f(y) (C.3)

Again, it can be verified that if F stochastically dominates G and F2 and
G2 are the distributions of the second-highest order statistics of n draws
from F and G, respectively, then F2 stochastically dominates G2.

Relationships

Observe that

F
(n)
2 (y) = nF (y)n−1 − (n− 1)F (y)n

= nF
(n−1)
1 (y)− (n− 1)F (n)1 (y)

and so
f
(n)
2 (y) = nf

(n−1)
1 (y)− (n− 1) f (n)1 (y) (C.4)

This immediately implies that

E[Y
(n)
2 ] = nE[Y

(n−1)
1 ]− (n− 1)E[Y (n)1 ]

Also note that

f
(n)
2 (y) = n (n− 1) (1− F (y))F (y)n−2f(y)

= n (1−F (y)) f (n−1)1 (y) (C.5)
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Joint and Conditional Distributions of Order Statistics

Even though X1,X2, . . . ,Xn are independently drawn, the order statis-

tics Y
(n)
1 , Y

(n)
2 , . . . , Y

(n)
n are not independent. The joint density of Y =

(Y
(n)
1 , Y

(n)
2 , . . . , Y

(n)
n ) is

f
(n)
Y (y1, y2, . . . , yn) = n!f (y1) f (y2) . . . f (yn)

if y1 ≥ y2 ≥ . . . ≥ yn and 0 otherwise. From this it is routine to deduce
that the joint density of the first and second order statistics is

f
(n)
1,2 (y1, y2) = n (n− 1) f (y1) f (y2)F (y2)n−2

if y1 ≥ y2 and 0 otherwise.
The density of Y

(n)
2 conditional on Y

(n)
1 = y is

f
(n)
2

³
z | Y (n)1 = y

´
=

f
(n)
1,2 (y, z)

f
(n)
1 (y)

=
n (n− 1) f(y)f(z)F (z)n−2

nf(y)F (y)n−1

=
(n− 1) f(z)F (z)n−2

F (y)n−1

if y ≥ z and 0 otherwise. On the other hand, the density of Y (n−1)1 condi-

tional on the event Y
(n−1)
1 < y is

f
(n−1)
1

³
z | Y (n−1)1 < y

´
=

f
(n−1)
1 (z)

F
(n−1)
1 (y)

=
(n− 1) f(z)F (z)n−2

F (y)n−1

Thus,

f
(n)
2

³
· | Y (n)1 = y

´
= f

(n−1)
1

³
· | Y (n−1)1 < y

´
(C.6)

Order Statistics for Symmetric Nonindependent Random Variables

Suppose that the random variablesX1,X2, . . . ,Xn are distributed on [0,ω]
n

according to the joint density function f and that f is a symmetric function

of its arguments. Let Y
(n)
1 , Y

(n)
2 , . . . , Y

(n)
n be the random variables obtained

by rearranging X1,X2, . . . ,Xn in decreasing order so that Y
(n)
1 ≥ Y (n)2 ≥

. . . ≥ Y (n)n .
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To determine the joint density of Y ≡ (Y (n)1 , Y
(n)
2 , . . . , Y

(n)
n ), first notice

that the support of Y is the set {y ∈[0,ω]n : y1 ≥ y2 ≥ . . . ≥ yn}. Since f
is symmetric, if gY is the joint density of Y, then

gY (y1, y2, . . . , yn) =

½
n!f (y1, y2, . . . , yn) if y1 ≥ y2 ≥ . . . ≥ yn
0 otherwise

To see why this is correct, fix a y ∈[0,ω]n such that y1 ≥ y2 ≥ . . . ≥ yn.
The “event” Y = y occurs as long as some permutation of the variables
X equals y. There are n! such permutations and since the density of X is
symmetric, the preceding formula results.

Notes on Appendix C

A basic discussion of order statistics can be found in any standard text on
probability theory. The books by David (1969) and Arnold et al. (1992)
contain more specialized treatments.
We caution the reader that the terminology and notation in these and

other specialized texts is different from that employed in auction theory.

We have denoted the highest of X1,X2, . . . ,Xn by Y
(n)
1 , the second-highest

by Y
(n)
2 , and so on. In statistics it is conventional to call the smallest of

X1,X2, . . . ,Xn as the “first” order statistic, the second-smallest as the
“second” order statistic and so on., and these are denoted, respectively, by

Y
(n)
1 , Y

(n)
2 , and so on. (or some similar notation)–in other words, the order

is reversed. The definitions and results in statistics texts like those men-
tioned here need to be read with some care to account for these differences
in terminology and notation.
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Affiliated Random Variables

Suppose that the random variables X1,X2, . . . ,Xn are distributed on some
product of intervals X ⊂ Rn according to the joint density function f . The
variablesX = (X1,X2, . . . ,Xn) are said to be affiliated if for all x0,x00 ∈ X ,

f (x0 ∨ x00) f (x0 ∧ x00) ≥ f (x0) f (x00) (D.1)

where

x0 ∨ x00 = (max (x01, x001) ,max (x02, x002) , . . . ,max (x0n, x00n))
denotes the component-wise maximum of x and x0, and

x0 ∧ x00 = (min (x01, x001) ,min (x02, x002) , . . . ,min (x0n, x00n))
denotes the component-wise minimum of x0 and x00. (See Figure D.1.) If
(D.1) is satisfied, then we also say that f is affiliated.1

Suppose that the density function f : X → R+ is strictly positive in the
interior of X and twice continuously differentiable. Using (D.1), it is easy
to verify that f is affiliated if and only if, for all i 6= j,

∂2

∂xi∂xj
ln f ≥ 0 (D.2)

1A function g is said to be supermodular if g (x0 ∨ x00) + g (x0 ∧ x00) ≥ g (x0) +
g (x00). Thus, f is affiliated if and only if ln f is supermodular; in other words, f is
log-supermodular.
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FIGURE D.1. Component-Wise Maxima and Minima

In other words, the off-diagonal elements of the Hessian of ln f are nonneg-
ative.
Suppose that the random variables X1,X2, . . . ,Xn are symmetrically

distributed and, as in Appendix C, define Y1, Y2, . . . , Yn−1 to be the largest,
second largest, . . . , smallest from among X2,X3, . . . ,Xn. From (D.1) it
follows that if g denotes the joint density of X1, Y1, Y2, . . . , Yn−1, then

g (x1, y1, y2, . . . , yn−1) = (n− 1)!f (x1, y1, . . . , yn−1)
if y1 ≥ y2 ≥ . . . ≥ yn−1 and 0 otherwise. Now it immediately follows that
• If X1,X2, . . . ,Xn are symmetrically distributed and affiliated, then
X1, Y1, Y2, . . . , Yn−1 are also affiliated.

Two Variables

We now present some special, but important, results concerning affiliation
between two variables.
Suppose the random variables X and Y have a joint density f : [0,ω]2 →

R. If X and Y are affiliated, then for all x0 ≥ x and y0 ≥ y,
f(x0, y)f(x, y0) ≤ f(x, y)f(x0, y0)

or equivalently that
f(x, y0)
f(x, y)

≤ f(x
0, y0)

f(x0, y)
(D.3)

Let F (· | x) ≡ FY (· | X = x) denote the conditional distribution of Y
given X = x and, as usual, let f(· | x) ≡ fY (· | X = x) denote the corre-
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sponding density function. Then (D.3) is equivalent to

f (y0 | x) f(x)
f (y | x) f(x) ≤

f (y0 | x0) f(x0)
f (y | x0) f(x0)

and so
f (y | x0)
f (y | x) ≤

f (y0 | x0)
f (y0 | x) (D.4)

Thus, we determine that if X and Y are affiliated, then for all x0 ≥ x,
the likelihood ratio

f (· | x0)
f (· | x)

is increasing and this is referred to as themonotone likelihood ratio property.
In the language of Appendix B, (D.4) implies that for all x0 ≥ x, F (· | x0)

dominates F (· | x) in terms of the likelihood ratio. Likelihood ratio dom-
inance was the strongest stochastic order considered in Appendix B and
the results derived there immediately imply that if X and Y are affiliated,
then the following properties hold:

• For all x0 ≥ x, F (· | x0) dominates F (· | x) in terms of the hazard
rate; that is,

λ (y | x0) ≡ f (y | x0)
1− F (y | x0) ≤

f (y | x)
1− F (y | x) ≡ λ (y | x)

or equivalently, for all y, λ (y | ·) is nonincreasing.
• For all x0 ≥ x, F (· | x0) dominates F (· | x) in terms of the reverse
hazard rate; that is,

σ (y | x0) ≡ f (y | x0)
F (y | x0) ≥

f (y | x)
F (y | x) ≡ σ (y | x)

or equivalently, for all y, σ (y | ·) is nondecreasing.
• For all x0 ≥ x, F (· | x0) (first-order) stochastically dominates F (· | x);
that is,

F (y | x0) ≤ F (y | x)
or equivalently, for all y, F (y | ·) is nonincreasing.

All of these results extend in a straightforward manner to the case
where the number of conditioning variables is more than one. Suppose
Y,X1,X2, . . . ,Xn are affiliated and let FY (· | x) denote the distribution of
Y conditional on X = x. Then, using the same arguments as above, it can
be deduced that for all x0 ≥ x, FY (· | x0) dominates FY (· | x) in terms
of the likelihood ratio. The other dominance relationships then follow as
usual.
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Conditional Expectations of Affiliated Variables

Suppose X and Y are affiliated. The fact that F (y | ·) is nonincreasing im-
plies in turn that the expectation of Y conditional onX = x, E [Y | X = x],
is a nondecreasing function of x. In other words, the “regression line” of
Y against X has nonnegative slope. Thus, X and Y are nonnegatively
correlated.
Also, the same fact implies that if γ is a nondecreasing function, then

E [γ (Y ) | X = x] is a nondecreasing function of x. More generally,

• If X1,X2, . . . ,Xn are affiliated and γ is a nondecreasing function,
then for all i,

E [γ (X) | x01 ≤ X1 ≤ x001 , x02 ≤ X2 ≤ x002 , . . . , x0n ≤ Xn ≤ x00n]

is a nondecreasing function of x0i and x00i .

Notes on Appendix D

The affiliation inequality in (D.1) is known as a version of total positivity
in the statistics literature (Karlin and Rinott, 1980). More specifically, a
vector random variable X that satisfies (D.1) is said to be “MTP2” (multi-
variate total positivity) and the implications of this have been extensively
studied. Closely related is the notion of association and the “FKG inequal-
ity” (see Shaked and Shanthikumar, 1994). The term “affiliation” appears
to have been coined by Milgrom and Weber (1982) and the appendix to
their paper is a convenient reference for results useful in auction theory.



Appendix E
Some Linear Algebra

This appendix derives an auxiliary result used in the proof of Proposition
9.2 in Chapter 9.

Matrices with Dominant Averages

An n × n matrix A satisfies the dominant average condition if in every
column the off-diagonal terms are less than the average of the column,

∀i 6= j, aij < 1

n

nX
k=1

akj (E.1)

and the average of each column is positive,

∀j, 0 < 1

n

nX
k=1

akj (E.2)

Observe that if A satisfies the dominant average condition and Ai is
obtained by deleting the ith row and ith column ofA, thenAi also satisfies
the condition. This is because if from any column an entry that is less than
the average is deleted, then the average of the remaining entries increases.
Let ei ∈ Rn denote the ith unit vector and let e = Pn

i=1 e
i denote the

vector of 1’s. Although the same symbols will be used for different n, the
sizes of these vectors will be apparent from the context.
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Lemma E.1 Suppose A is an n × n matrix that satisfies the dominant
average condition. Then there exists a unique xÀ 0 such that

Ax = e (E.3)

We first show that there is a strictly positive solution to (E.3). The proof
is by induction on n.
Step 1: For n = 1, the fact that there is a strictly positive solution is

immediate. Now suppose that the result holds for all matrices of size n−1.
Let A be an n× n matrix. Define Ai to be the (n− 1)× (n− 1) matrix

obtained from deleting the ith row and the ith column of A. From the
induction hypothesis, for each i = 1, 2, . . . , n, there exists an xi À 0 such
that

Aixi = e

which is the same as: for all k 6= i,X
j 6=i

akjx
i
j = 1 (E.4)

Let X
j 6=i
aijx

i
j = ci (E.5)

Step 2: Adding the n− 1 equations (E.4) with (E.5) results in
X
j 6=i

µ nX
k=1

akj

¶
xij = (n− 1) + ci > 0

which is positive because of (E.2) and the fact that xi À 0. But now (E.1)
implies that

ci ≡
X
j 6=i
aijx

i
j

<
X
j 6=i

µ
1

n− 1
X
k 6=i

akj

¶
xij

=
X
k 6=i

µ
1

n− 1
¶µX

j 6=i
akjx

i
j

¶
= 1

using (E.4). Thus, (n− 1) + ci > 0 and ci < 1.
Step 3: Since (n− 1) + ci > 0 and ci < 1, for all i, 1

1−ci >
1
n , so

nX
i=1

1

1− ci > 1 (E.6)
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Now let yi ∈ Rn+ be the vector obtained by appending 0 in the ith coor-
dinate to xi ∈ Rn−1++ . Then (E.4) and (E.5) can be compactly rewritten as
follows: for all i,

Ayi = e− (1− ci) ei

Dividing through by the positive quantity (1− ci) results in

A

µ
1

1− ciy
i

¶
=

1

1− ci e− e
i

Adding the n such equation systems, one for each i yields

A

Ã
nX
i=1

1

1− ciy
i

!
=

Ã
nX
i=1

1

1− ci

!
e− e

or equivalently,

A
nX
i=1

1

K (1− ci)y
i = e

where K =
h³Pn

i=1
1

1−ci

´
− 1
i
> 0 from (E.6). Since each yi ≥ 0 with

only the ith component equal to zero, and (1− ci) > 0 we determine that

x =
nX
i=1

1

K (1− ci)y
i À 0

is a solution to the system (E.3).
Thus, there is a strictly positive solution to (E.3).
Step 4: We now verify that the solution is unique by arguing that

detA 6= 0, and hence x = A−1e. Again, the proof is by induction on
n.
For n = 1 it is immediate that the solution is unique. Now suppose that

for all matrices of size n− 1, there is a unique solution to the system. Let
A be of size n and let xÀ 0 be such that Ax = e.
If A is singular, then there exists a column, say the kth, which is a linear

combination of the other n− 1 columns–that is, for all j 6= k there exists
a zj such that

∀i, aik =
X
j 6=k

aijzj (E.7)

and since akk > 0, not all the zj can be zero.
Of course, (E.3) is equivalent to

∀i,
nX
j=1

aijxj = 1
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and substituting from (E.7) yields that

∀i,
X
j 6=k

aij (zjxk + xj) = 1 (E.8)

As before, let Ak be the (n− 1) × (n− 1) matrix obtained from A by
eliminating the kth row and the kth column of A. From the induction
hypothesis, there exists a unique y À 0 such that Aky = e, which is
equivalent to

∀i 6= k,
X
j 6=k

aijyj = 1 (E.9)

Since the solution is unique, comparing (E.9) and the equations in (E.8)
for i 6= k implies that ∀j 6= k, zjxk+xj = yj , and the kth equation in (E.8)
can be rewritten as X

j 6=k
akjyj = 1 (E.10)

Step 5: Now adding the n− 1 equations in (E.9) and dividing by n− 1
results in X

j 6=k

µ
1

n− 1
X
i 6=k

aij

¶
yj = 1 (E.11)

But (E.1) implies that

∀j, akj < 1

n− 1
X
i6=k

aij (E.12)

and since yj > 0, (E.12) implies thatX
j 6=k

akjyj < 1

contradicting (E.10). Thus, A is not singular and Ax = e has a unique
solution.

The dominant average condition may be weakened as follows. An n× n
matrix A satisfies the dominant weighted average condition if there exist
positive weights λ1,λ2, . . . ,λn with

P
i λi = 1 such that

∀i 6= j, aij <
nX
k=1

λkakj

and

∀j, 0 <
nX
k=1

λkakj
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The conclusion of Lemma E.1 follows under this weaker condition.
Suppose A is a matrix that satisfies the dominant diagonal condition

and for all i 6= j, aij ≤ 0. Then A satisfies the dominant weighted average
condition.





Appendix F
Games of Incomplete Information

Auction theory models the decision problems collectively facing bidders in
an auction as a game of incomplete information. This appendix contains
definitions of some conceptual tools that are used throughout the book.
It is intended only as a sketch of the relevant material. The reader should
consult one of the references mentioned in the notes at the end of this
appendix for a more complete treatment.
A game G consists of (i) a set N of players; (ii) for each player i ∈ N a

nonempty set Ai of actions; and (iii) for each player i ∈ N a payoff function
ui : ×jAj → R. A Nash equilibrium of a game G is a vector a∗ ∈ ×jAj of
actions such that for all i and ai ∈ Ai,

ui (a
∗) ≥ ui

¡
ai,a

∗
−i
¢

In a game of incomplete information, a player’s payoff depends not only
on the actions of other players but also on information that is only partly
known to the player. Because of this each player evaluates strategies on the
basis of expected payoffs conditional on the information available to the
player.
Formally, a game of incomplete information Γ consists of (i) a set N of

players; (ii) for each player i ∈ N a nonempty set Ai of actions; (iii) for
each player i ∈ N a set of signals Xi; (iv) for each player i ∈ N a payoff
function ui : ×jAj ×jXj → R; (v) a probability distribution f over the
product set of signals ×jXj . A (pure) strategy for player i is a function
αi : Xi → Ai mapping signals into actions.
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This formulation postulates the following timing of events. First, the
signals X are drawn according to f and player i is told the realization
Xi = xi of his signal. Second, armed with the knowledge that Xi = xi
each player chooses an action ai. Finally, based on the signals x of all the
players and their actions a, payoffs are realized.
In the context of auctions the set of players is, of course, the set of

bidders. An action corresponds to a bid. The signals encode the information
available to bidders prior to the auction. A bidding strategy maps this
information into bids.

Dominant Strategies

A strategy αi is said to (weakly) dominate α0i if for all x ∈ X and all a−i,

ui (αi (xi) ,a−i,x) ≥ ui (α0i (xi) ,a−i,x)
with a strict inequality for some x and a−i.
The strategy αi is dominant if it (weakly) dominates every other strategy

α0i. If every player has a dominant strategy α
∗
i , then we will refer to α

∗ as
a dominant strategy equilibrium.
A strategy αi is undominated if there does not exist another strategy α

0
i

that dominates it.

Bayesian-Nash Equilibria

A (pure strategy) Bayesian-Nash equilibrium of a game of incomplete in-
formation Γ is a vector of strategies α∗ such that for all i, for all xi ∈ Xi
and for all ai ∈ Ai,
E [ui (α

∗(X),X) | Xi = xi] ≥ E
£
ui
¡
ai,α

∗
−i(X−i),X

¢ | Xi = xi¤ (F.1)

where α∗(x) = (α∗i (xi))i∈N denotes the vector of actions of all players and

α∗−i(x−i) =
¡
α∗j (xj)

¢
j 6=i denotes the vector of actions of the other players.

Suppose αi is some alternative strategy. Then for all i and xi (F.1) holds
for ai = αi(xi). Taking the expectation of both sides with respect to xi
implies that if α∗ is a Bayesian-Nash equilibrium, then for all i and all
strategies αi,

E [ui (α
∗(X),X)] ≥ E £ui¡αi (Xi) ,α∗−i(X−i),X¢¤ (F.2)

The inequality in (F.1) says that for all i, the strategy α∗i is optimal
against α∗−i when evaluated at the interim stage–that is, when players
know their own signals, whereas the inequality in (F.2) says that α∗i is
optimal against α∗−i when evaluated at the ex ante stage–that is, before
players know their own signals. As we have argued, interim optimality im-
plies ex ante optimality. Conversely, ex ante optimality implies that interim
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optimality holds almost surely–that is, if (F.2) holds, then (F.1) can fail
only for xi in a set whose probability is zero.
In this book the term equilibrium of a game of incomplete information

is always taken to mean “Bayesian-Nash equilibrium.”

Ex Post Equilibria

An ex post equilibrium is a Bayesian-Nash equilibrium α∗ with the property
that for all i, for all x ∈ X and all ai,

ui (α
∗(x),x) ≥ ui

¡
ai,α

∗
−i(x−i),x

¢
In other words, an ex post equilibrium α∗ is a Bayesian-Nash equilibrium
with the additional requirement that even if all players’ signals x were
known to a particular bidder i, it would still be optimal for him to choose
α∗i (xi), that is, i would not suffer from any regret. Put another way, for
all x, the actions (α∗i (xi))i∈N constitute a Nash equilibrium of the game
G(x) in which each player i ∈ N chooses an action ai from Ai and has
the payoff function ui (·,x). Finally, an ex post equilibrium α∗ is robust in
the sense that it is independent of the probability distribution f of signals.
Precisely, if α∗ is an ex post equilibrium when the signals are distributed
according to the distribution f , then it is also an ex post equilibrium when
the signals are distributed according to some g 6= f .
Every dominant strategy equilibrium is an ex post equilibrium, and by

definition, every ex post equilibrium is a Bayesian-Nash equilibrium. Thus,
we have

Set of Dominant
Strategy Equilibria

⊆ Set of Ex Post
Equilibria

⊆ Set of Bayesian-
Nash Equilibria

A Bayesian-Nash equilibriumα∗ is said to be an undominated equilibrium
if for all i, α∗i is undominated.

Notes on Appendix F

Strategic situations in which players are unsure about some aspect of the
game–the set of available strategies, the payoffs, or what other players be-
lieve about them–are called games of incomplete information. The concep-
tual underpinnings for such games were developed by Harsanyi (1967/1968)
who argued first that all uncertainty faced by a player can be summa-
rized as a single variable, called his “type,” and, second, that the prior
distribution over the vector of types is common to all the players. Ac-
cording to Harsanyi (1967/1968), all differences in what players know and
believe about each other should stem from differences in their private
information–their types–alone and not from differences in their initial
beliefs. Harsanyi’s conception thus allows a game of incomplete informa-
tion to be reformulated as a game of imperfect information–one in which
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only players’ information differs–and these can be analyzed along conven-
tional lines. The term Bayesian-Nash equilibrium of a game of incomplete
information then refers to a Nash equilibrium of the resulting imperfect
information game.
As mentioned in the preface, Vickrey’s (1961) model of auctions as games

was already along these lines. In particular, Vickrey (1961) implicitly as-
sumed that the joint distribution of values was commonly known to all
bidders.
More detailed discussions of these issues may be found in the game theory

textbooks by Fudenberg and Tirole (1991) and Osborne and Rubinstein
(1994).
The notion of dominance used in this book involves ex post payoffs–

a strategy dominates another only if it is never worse against any vector
of actions of other players in any circumstances and sometimes strictly
better. An alternative weaker notion involves interim payoffs–a strategy
αi (·) dominates α0i (·) in the interim sense if, when evaluated according to
expected payoffs conditional on a player’s own signal, αi (·) is never worse
than α0i (·) against any α−i and strictly better against some α−i.
The notion of ex post equilibrium has been used in many contexts by

different authors under different rubrics. It is the same as the notion of
“uniform incentive compatibility” introduced by Holmström and Myerson
(1983). In the auction context, its use appears to originate in the work of
Crémer and McLean (1985). Maskin (1992) refers to an ex post equilibrium
as a “robust” Bayesian-Nash equilibrium.



Appendix G
Existence of Equilibrium in First-Price
Auctions

In this appendix we explore the issue of the existence of a pure strategy
Bayesian-Nash equilibrium in first-price auctions. Our setting is one of
independent private values. Of course, when bidders are symmetric, an
equilibrium in closed form can be derived as in Proposition 2.2 on page 17.
But when bidders are asymmetric, such a closed form solution is not readily
available and we are thus interested in determining whether an equilibrium
exists at all. For example, in Chapter 4, we studied some properties of
equilibria in this setting (see Proposition 4.4 on page 48, for instance)
but assumed that there was an equilibrium in which bidders’ strategies
were increasing functions of their values. We also computed equilibrium
strategies explicitly for the case when there were two bidders with uniformly
distributed values over differing supports.
The question of whether an equilibrium exists in general–regardless of

the distributions or the number of bidders–is somewhat involved. Most of
the difficulties stem from the fact that bidders’ payoffs in an auction are
discontinuous in the amounts bid. For instance, in a two-bidder first-price
auction, if bidder 1 bids b1, then his payoff is zero as long as b2 > b1,
but is typically positive if b2 = b1. Standard results on the existence of
equilibrium in games assume that players’ payoff functions are continuous,
so these cannot be directly applied. Moreover, even under the assumption
of continuity, these results usually conclude only that a mixed strategy
equilibrium–in which players randomize–exists.
In this appendix we outline a method of proof that separates the problem

into two components. In the first, and key, step it is assumed that bidders
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may only bid in discrete amounts–there is some minimum bid increment,
say, one cent. Somewhat remarkably with this restriction, it is possible to
formulate the question of existence of equilibrium in a way that standard
tools can be brought to bear on the problem. Thus, it is possible to show
that with discrete bids, there exists a pure strategy equilibrium in which
each bidder’s strategy is a nondecreasing function of his or her value (see
Proposition G.1). The second step shows that a limit of these equilibria, as
the minimum bid increment shrinks, is a pure strategy equilibrium of the
auction in which bids are not restricted. In the interests of space, here we
do not prove the second step; rather we only indicate some of the attendant
difficulties.

Equilibrium with Discrete Bids

Suppose that there are N bidders with independently distributed values.
Bidder i’s value Xi is distributed over the interval Xi = [0,ωi] according
to the distribution function Fi with associated density fi.
Let ω = maxi ωi. Fix an integer T and define

BT =
½
t

T
ω : t = 0, 1, . . . , T

¾
to be the finite set of allowable bids. Thus, there is a minimum bid incre-
ment of ω/T . In what follows, we will use the notation

bt ≡ t

T
ω

A strategy for bidder i in an auction with discrete bids is a function
βi : Xi → BT . Fix the strategies βj of bidders j 6= i and let Hi (bt) denote
the probability that i will win with a bid of bt. Formally, for t = 0, 1, . . . , T ,

Hi
¡
bt
¢
= Prob

·
max
j 6=i

βj (Xj) ≤ bt−1
¸

+
1

k + 1
Prob

·
max
j 6=i

βj (Xj) = b
t

¸
(G.1)

where k is the number of other bidders who bid exactly bt. The first term
comes from events in which i is the outright winner. The second term comes
from events in which there is more than one bid at bt and the winner is
determined at random from among those with the highest bid. Because
bids are discrete, ties occur with positive probability. Notice that Hi (·) is
a nondecreasing function.
A bid bi ∈ BT is a best response at xi by bidder i if it maximizes his

expected payoff against β−i, that is, if for all b ∈ BT ,
Hi (bi) (xi − bi) ≥Hi (b) (xi − b) (G.2)

Denote by BRi (xi) the set of best responses at xi.
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Lemma G.1 For any β−i and 0 < x0i < x
00
i ,

minBRi (x
00
i ) ≥ maxBRi (x0i)

Proof. Let b0i = maxBRi (x
0
i). By definition, for all b < b0i such that

b ∈ BT ,
Hi (b

0
i) (x

0
i − b0i) ≥Hi (b) (x0i − b)

which can be rearranged as

(Hi (b
0
i)−Hi (b))x0i ≥Hi (b0i) b0i −Hi (b) b (G.3)

Now notice that for all b < b0i we must have Hi (b
0
i)−Hi (b) > 0. Since Hi

is nondecreasing, b < b0i implies that Hi (b0i) −Hi (b) ≥ 0, but if Hi (b0i) −
Hi (b) = 0, then b

0
i cannot be a best response–a bid of b < b

0
i has the same

chances of winning while it decreases the amount bid if bidder i wins.
Now (G.3) implies that for x00i > x

0
i, for all b < b

0
i such that b ∈ BT ,

(Hi (b
0
i)−Hi (b))x00i >Hi (b0i) b0i −Hi (b) b

Thus, when the value is x00i , it is strictly better to bid b
0
i than to bid a

smaller amount. This implies that any best response when the value is x00i
is at least as large as b0i, so minBRi (x

00
i ) ≥ b0i.

A bidding strategy for bidder i, βi : Xi → BT is said to be a best response
against β−i if for all xi, βi (xi) is a best response when his value is xi.
The import of Lemma G.1 is that if the strategy βi : Xi → BT is a

best response, then it is a nondecreasing function with a finite number
of discontinuities–it is a “step function.” Thus, we can find T points in
[0,ωi], say α

1
i ≤ α2i ≤ . . . ≤ αTi such that

βi (xi) = b
t if αti < xi < αt+1i (G.4)

where by convention, we set α0i ≡ 0 and αT+1i ≡ ωi. Note that we have
said nothing about what happens at the points αti themselves–βi (α

t
i) is

either bt−1 or bt–but since there are only a finite number of such points,
the bids at these points do not affect a bidder’s expected payoff. Thus,
except perhaps at a finite number of points, any βi that is a best response
is completely determined by the vector αi =

¡
α1i ,α

2
i , . . . ,α

T
i

¢
. In other

words, any βi that is a best-response–and hence a step function–can be
represented by a finite dimensional object, the vector αi.
Given a bidding strategy βi that is nondecreasing, if αi is such that

(G.4) holds, we will write αi ↔ βi to denote that βi can be equivalently
represented by αi and vice versa. In that case, we will refer to αi itself as
the “bidding strategy” of bidder i.
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FIGURE G.1. A Best Response with Discrete Bids

See Figure G.1 for an illustration when T = 5. In the figure, there is no
xi such that βi (xi) = b2, so α2i = α3i . Similarly, there is no xi such that
βi (xi) = b

5, so α5i = α6i ≡ ωi.
Given the strategies α−i = (αj)j 6=i of the other bidders, let Γi (α−i)

denote the set of best response strategies for bidder i, consisting of vectors
αi ∈ [0,ωi]T . By this we mean, of course, that there is a βi that is a best
response to β−i and αi ↔ βi and for all j 6= i, αj ↔ βj . The mapping

Γi (·) assigns to every element in ×j 6=i [0,ωj ]T a subset of [0,ωi]T and we
will refer to it as bidder i’s best-response correspondence. Some properties
of a bidder’s best response correspondence will prove useful.
First, note that for all α−i, the set of best responses Γi (α−i) is a convex

set. This is equivalent to saying that if some bi is a best response at x
0
i and

also at x00i , then for all λ ∈ [0, 1] it is also a best response at λx0i+(1− λ)x00i
and this follows trivially from (G.2).
Second, note that if

¡
αni ,α

n
−i
¢
is a sequence converging to (αi,α−i) and

for all n, αni ∈ Γi
¡
αn−i

¢
, then αi ∈ Γi (α−i). For all n and j let βnj be

such that αnj ↔ βnj and let βj be such that αj ↔ βj . Let H
n
i (·) be defined

according to (G.1) when bidders j 6= i use strategies βnj and similarly, let
Hi (·) be defined according to (G.1) when bidders j 6= i use strategies βj .
Since αn−i → α−i, we have that for all j 6= i, βnj → βj , so H

n
i (·) → Hi (·)

at every point of BT . Now it is routine to verify that if for all n, βni is a best
response to βn−i, and

¡
βni ,β

n
−i
¢→ ¡

βi,β−i
¢
, then βi is a best response to

β−i. This establishes that αi ∈ Γi (α−i).
Kakutani Fixed Point Theorem. Let Z be a nonempty, compact and convex
set and let Γ be a correspondence that maps every element z ∈ Z to a
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nonempty subset of Z. The Kakutani fixed point theorem states that if (i)
Γ is convex valued–that is, for all z, Γ (z) is convex, and (ii) Γ has a closed
graph–that is, (yn, zn) → (y, z) and for all n, yn ∈ Γ (zn) implies that
y ∈ Γ (z), then there exists a z∗ such that z∗ ∈ Γ (z∗). Such a z∗ is called
a fixed point of Γ.

Existence of Equilibrium. In our context, we can define Z = ×i [0,ωi]T
and Γ (α) = ×iΓi (α−i) where each Γi is i’s best response correspon-
dence. As argued above, Γ is convex valued and has a closed graph. The
Kakutani fixed point theorem then implies that there exists an α∗ such
that α∗ ∈ Γ (α∗). If we define β∗i as in (G.4), that is, α∗i ↔ β∗i , then
β∗ = (β∗1,β

∗
2, . . . ,β

∗
N) constitutes an equilibrium of the first-price auction

with discrete bids. We have thus established the following:

Proposition G.1 Suppose all bids must lie in the set BT . Then there ex-
ists an equilibrium of the first-price auction in which all bidders follow
nondecreasing strategies.

Taking Limits

In the previous section, bidders were restricted to use strategies with a
minimum bid increment of ω/T . We argued that with this restriction, for
all T , there exists a pure strategy equilibrium, say β∗ (T ), in which each
bidder’s strategy is a nondecreasing function of his or her value. Here we
are interested in examining what happens as the restriction is removed–
that is, as T approaches infinity. A detailed treatment of this question is
somewhat involved, so we only indicate the path to be followed.
First, it can be shown that there exists a subsequence of pure strategy

equilibria β∗ (T ) that converges to a vector of strategies, say β∗, in the auc-
tion in which bids are unrestricted. Moreover, the convergence is uniform
almost everywhere. The strategies in β∗ are, of course, all nondecreasing
also.
Second, it can be argued that β∗ constitutes an equilibrium of the auction

with unrestricted bids. If for all i, the limiting strategy β∗i were strictly
increasing, this would follow immediately. This is because, in that case, ties
would occur with probability zero. The argument that this is indeed the case
uses the fact that the sequence β∗ (T ) converges to β∗ uniformly almost
everywhere and is rather involved. The interested reader may consult the
readings mentioned in the notes that follow.

Notes on Appendix G

This appendix is based on the work of Athey (2001), in which she estab-
lishes a general result for the existence of pure strategy equilibria in games
with incomplete information. The key insight is that as long as the conclu-
sion of Lemma G.1 holds, the arguments leading up to Proposition G.1 can
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be applied unchanged and hence an equilibrium exists. A consequence of
her result is that a pure strategy equilibrium can be shown to exist under
a wide variety of circumstances, for example, with risk aversion or affili-
ated private values. For asymmetric interdependent values with affiliated
signals, however, this technique is applicable to only the case of two bid-
ders. (In some work that is ongoing as this was written, Reny and Zamir
(2001, private communication) have extended this to an arbitrary number
of bidders.)
Other papers that establish the existence of an equilibrium in first-price

auctions using discrete approximation techniques–either by discretizing
the set of values or, as above, the set of possible bids–include Lebrun
(1996) and Maskin and Riley (2000b). Reny (1999) establishes a general
existence result for a class of discontinuous games. This can also be applied
to first-price auctions.
Jackson and Swinkels (2001) exhibit some very general existence results

in private value settings by using somewhat different techniques. Their
approach is to show that an equilibrium exists in an auxiliary game in
which tie-breaking is endogenously chosen and then to show that the tie-
breaking rule is, in fact, irrelevant.
An alternative approach is to write down a set of necessary conditions

that a pure strategy equilibrium in increasing strategies must satisfy. For
instance, if there are only two bidders, the necessary first-order conditions
are, as derived in (4.18) on page 47, are that the inverse bidding strategies
φ1 and φ2 must satisfy for i = 1, 2, and j 6= i,

φ0j (b) =
Fj
¡
φj (b)

¢
fj
¡
φj (b)

¢ 1

(φi (b)− b)
(G.5)

together with the boundary conditions that for i = 1, 2, φi (0) = 0. The
fundamental theorem of differential equations provides sufficient conditions
for the existence and uniqueness of the solution to such a system. A dif-
ficulty with this approach is that precisely where the boundary condition
holds–at b = 0–the right-hand side of (G.5) has a 0

0 form, so it is unde-
fined. This means that the fundamental theorem of differential equations,
which requires that the right-hand side satisfy a Lipschitz condition at
the boundary point, cannot be directly applied. These difficulties can be
overcome, however, as shown by Plum (1992) and Lebrun (1999).
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Crémer, J., and R. McLean (1985): “Optimal Selling Strategies Under Un-
certainty for a Discriminating Monopolist when Demands are Interde-
pendent,” Econometrica, 53, 345—361. h150, 282i
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A (set of actual or active bidders),
35, 133

absolutely continuous function, 82
active bidders, 133
actual bidders, 35
affiliated random variables, 86, 269
aggregate demand function, 168
AGV mechanism, 78
all-pay auctions

interdependent values, 109
private values, 31

allocation rule, 62
arbitrage, 217
Arrow-d’Aspremont-Gérard-Varet

mechanism, see AGVmech-
anism

ascending price auction, see En-
glish auction

asymmetric bidders
interdependent values, 111, 125
private values, 46

asymmetric equilibria, 116
asymmetrically informed bidders,

119

Ausubel auction, 173, 242
average crossing condition, 130

β (bidding strategy), 14
balanced budget mechanism, 78

in cartels, 157
Bayesian-Nash equilibrium

definition, 280
bid shading, 19, 186
bid vector, 167
bidding rings, 151
bilateral trade problem, 80
break-even conditions, 129
budget constraints, 42, 232
bundling, 228

c−i (competing bids), 170
cartels, 151
Clarke-Groves mechanism, see

VCG mechanism
clinching, 174
CM mechanism, 148
collusion, 152

susceptibility to, 160
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combination, 223
common value, 4, 84
competing bids, 170
complements, 227
computation, 230
conditional expectation, 254, 256
correlated signals, 148
Crémer-McLean mechanism, see

CM mechanism

δ i (true demand function), 180
di (demand function), 167
declining price anomaly, 221
default, 42
demand function

as inverse of bid vector, 167
true, 180

demand reduction
discriminatory auction, 191
uniform-price auction, 187

density function, 253
descending price auction, see Dutch

auction
direct mechanism, 62, 224
discriminatory auction, 168

downward sloping bids, 193
flat demand bids, 193
inefficiency of, 195

distribution function, 253
dominant strategy

definition, 280
in second-price auction, 15,

38
in Vickrey auction, 181

Dutch auction, 2
multiunit version of, 172

e (entry fee), 27
efficiency, 6

in multiunit auctions, 183
of resale, 54
single crossing and, 100, 142

efficient collusion, 155
efficient mechanisms

with interdependent values,
142, 236

with private values, 75
electricity auctions, 176
English auction

efficiency of, 131
interdependent values
asymmetric, 125
symmetric, 90

multiunit version of, 172
entry fee, 27, 123
equilibrium

Bayesian-Nash, 280
definition of, 280

equilibrium payoff function, 64
equivalent auctions, 4
ex post efficiency, see efficiency
ex post equilibrium

definition, 281
of English auction, 92, 131
of generalized VCG mecha-

nism, 145, 239, 249
of Vickrey auction, 241

exclusion principle, 26
failure of, 121

existence of equilibrium, 283
expectation, 253
expected externality mechanism,

see AGV mechanism
exponential distribution, 255

φ (inverse bidding strategy), 47,
128

F (distribution of values), 14
failure rate, see hazard rate
first-price auction

definition, 16
interdependent values, 92
private values
asymmetric, 46
symmetric, 17

risk-averse bidders, 38
sequential, 209

fixed point theorem, 287
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full surplus extraction, 147

G (distribution of Y1), 15, 93
games of incomplete information,

279
generalized VCG mechanism, 144

for multiple objects, 236

H (distribution of bids), 47, 187
hazard rate, 255
hazard rate dominance, 260
heterogeneous bidders, see asym-

metric bidders
homogeneous bidders, see symmet-

ric bidders

I (cartel), 152
IC constraint, see incentive com-

patibility
incentive compatibility, 64, 224
independent random variables, 256
individual rationality, 67, 149, 225
inefficiency of

asymmetric auctions, 54
discriminatory auction, 195
optimal mechanism, 72
resale, 58
uniform-price auction, 189

informational rents, 73, 146
interdependent values, 4, 83

with multiple objects, 235
Internet auctions, 9
inverse bidding strategy, 47, 128
IR constraint, see individual ra-

tionality

joint density, 256

K (set of objects), 223

λ (hazard rate), 255
L (distribution of prices), 22
likelihood ratio dominance, 261
linkage principle

alternative form, 108

failures of, 111
statement of, 104

log-concave distributions, 34
losing bids, 168
lotteries

in CM mechanism, 149

µ (payment rule), 62
m (expected payment), 15, 30
marginal density, 256
marginal revenue, 73
marginal value

in multi-unit setting, 179
market-clearing price, 169
martingale property of prices, 216,

220
mean-preserving spread

definition of, 262
price distributions, 22

mechanism
definition, 62
direct, 62
efficient, 76, 144, 238
optimal, 67, 148

mechanism design
interdependent values, 141
private values, 61

Mills’ ratio, see reverse hazard rate
mineral rights model, 84
mixed strategy, 119
monotone likelihood ratio prop-

erty, 271
monotonic mechanism, 143, 246
multidimensional signals, 243
multiunit auctions

limited demand model, 180
multiuse model, 180

multiuse model, 180
Myerson-Satterthwaite result, see

bilateral trade problem

N (set of bidders), 61, 133
Nash equilibrium, 279
no regret property, 281
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number of bidders
increase in, 19
uncertain, 35

open auctions, 2
multiunit, 172

optimal mechanisms
interdependent values, 146
private values, 67

order statistics, 265

Π (expected payoff), 15
package, 223
PAKT, see preauction knockout
path integral, 207
pay-your-bid auction, see discrim-

inatory auction
payment rule, 62
payoff equivalence, 65
pivotal buyer, 143, 245
pivotal mechanism, see VCGmech-

anism
preauction knockout

first-price, 161
second-price, 156

private values, 3
in multi-unit setting, 179

privatization, 177
procurement, 2
proxy bidding, 9
public information

asymmetries and, 115
revenue effects of, 106

Q (allocation probability), 62
quasi-linear payoffs, 38, 41

R (revenue), 21
r (reserve price), 24
regular design problem, 69
repeated auctions, see sequential

auctions
resale, 54
reserve prices, 24, 121

and commitment, 28

collusion and, 158
in optimal mechanism, 73
secret, 28

residual budget, 232
residual supply function, 168
revelation principle, 62, 141, 143
revenue equivalence

first- and second-price, 22
for nonidentical objects, 224
in multiunit auctions, 200
in sequential auctions, 217

revenue equivalence principle, 30,
66, 202, 224

failures of, 37
revenue rankings

all-pay versus first-price, 109
English versus second-price,

96
linkage principle and, 105
second-price versus first-price,

97
reverse hazard rate, 255
reverse hazard rate dominance, 260
ring center, 155
risk aversion, 38

constant absolute, 41
constant relative, 40
in sequential auctions, 221

risk premium, 41

σ (reverse hazard rate), 255
s−i (residual supply function), 169
second-price auction

definition, 15
interdependent values
asymmetric, 112
symmetric, 87

private values, 15
sequential, 217

separable bidding strategy, 184,
192

separable valuations, 248
sequential auctions

first-price, 209
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second-price, 217
signal, 83

multidimensional, 243
single crossing condition

definition, 101, 126
discrete version of, 147
multiunit, 236
necessity of, 142

standard auction, 29
multiunit, 168, 183

stochastic dominance
first-order, 259
second-order, 263

strategic equivalence
Dutch and first-price, 4

subadditive values, 227
subauction, 133
subgradient, 201
substitutes, 227
superadditive values, 227
supermodular function, 227, 269
support of a distribution, 253
symmetric bidders

interdependent values, 86
private values, 14

symmetric bidding strategy
in multiunit auctions, 184

third-price auction, 32
Treasury bill auctions, 176, 196
true demand function, 180

U (equilibrium payoff function),
64

u (symmetric valuation), 87
undominated equilibrium, 281
uniform-price auction, 169

demand reduction, 187
inefficiency of, 189

vi (x) (valuation), 84
v (x, y) (exp. value given X1 = x

and Y1 = y), 87
valuation, 83

value vector, 179
VCG mechanism, 76, 225

generalized, 144, 236
Vickrey multiunit auction, 171, 241

dominant strategy in, 181
efficiency of, 183
fairness of, 183

Vickrey-Clarke-Groves mechanism,
see VCG mechanism

virtual valuation, 69
as marginal revenue, 73

voucher auctions, 177

war of attrition, 110
weak equivalence

English and second-price, 5
of multiunit auctions, 174

Wilson doctrine, 75
winner’s curse, 85, 100
winning bids, 168

X (value or signal), 14, 83
X (set of values or signals), 61,

147

yi (x−i) (smallest winning value
or signal), 70, 144, 237

Y1 (highest of others’ values or
signals), 15, 87

ω (largest value or signal), 14, 83
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